Solutions 2018 AB Exam
Texas A&M High School Math Contest
October 20

1. Find the rational number in the open interval (%, %) that has the smallest positive denomi-
nator.

ANSWER: 2

Solution: With a and b positive integers we want

1 a 1
§<5<§1e
2a < b < 3a.

We seck the smallest positive integer a such that the interval (2a,3a) contains an integer.
This is a = 2 giving (4,6) and b = 5. Our candidate is ¢ = 2. Five is minimal since (1, 1)
contains no fraction of the form ¢, g, g or 7.

2. Let L be the line with equation ax + by = ¢ where abc # 0. Let M be the reflection of L
across the y-axis. Let N be the reflection of L across the xz-axis. Which of the following must
be true about M and N?

A

B

The z-intercepts are equal.

The y-intercepts are equal.

D

(A)

(B)

(C) The slopes are equal.

(D) The slopes are reciprocals.
)

(E) The slopes are negative reciprocals.

ANSWER: C

Solution: The intercepts of L are (£,
The intercepts of M are (—
The intercepts of N are (

0), (0,
@ 0), (0,
0), (0, =
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The slope of M is my; = 7
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3. The sum of two natural numbers a and b is equal to 153. What is the largest possible value
of their greatest common divisor, ged(a, b)?

ANSWER: 51

Solution. If k is the divisor of both a and b, then a = k¢, b = kd for some natural numbers ¢, d
and so 153 = a+b = k(c+d). On the other hand, 153 = 3-3-17,s0 k = 1,3,9,17, or 51. Thus,
the largest possible value of ged(a, b) is 51 that works when ¢ =1,d =2 (a = 51,b = 102) or
c=2,d=1(a=102,b=51).

4. Find all ordered pairs (a,b) such that a +b =16 and + + } = %.

ANSWER: (2, 14), (14,2)

c .1, 1 _atb _ 16 _ 4
Solution: ctrz =" = =3

g
f=al

So ab = 28 and b = 2. We have

a
16:a—|—b:a+%8
a? —16a+28 =0
(a—14)(a—2) =0

a =2 means b = 14.
a = 14 means b = 2.

5. A certain medication has an 80% success rate of curing people who have a specific illness.
If three people with the illness are selected at random and take the medicine, what is the
probability that exactly two of the three people will be cured?

ANSWER: {5 = 0.384

Solution: The two “cured” people may be chosen in (;’) = 3 different ways. The probability

in each case is & &2 = 111 = 15 There are 3 different ways giving (3)(£%) = = = 0.384.

1010 —

6. If ax + 3y = 5 and 2z + by = 3 represent the same line, find the value of a + b.

ANSWER: £

Solution: The y-intercept of ax 4+ 3y =5 is (0, %) So 2(0) + b(g) =3and b= %
The z-intercept of 2z + by = 3 is (3,0). So a(2) +3(0) =5 and a = ¥

5
10, 9 _ 50, 27 _ 77
atb=3+s=5+1% =15



7. Let S ={1,2,3,...,11}. A subset of S of size 3 is said to be “special” if it contains at most
one odd integer. If a subset of S of size 3 is chosen at random, what is the probability it is
special?

ANSWER: 22

Solution: The number of subsets of S if size 3 that contain no odd integers is

{-n

The number of size 3 subsets that contain exactly one odd integer is

() - n-o

The probability of choosing a special subset is

10460 70 14
(131) 165 33"

8. When the integer D > 1 is divided into each of the numbers 1059, 1417, 2312 the same
remainder R is obtained. Find D.

ANSWER: 179

Solution: 1059 = Q1D + R
1417=Q2:D+ R
2312 = Q3D + R

D is a common divisor of 1417 — 1059 = 358 and 2312 — 1417 = 895. Also D divides
895 — 358 = 537 and D divides 537 — 358 = 179.

Since 179 is prime, D = 179.

9. Determine all linear functions f(z) = ax + b such that f(x) — f~!(z) = 44 for all x. Note:
the symbol f~! denotes the inverse function of f, and not its reciprocal.

ANSWER: f(z) =z +22

Solution: f~!(z) =1z —

Qo

44

f(x)—ffl(l’)zax-l-b—éx—i-gforall:c



10.

11.

means
a—L=0andb+2 =44

a

Soa=1or —1.
If a =1 then 2b = 44 and b = 22.
If a = —1 then b + g = 44 has no solution.
Soa=1,b=22 gives
f(z) =z +22.

For some real values of p, two of the roots of 23 + pz? 4+ 122 — 9 = 0 have a sum of 4. Find
the third root.

ANSWER: 3

Solution: 23 + px? + 122 — 9 = (z — a)(z — B)(z — &) where

a+p=4
afd =9
af +ad+ pé =12
From second equation we obtain a8 = 9/§. Substituting this to the third equation, we get

9/6 +68(a+B) =12, and since a+ 3 = 4, we have 9/6 +46 = 12 or 462 — 125 +9 = 0. Finally,
we obtain (26 — 3)? = 0 which implies § = 3/2.

The equation (22 — 2 + 1)(2? — x 4 2) = 12 has two real solutions. Find their product.
ANSWER: -2

Solution:

(2 —z+1)(a® —z+2)=12
(2 —z+ D[ —z+1)+1] =12
(2 —z+1)2+(2*—z+1)=12
(> =24+ 1)+ (2 —2+1)-12=0
(22 —z+1)+4)[(z® —2+1) -3 =0
(22 —z+5) (2 —2—2)=0
= 2°—24+5=0 (no real solutions)
2 — 2 —2=0 (solutions z = 2, —1)
So
(2)(-1) = -2



12. Hasse traveled 1 hour longer and 2 miles farther than Daisy but averaged 3 mph slower. If
the sum of their times was 4 hours, what was the sum in miles of the distances they traveled?

ANSWER: & or 30.5

Solution:

Hasse: d; = rit1, where d; is distance traveled
r1 = average rate, t; = time elapsed.

Daisy: do = rota

We are given to + 1 =1t

ti1 +ta=4
r+3=mry
do+2=d;

So easily tQ:%and tlzg.
dg*dlzrth*Tltl
_9 3 _ 0 9
2_(T1+3)2 r]_Q_ T1+2
Sor1:2+%:%andr2:r1+3:§+§zﬁ

— 135 4 193 _ 65457 __ 122 __ 61 __
d1+d2—22+22— 1 —4—2—30.5

13. Two numbers when written in base a are 32 and 24. These same two numbers written in base
b give 43 and 33 respectively. Find the sum of the two numbers in base 10.

ANSWER: 41

Solution: Let x and y be the two numbers.
r=3a+2=4b+3
y=2a+4=30+3

3a—4b=1
2a —3b= -1
Solving gives a = 7,b = 5.

So x =23 and y = 18

r+y =41



14. The average age of the people in a group of men and women is 31 years. The average age of

15.

16.

the men is 35 and the average age of the women is 25. What is the ratio of the number of
men to the number of women? Write your answer as a simple fraction.

ANSWER: 3

Let M = the number of men, and F' = the number of women. Then we have:

35M + 25F 355 +25 M
=3l = =31 = 4— =6
M+ F Y+ F
M 3
F 2

The point (1,2) is on the line y = 2z. Find the z-coordinate of each of the two points on
y = 2z that are 10 units from (1,2).

ANSWER: 2v/5+1,—2v5+1

Solution: (x — 1)+ (y — 2)? = 10? = 100

and y = 2x. So
(z —1)% + (22 — 2)? = 100
5(z — 1)? = 100
(x —1)* =20

r—1=4v20=42V5
x:2\/g—|—10rx:—2\/5—|—1

For exactly two real values mi, and mo of m the line y = ma + 3 intersects the parabola
y = 22 + 2z 4 7 at exactly one point. Find mq + ma.

ANSWER: 4

Solution: mz +3=2>+22+7
22+ (2—m)z+4=0.

This quadratic must have one (repeated) root, so

(2-m)?—16=0
m?—4m—12=0

So, my + mg = 4.



17. Suppose f and g are functions such that f(x) = 2z + 1 and g(f(x)) = 422 + 1, find g(z).
ANSWER: g(z) = 2% — 22 + 2

Solution: We have g(f(z)) = 422 +1 = 2r +1)2 —da = 20 +1)2 - 222 + 1) + 2 =
(2z +1)2 — 2(2z + 1) + 2. Thus, g(x) = 2% — 2z + 2.

Check: g(f(z)) =g(2z+1) = (22 +1)* =22z + 1) + 2
=da® +4r+1—4x—2+2
=4z” +1

18. A stock loses 10% of its value on Monday. On Tuesday it loses 20% of the value it had at the
end of the day on Monday. What is the overall percent loss in value from the beginning of
Monday to the end of Tuesday?

ANSWER: 28%

Solution: Let V be its value at the beginning. At the end of Monday its value is
V-2V
At the end of Tuesday the stock value is

10 20 10 _
(V=100") — 100V —106") =

10 20 2 _
V-1V 100" T 10V =
28
V—WV

19. Solve for = the following equation

VZ+vVr—1=2.

ANSWER: £



20.

21.

Solution: Square both sides:
z+2/zvr —14+z—1=4
2z —1=5—2z
Square again:
4a(x — 1) = 25 — 20z + 42
47% — 4o = 25 — 207 + 42

162 = 25
_ 25
T =36

Daisy bought a mixture of two types of her favorite candies costing 40 cents and 50 cents per
ounce respectively. The cost of 50 ounces of her mixture was $21.80. How many ounces of
the 50-cent candy were in the mixture?

ANSWER: 18

Solution: Let x be the amount of 40-cent candy in the mixture and y the amount of 50-cent.

We have z+y =250
and 40z + 50y = 2180

40z + 40y + 10y = 2180
(40)(50) + 10y = 2180
10y = 2180 — 2000 = 180
y =18

One gear turns 33% times a minute. Another gear turns 45 times a minute. Initially a mark
on each gear is pointing due north. After how many seconds will the two gears next have
both marks pointing due north?

ANSWER: 36

Solution: 33% times in 60 seconds, or

100 times in 180 seconds or

1 time in % = % seconds.

45 times in 60 seconds or

1 time in % = % second.



We seek positive integers M and N such that
9 _ 4
tM = 3N
27TM = 20N

Considering prime factorization, the smallest pair
(M,N)is M =20 and N = 27.

Then %M = %20 = 36 seconds.
3N =1227=36



