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Chapter 1

Overview of asymptotic random matrix results.

Brief review of probability theory.

Probability space (€2, >, P). Here
2 = set.
>} = o-algebra of measurable subsets of (2.
P = probability measure on (£2,X), P(2) = 1.
X = random variable = (real-valued) measurable function on 2.
E = expectation functional,
E[X] = /X P = /X(@ AP(w)
whenever defined.

px = distribution of X = probability measure on R,
px(A)=P(X € A)=Plwe: X(w) €A).

Also for f € Cy(R),
E[f(X)] = / F(@) dpux ().

A random matrix is an N x N matrix of random variables = M y-valued random variable.

These come up in a variety of models and settings.

Remark 1.1. In this course, our main interest is in the behavior of N x N random X as N — oo. So
often a “random matrix X really means a sequence (Xy)%_,, each Xy N x N. There are also many
exact results for finite N, which we will omit.



1.1 Gaussian orthogonal ensemble GOE y.

Fix N > 1. Forl <i<j <N,letB;; ~ N (0, 1) be independent standard normal variables. Define X

an N x N matrix by

1 ) .
(Xnlij = [Xn]ji = —=DBij, 1<y

VN

V2

VN
Usually the Gaussian Orthogonal Ensemble is defined without the \/Lﬁ normalization. We include this
normalization from the very beginning, to have

(so that X is symmetric), and

1 1 &
— Tr| Xy = — Xii
N [ Xy N 121
and
1
E {N Tr[XN}] =0.
N N
1 2 o 1 . 1 1 2 2 2 . 2 2
N DN = 2 K= (2 LAY NB“) ~ v 2B
4,j=1 <] ? 1<j
and so

1, 2 N(N+1)

Theorem (Wigner’s Theorem I). Let Xy ~ GOEy. Then as N — oo,

1 1 (2%
N TT[X%] — ¢ = Catalan number = 1 ( L )
— +
random
and 1
5 TX* ] = 0.

We will see a combinatorial interpretation of ci soon.

Convergence in what sense?

Definition 1.2. (z,)3_, random variables.

TN — a in expectation if
E[zn] — a.



TN — a in probability if Vo > 0,
P(lzy —a] > 9) — 0.

rN — a a.s. (almost surely) if
P(xy 4 a) =0.
Review the relation between these modes of convergence.

The theorem above holds in all three senses (Wigner 1955, 1958, Grenander ?, Arnold 1967).

Remark 1.3 (Second point of view: matrix-valued distribution). Take X ~ GOEy as before. Forgetting
the matrix structure, we may think of X as an RV(V+1)/2_valued random variable, jointly Gaussian with
joint density

1 x? 2 1
(=577 L ep(—557w) | ] dvis = - | | exp(=Nwijzji/4) | | dvyg
Zg 2(1/N) H 2(2/N) g ! Zl;[ 7 1;[ !

1 N
= - exp (—Z Tr[X2]) dX.

Note that if U is an orthogonal matrix,

%exp (—g Tr[(UXUT)(UXUT)]) dUXUT) = %exp (—g Tr[X2]> dX.

So this ensemble is orthogonally invariant. Since X is symmetric,
X =UAUT,

where U is a random orthogonal matrix, and A is a random diagonal matrix. From orthogonal invariance
it follows (after some work) that U is a Haar orthogonal matrix, with a uniform distribution over the or-
thogonal group, and so eigenvectors of X are uniformly distributed on a sphere. What about eigenvalues?

Third point of view: eigenvalues and spectral measure.

X is symmetric, so diagonalizable, with (random!) eigenvalues \; < Ay < ... < Ay. Combine these
into an empirical spectral measure

. 1
Ux = N((S)\l ++6}\N>

which is a random measure.

Note:
—_— k P — P — _ — . y
N Tr[X"] N Tr[(UAU)"] N Tr[A"] N ZE 1 A; /x dji(x),

the k’th moment of [i.



Theorem (Wigner’s Theorem II). Let X ~ GOE. Then as N — o0,
,LAL N — O
weakly, meaning that for any f € Cy(R),
[ i 1do,

and o is the (Wigner) semicircle law,

1
dO'([L') = % V4 — 1’21[,272] dx.

Figure 1.1: Semicircle law

Again, [iy random, so: [iy — o weakly in expectation if Vf € Cy(R),

EU}wﬂﬁfw;

PQ/wa—ﬂw
P(/fd,&Nﬁfda> ~0.

Remark 1.4. It is not hard to check that

/x%ﬂ do(z) =0, /x2k do(z) = .

/xkd[bN — /xkda(:c).

Of course this function is not in Cj(R).

weakly in probability if

25)—>O;

weakly a.s. if

So Wigner I says



Results so far are about (weighted) averages of eigenvalues. What about individual eigenvalues? Recall
that we defined A\; < X\ < ... < Ay, and showed

1
N((SAI —|——|—5>\N) — 0.

with support [—2, 2], figure omitted.

Theorem. Let X ~ GOEy. Then A\x(Xy) — 2 in probability.

(Fiiredi, Komlos 1981, Bai, Yin 1988)

Fluctuations.
Recall

1
N Tr[X3] — ¢, in probability,

An(Xy) — 2 in probability.
These are analogs of the laws of large numbers. What about the analogs of the Central Limit Theorem?

Theorem.

1
N (N Tr[X 3] — ck) — N(0,?) in distribution.

In contrast,
N?3(\y(Xy) = 2) — Tracy-Widom distribution.

Figure 1.2: The Tracy-Widom distribution



Remark 1.5 (Large deviations). Recall that for large N, iy ~ o with large probability. What are the
chances that it is far from o? Very roughly, for a probability measure v,
Prob(jiy &~ v) ~ e V1),

where
() = i/ﬁ dv(z) — %// log | — y| dv(x) dv(y)

= logarithmic energy = free entropy. Here /(o) minimizes /.

Spacing distributions.

Recall 1
N = N(ah + ...+ 0xy) = p(z) dx,

1
p(x) = %\/4 — 22159 ().

So intuitively,

A j
dr ~ =
INCCET

(in fact true) and

Thus

So renormalize
sj = Np(Aj)(Aj1 = Aj).
For 0 < 7 < N, independently of j, s ~ Gaudin distribution. Figure omitted.

This is of interest because of Wigner’s original model: X models the Hamiltonian of a large atom, in
which case \;’s are the energy levels. Physically what is observed are not \;’s but (\; — A;)’s. Figure
omitted.

These properties can also be stated in terms of k-point correlation functions.



1.2 Other ensembles.

Other Gaussian ensembles.
Gaussian unitary ensemble GUE y.

For1 <i,j < N, let B;; ~ N (0, 1) be independent. Define Xy by

1 . .
[(Xnlij = \/ﬁ(&j +V—=1By;), <],
1 . .
[(Xnlji = [Xnliy = ﬁ(&j —V—=1Bj), i<},

1
vN
Thus Xy is complex Hermitian, its off-diagonal entries are complex Gaussian, and its diagonal entries
are real Gaussian. Its distribution is invariant under conjugation by unitary matrices.

Gaussian symplectic ensemble GSE .

Recall that the algebra H of quaternions is
{a + biy + ciy + dig : a,b,c,d € R}

subject to the relations 73 = i3 = i3 = iyiyi3 = —1. For ¢ € H, we may define the quaternion conjugate
q as in the complex case. The dual Q* of a quaternion matrix is its conjugate transpose. A matrix
@ = Q" is self-dual. Finally, the symplectic group consists of quaternion matrices such that S*S =
SS* = I. The Gaussian symplectic ensemble consists of self-dual quaternionic matrices whose entries are
properly normalized independent quaternionic Gaussians. Its distribution is invariant under conjugation
by symplectic matrices.

Most results which hold for GOE hold, either exactly or with appropriate modification, for GUE and GSE
(in fact the results for GUE are often neater). Moreover we can include all these in the family of Gaussian
[J-ensembles, with § = 1 real/orthogonal, § = 2 complex/unitary, and § = 4 quaternionic/symplectic.

GOE satisfies two properties:

a. Symmetric with independent entries.

b. Orthogonally invariant.

These two properties in fact characterize GOE. So have two natural directions to generalize.

9



Wigner ensembles.

[Xn]i; symmetric, independent,

1
Xij = ij' ~—=Y1, Yi~uy,

VN
1
VN

Var v; < oo, Var s < 00, and possibly with assumptions on higher moments.

XiiN 1/'27 }/2N1/27

Then iy — o still! Under extra assumptions, also Ay(Xy) — 2 and N?/3(A\y — 2) — TW.

Orthogonally invariant ensembles.

Recall for GOE,

More generally, may look at
1
X ~ - eXP (=N Tr[V(X)]) dX

for V' a nice function. Then iy — py, the equilibrium measure for the potential V' (different from o),
which can be described using [y (). However the spacing distributions, for nice V', do not depend on V/,
and so are universal, as is the convergence to the Tracy-Widom distribution.

Non-symmetric ensembles.

1
Xij~—Y, Y~u

1] \/N )
all independent.
X diagonalizable a.s.

R 1
fin = N(% oo+ Oay)

is a measure on C. For nice v, fiy converges to the circular law (Girko 1984, Tao, Vu 2008), figure
omitted.

Can ask similar questions in this context.

10



Wishart ensembles.

The oldest appearance of asymptotic theory of random matrices (Wishart 1928).

Consider a k-component Gaussian vector Y ~ N (0, X) with the covariance matrix Y. How to estimate
2?

Take N independent samples YV Y2 Y (V) The sample covariance estimate is
LSy 0y 0
E[V}Y] ~ ZY v,
LetY = (Y1|Ys|...|Yy), ak x N matrix. Then
1 — N
~ Z YYT),.

X = %YT}A/ (note order) is the N x N Wishart(k, N, Y) matrix. If & is fixed, as N — oo, %YSA/T — 2.
What if both £ and N are large? Note that X is orthogonally invariant (check), so only its eigenvalues
matter, and they are closely related to the eigenvalues of %YYT For example if > = I, and % — p, then
fix, converges to the Marchenko-Pastur distribution.

Connections to other fields.

Wigner, Tracy-Widom, Gaudin, Marchenko-Pastur distributions appear in unexpected contexts with no a
priori connection to random matrices. We only give two examples.

Example 1.6 (Ulam problem). Let & € S(N) be a permutation. Reorder {1,2,..., N} according to «,
and let L(«) be the length of the longest increasing subsequence in it. Pick o uniformly at random. What
can be said about L?

Theorem. (Vershik, Kerov 1977, Baik, Deift, Johansson 1999) As N — oo, the average length of the
longest increasing subsequence
E[L] ~ 2V'N,
and
L—-2VN
N1/6
Example 1.7 (Riemann zeta function). ((z) = analytic continuation of ) - | # The Riemann Hypoth-

esis states that all zeros of ¢ lie on the critical line z = % + 1y. Denote the imaginary parts of the zeros by
A1 < Ay < A3 < ... The prime number theorem implies that

— Tracy-Widom distribution.

A~ 2mn

logn

11



and so
2T

logn

)\nJrl - )\n ~

So renormalize: roughly,
logn
Un = Qg (/\n+1 - /\n>
s
Then for large n, v appears to follow the (GUE version of the) Gaudin distribution. Extensive numerical
and some theoretical evidence (Montgomery 1973, Odlyzko 1987). No proof!

12



Chapter 2

Wigner’s theorem by the method of moments.

The techniques in this chapter go all the way back to Wigner (1955), but continue to be used with great
success.

2.1 Convergence of moments.

Theorem 2.1. Let X be a Wigner matrix with finite moments. That is, for each N, {X;; : 1 <i < j < N}
are independent,

1
X@'j = ij‘ ~ ﬁYz’j, Yz’j ~ Uy,
1
Xii ~ Yii, Yy~ vy,

VN
E[Y;;] =0, Var vy = 1, and all the higher moments of vy and v are finite. Then for k > 1,
1

~ T (X3 — e

and

1 _
v Tr[X¥ 1 =0

in expectation, in probability, and (as long as all the random variables live on the same probability space)
almost surely.

Remark 2.2. The condition Varv; = 1 is there purely to simplify the normalization. The condition
that entries are identically distributed can easily be removed as long as the moments of the entries are
uniformly bounded. The condition of equal variances is absolutely essential. The independence condition
can be weakened, but the proof becomes significantly more complicated.

13



Proof of Theorem 2. I| for convergence in expectation.

N
1 i 1
~ DXN = e Y YumueYu@ue) - Yamu):
u(1),...,u(k)=1

Fix u = (u(1),u(2),...,u(k)). Let Sy be the set

Su = {u(1),u(2),...,u(k)}.

Consider the multigraph with the vertex set .S, and the number of undirected edges between u(7) and u(5)
equal to the multiplicity of the factor Y, ;)u(j) = Yu(j)u(i) 1n the product above; multiplicity zero means no
edge. Note that this multigraph comes equipped with an Eulerian circuit: the path

u(l),u(2),u(3),...u(k),u(l)

passes through each edge of the graph exactly as many times as its multiplicity. Finally, if we forget the
multiplicities, we end up with the underlying (simple) graph. The Eulerian condition implies in particular
that this graph is connected.

We decompose the sum above according to

1 k

s=1 u:|Su|=s

Note that each expectation on the right-hand side is independent of N.
First suppose that s < 1 + k/2. Then

N
H{u: |Su| = s} < (S)sk < sFN*.

Therefore
k)2
NH,C/Q Z Z Yuyu@) Yu@u@) - - - Ya@um] = 0
s=1 u:|Su|=s
as N — oo.

Next, note that if some edge in the graph appears with multiplicity 1, then since entries of the matrix are
independent and centered, the corresponding expectation is zero. But if a connected multigraph has &
edges and each edge has multiplicity at least 2, it can have at most 1 + k/2 vertices. Therefore

N
1
NITR2 > D EMwueYeum - Yamuw] =0

s=2+k/2 u:|Su|=s

14



and

1 1
NE[TY[XZ]]ZW Y ENamueYu@ue - Yawum)-
w[Su|=1+k/2

In particular this is zero for k£ odd; from now on we assume k to be even. In that case the argument above
shows that the non-zero terms in the sum correspond to graphs with 1 + k/2 vertices and k/2 edges,
each of multiplicity 2. This means that each underlying simple graph is a tree, and the sum is taken over
precisely all labeled ordered rooted trees with 1 + k/2 vertices, with a root (corresponding to u(1)), an
order of leaves at each vertex (corresponding to the order in which they are traversed by the Eulerian
circuit), and 1 + k/2 distinct numbers between 1 and N (labels of the vertices). The number of such
ordered rooted trees is the Catalan number ¢y (see the lemma below). Note also that a tree cannot have
self-edges, so no terms of the form Y;; appear. Thus using independence of entries

N(N —=1)...(N —k/2)
N1+k/2

1
N E[TI'[X]]%]] = Vark[yl]ck/g — Ck/2

as N — oo. O]

Lemma 2.3. The number of ordered trees rooted with k + 1 vertices is the Catalan number cj,.

Proof. Note that a tree with a fixed Eulerian circuit and root can be identified with an ordered tree, since
drawing the tree with the circuit on the outside corresponds to a unique way to define a depth-first order
on it. Let ¢, be the number of such trees. By removing the edge (u(1),u(2)), we see that these numbers
satisty the Catalan recursion
k—1
by = Z titk—i-1,
=0

withtg =1,t; = 1. So t}, = ¢. ]

Exercise 2.4. Prove that the Catalan numbers satisfy the Catalan recursion. Here is one possible approach.
Suppose by = b; = 1 and the by’s satisfy the Catalan recursion. Let F'(z) = > by2" be their generating
function. Show that F' satisfies a quadratic equation. Solve this equation to find a formula for F'. Finally,
use the generalized binomial theorem to expand F' into a power series, to see that its coefficients are the
Catalan numbers.

To upgrade convergence in expectation to convergence in probability, we recall

Lemma 2.5 (Markov inequality). Let U be a positive random variable with a finite expectation. Then for
any § > 0

P(U > 6) < ~E[U].

S| =

Lemma 2.6 (Chebyshev inequality). Let V' be a random variable with finite variance. Then for any § > 0

PV —E[V]| > ) < 6—12Var[V].

15



Proof of Theorem|[2. 1| for convergence in probability. Since

P ('% Tr[X*] — my(0)

> 5) <p (’%mx’f] ~ B[]

> 5 ‘%]E[Tr[)(’“]] — ma(0)

)

we have just shown that |+ E[Tr[X*]] — m4(0)| — 0 as N — oo, and using Chebyshev’s inequality, it
suffices to show that )
Var {N Tr[Xk]} — 0.
This is ] ]
= E [Te[X*] Tr[X*]] — el E[Tr[X*]] E[Tr[X"]].
We refine our analysis in the previous proof, noting for future reference the speed of decay of various
terms. Denoting

Yu = Yuu@ Yu@yu@) - - - Ya®)u)

Var {% Tr[Xk]] _ N;k S Y (EVL] - EYEN).

s,it=1u,v:[Sul=s,|Sv|=t

Again we have a multigraph with the vertex set S, U.Sy, this time covered by a pair of paths which together
traverse each edge according to its multiplicity. So it has at most two connected components with vertex
sets S, and Sy if these are disjoint, or one component if these intersect. By the same arguments as above,
we can conclude that

the terms with |S, U Sy| < k go to zero at least as fast as L with N — oo, while the terms with

N2
|Su U Sy| =1+ k go to zero as .
Thus assume |S, U Sy| > 1+ k.

E[Ys] E[Yy] = 0 unless both |Sy|, |Sy| < 1+ k/2 and the subgraphs restricted to Sy, Sy are trees with
double edges.

E[Y,Yy] = 0 unless
e |S, USy| =2+ k and the graph has two components, each of which is a tree with double edges;
e or [SuUSy| =14k, [SyNSy| =1, and the graph is a tree with double edges;

o or [SuUSy| =14k, |SuNSy| =0, and the graph has two components, one a tree with double
edges, the other with double edges and a single cycle;

e or [S,USy| =14k, |SyNSy| =0, and the graph has two components, each of which is a tree
with double edges, and the total of two triple edges (note that these two edges have to lie in the
same sub-graph);

16



o or |[SuUSy| =1+k,|SaNSy| =0, and the graph has two components, each of which is a tree
with double edges, and a single quadruple edge.

In the case when |S, U Sy| = 2 + k and the graph has two components, each of which is a tree with
double edges, it follows that S, and S, are disjoint of size 1 + k/2, and

E[Y.Y,] — E[Y,] E[Y,] = 0.

Finally, suppose |S, U Sy| = 1 + k, and the graph is a tree with double edges. We have two non-empty
paths whose union traverses each edge exactly twice. Since the graph is a tree, each edge must be traversed
by each path either zero times or twice. So the paths are actually edge-disjoint, although they may contain
common vertices. Then independence again implies that

E[Y.Yy] — E[Y,] E[Y,] = 0.
The same conclusion follows in the other sub-cases. We conclude that

Var [%Tr[xk]]— ! > > (E[YaYy] — E[Yy] E[Y,]) = 0

TON2+E

s,t=1 u,v:|Sul=s,|Sv|=t

at least as fast as 5. O

To upgrade convergence in probability to almost sure convergence, we recall

Lemma 2.7 (The Borel-Cantelli Lemma). Let {E N}]O\,Ozl be events (measurable subsets) such that

o0

Y P(Ey) < o0.

Then P(w : w lies in infinitely many Ey) = 0.

Corollary 2.8. Let {xy}_, be a sequence of random variables. If
o0
ZP(\:UN—CL| >0) < oo
N=1
forall d > 0, then xxy — a a.s. In particular, this conclusion follows from the stronger assumption that

Z Var[zy] < oo.
N=1

Proof of Theorem[2. 1| for almost sure convergence. We note that since the variances decay at least as fast
1

as ~
N2>

< 00. L]




Remark 2.9. One can use more complicated versions of the moment method to prove the Gaussian
fluctuations for moments, and convergence of the largest eigenvalue to 2.

Exercise 2.10. A complex Wigner matrix Xy has the form Xy = \/LNYN. Here Yy is a complex Hermi-
tian random matrix, such that the random variables {Y;; : 1 <7 < j < N} are independent,

Yij=Yj, i<j
are identically distributed complex random variables with mean zero and variance
E [|Y;"] = E [(RY;)® + (SYy)*] = 1,

and Y}, are identically distributed real random variables with mean zero and finite variance. Prove the
analog of Theorem [2.1| for these matrices. You do not need to repeat all the arguments from this section,
just indicate where and how they need to be modified.

What about the quaternionic Wigner matrices, defined similarly? How does non-commutativity of entries
affect the argument? Note that for independent but non-commuting variables x, y, E[zyz] = E[z*] E[y],
but in general E[zyxy| # E[2?] E[y?].

Sketch of a solution. The argument, at least for convergence in expectation, basically goes through until
the last step, when the moments are reduced to a sum of terms over trees with Eulerian circuits traversing
each edge exactly twice. For a general graph, it is possible for an edge to be traversed twice in the same
direction (which causes problems in the complex case), and the Y terms corresponding to the same edge
may not be adjacent (which causes problems in the quaternionic case). However for a tree, each edge
traversed twice has to be traversed in opposite directions, and the Y terms corresponding to the same
edge may always be taken to be adjacent by “pruning the leaves.” Instead of a proof, we illustrate these
statements with an example. Consider the term

ElYuyu@ Yu@)ue) Yu@)u@ Ye@pu@ Yo@ue) Yue)uw Yo@ue) Yue)u@ Yo Yoeum)]
corresponding to the path 1,2,3,2,4,5,4,6,4,2,1 (draw the corresponding tree!). Then using the very
weak form of independence called singleton independence, the term above is equal to

ElYuyu@ Yu@u Yu@u@ Yuyum] EYu@ue Yueu@] EYuwue) Yue)uw] E[Yu@ue) Yueuw)]
= E[Yuyu@ Ye@yum)] E[Yu@ue) Yoeue] EYu@u@ Yo@u@)] EYu@ue) Yae)uw] E[Yu@ue) Yue)uw)
This argument in fact shows that, as long as they satisfy appropriate joint moment bounds and singleton

independence, the entries of the matrix Y can be taken from any non-commutative (operator) algebra, and
the corresponding moments of X will still converge in expectation to the Catalan numbers. 0

Exercise 2.11. Let Yy be an NV x N matrix with independent identically distributed entries, with mean
zero, variance 1, and finite moments. Let X = \/LNYN and Zny = X NX]T,. Then Zy is a (generalized)
Wishart matrix. For each &, show that

E {% Tr[Zﬁ,]} —

18



as N — oo. Thus the moments of the asymptotic empirical spectral distribution of Zy are equal to the

even moments of the semicircular distribution. Use this to conclude that this asymptotic distribution is the
quarter-circle law

dp(z) = YA D)4

wa) = ~———lpgda.

More generally, in the construction above we may start with Yy an K x N matrix, and assume that both

K and N go to infinity in such a way that K/N — « € (0, 1]. For each k, show that E[Z%] converges as

N — o0, and express the answer in terms of the number of certain combinatorial objects. Hint: the answer

involves directed bi-partite graphs. In fact the “combinatorial objects” can be enumerated, showing that

E {% Tr[Z]’“V]] Ly jai @ (k j 1)'

J=0

Here the coefficients of o are called the Narayana numbers. The distribution with these moments is the
Marchenko-Pastur distribution with parameter «,

V)0 )

2rax

du(x) = 1 de,

where A\ = (1 4+ /).

2.2 Generalities about weak convergence.

Let Cy(R) be the space of continuous functions going to zero at infinity, with the uniform norm. Riesz
Representation Theorem states that the dual Banach space C(R)’ is isometrically isomorphic to the Ba-
nach space of finite (Radon, complex) measures, with the total variation norm. By definition, a sequence
of finite measures vy — v in the weak* topology if for all f € Cy(R),

/deN—>/fdl/.

For this particular Banach space, this topology is also called the vague fopology. According to the Banach-
Alaoglu theorem, the unit ball of the dual space is compact in the weak* topology. Since it is also
metrizable in this topology, this unit ball is also sequentially compact. Putting all these results together,
we get

Proposition 2.12. Any sequence of probability measures has a subsequence which converges vaguely to
a finite measure.

The limit need not be a probability measure. However the weak limit of a sequence of probability mea-
sures is again a probability measure. To upgrade vague to weak convergence, we need the following
notion.

19



Definition 2.13. A family of measures {vy }y_, is tight if Ve > 0 3C' VN
vn(lz| > C) <e.
Note that the set { [ a? dyN}fvozl being bounded is a sufficient condition for tightness.

Exercise 2.14. Let {vx }5_, be a sequence of probability measures. The following are equivalent.

a. The sequence is tight and converges vaguely.
b. The sequence converges vaguely to a probability measure.
c. The sequence converges weakly.

Corollary 2.15. Any tight sequence of probability measures has a subsequence converging weakly to a
probability measure.

Lemma 2.16. In a metric space, a sequence {xy }5_, converges to a if and only any of its subsequences
has a further subsequence converging to a.

Lemma 2.17. Suppose g, h are continuous functions such that g > 0 and lim,_ . |h(z)| /g(x) = 0.
Suppose v,, — v weakly and C = sup { [ g(x) duN(x)}?zl < oo. Then

/thN—>/th.

Proof. Fix € > 0, and choose I = [—K, K] so that |h(z)| /g(x) < eon I Let J = [-K — 1, K + 1],
and let ¢ be a continuous function such that 0 < o < 1,9 = 1on [, and ¢ = 0 on J°. Then

/hcpdVN—>/hcpdl/

/]h|(1—g0)dl/N:/%g(1—go)dVNSa/gduNgac

and by Fatou’s lemma also

while

/|h| (1) dv < =C.
The result follows. [

Corollary 2.18. If for all k, [2*dvy — [ dv and v is uniquely determined by its moments, then
Un — UV weakly.
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Proof. Any subsequence of {vx }%_, has a further subsequence converging weakly to a probability mea-
sure. Call the limit 7. It suffices to show that 7 = v. Indeed, since the sequence { [ a* duN}?Vozl
converges, it is bounded; and

/|x|k+l dvy < \//x2 dvy /x% dvy.

Taking g(z) = |=|*™" and h(z) = #* in the preceding lemma, we conclude that [ z* dvy — [ z* dv and
so [x¥Fdp = [ ¥ dv. Since v is uniquely determined by its moments, the measures are equal. 0

Lemma 2.19. A compactly supported measure is uniquely determined by its moments.

The idea of the proof is that for a compactly supported i, its Fourier transform (characteristic function)
FO)=[ ¢’ df is an analytic function with the power series expansion

n=0
and that any g is uniquely determined by its Fourier transform. Alternatively, we could use Stieltjes
transforms as in Remark [4.3]

Theorem 2.20. Let X be a Wigner matrix with finite moments as in Theorem Then

~

Hxy — O

weakly almost surely.

Proof. Fix w such that for all &,

/ 2" dfixyw) = / 2" do.

We know that the set of w where this is false has measure zero. Since o is compactly supported, for such
W, flxy(w) — o weakly. [

2.3 Removing the moment assumptions.

Theorem 2.21. Let X be a Wigner matrix. That is, for each N, {X;; : 1 <1i < j < N} are independent,

1
Xij = in ~ ﬁy;‘ja Yij ~ vy,
1
VN

E[Y;;] =0, Varvy = 1, and Var v, < co. Then

Xii ~ Yii, Y~ vy,

/lXN—>J

weakly in probability.
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The result is obtained by combining the lemmas below. For the proofs we will follow very closely the
presentation in Section 5 of Todd Kemp’s notes, and so omit them here.

Lemma 2.22. In the notation from the preceding theorem, define for a (large) constant C > 0

~ 1
Y, = ——(Yi: 1y, —E|Y; 1y, ,
J Uij(c)( JYi|<C [ J \KJISC])

where 0,;(C)?* = Var(Y;;1yy,,|<c) for i # j, and 0;;(C) = 1 (see Remarkfor an alternative). Then
Y,»j—f/ij—>0inL2asC—>oo.
Definition 2.23. A function f : R” — R is Lipschitz if

171y =50 =IO s ) < o

The space of Lipschitz functions is denoted by Lip(R™). We only put in the second term to have
Llp(Rn) C Cb(Rn)

Lemma 2.24. If [ fdu, — [ fdv, — 0 for all f € Lip(R), then [ fdu, — [ fdv, — 0 for all
f € Gy(R).

Lemma 2.25. Let A and B be N x N complex Hermitian (or in particular, real symmetric) matrices.
Denote by M\ < ... < M and \P < ... < \§ their eigenvalues, and by [i, and [ip their empirical
spectral measures. Then for any f € Lip(R),

. N 1/2
‘/fd[m - /fd/ls <Nl (N > (- A?>2> :
=1

Lemma 2.26 (Hoffman-Wielandt inequality). For A, B as in the preceding lemma,

Y (A=A <A~ B,

i=1

We will follow Todd Kemp’s notes for the proof, but also outline the proof of the Birkhoff-von Neumann
theorem.

Theorem 2.27 (Birkhoff-von Neumann). Let D be the space of N x N doubly stochastic matrices. The
extreme points of D are the permutation matrices.

Proof. Itis easy to check that D is convex. Let A not be a permutation matrix. We will show that A is not
an extreme point, that is, it is a convex combination of two matrices in D.

Since A is not a permutation matrix, it has an entry A, (1), 2) With 0 < A1),y < 1. Since columns add
up to 1, there is another entry A, ),(1) in the same column with the same property. Since rows add up to

22



1, there is another entry A,(9),(2) in the same row with the same property. Continue in this fashion until
we arrive in a row or column prev1ously encountered. By possibly removing the beginning of this path,
we arrive at the family of entries

S = { Au)o(1)s Au@yo()s Au@o(@)s - - - » Augkyot)s Au(iyoi) }

all of which are strictly between 0 and 1. Note that there is necessarily an even number of them. Let
e =min{a,1 —a:a € S} Let B be the matrix whose entries are ¢ for even numbered elements of S,
—e for odd numbered elements of S, and 0 otherwise. Then A+ B and A — B are both doubly stochastic,
and A= (A+ B)+ 3(A— B). O

Exercise 2.28. Letr; <29 < ... <zyandy; <y, <...yy. Then for any permutation c,

Z TiYa(iy < Z ;Y-

Proof of Theorem[2.21] Fix f € Lip(R) and €, > 0. By Lemma[2.24] it suffices to show that

(’/fduXN /fda >5) <e

for sufficiently large N. For Y as in Lemma[2.22| denote X = \/_NY' Then the entries of X satisfy the
assumptions of Theorem [2.20] and so

P(| [ rans, - [ a0

for sufficiently large /N. On the other hand, combining Lemma [2.25| with the Hoffman-Wielandt inequal-

ity,
1 . 1/2
’/fdﬂXN - /fdﬂ)zN <[ fllLip <Tf [W(XN —XN)2D :
Therefore

P(‘/fdﬂxN—/fdﬂxN

> 5/2) <e/2 (2.1)

2 072) = P (111 (e[ 0w~ 5a]) 2 5/2)

< ”];!L‘p E [Tr {%(XN — XN)Z:H

_ 4”1;!L1p LB [Tr |:(YN B Y/N)ZH

Wi, L i% VP

_ %% <N(N ~ 1) E[(Yi2 — Y12)?] + NE[(Y3; — 1711)2])
P 4'“; I (BIYi2 — Vo)) + E[(¥ — ¥20)7]) < /2
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where by Lemma the last quantity can be made arbitrarily small by choosing a sufficiently large C'.
The result follows by combining with the inequality (2.1). O

Remark 2.29. In our cutoff, we could also have taken ?;Z = 0, and the argument would still work.
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Chapter 3

Concentration of measure techniques.

Concentration inequalities are estimates on quantities of the form
F(z1,...,2,) — E[F(zq,...,2,)],

for (almost) independent and (almost) identically distributed random variables z; with distributions drawn
from some class, and sufficiently nice functions F'. Typically, this means that /' € Lip(R™). Our main
interest is in the random variables being entries of a random matrix. The lemma following the remark
contains natural examples of Lipschitz functions of such entries.

Remark 3.1 (Norms). The Frobenius norm of a real matrix A is

Al = v Tr[AAT] =

For a symmetric matrix we may re-write this as

Al = 22 a%j + Za’zzi'

i<j i

On the other hand, in the arguments below we will need to identify A with a vector in W—dimensional

space, with norm
Al = Z a?j + Z az;

1<j 7

Clearly ||A]| » < v/2||A]|. We will also occasionally use the operator norm, defined as

Al - |Av]| [(Av, u)|
|| ||op - Sup - .
tolizo 1ol a0 llull o]
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Exercise 3.2. Prove that for any matrix (symmetric or not) ||Al|,, < [|A[|. Clearly this implies that the
map A — [|Al|,, is Lipschitz.

Lemma 3.3. Let X be a symmetric N X N matrix.

a. For each k, the map X +— \,(X) is Lipschitz of norm at most v/2.

b. Let f € Lip(R). Extend f to a map on symmetric matrices by

N

fre(X) = (X)) = TY[f(X)].

=1
Then fy is Lipschitz and | |, < V2N g5

Proof. For part (a),

N
[Ak(A) = Ak(B)| < J D i(A) = M(B)P < [[A= Bl < V2||A- BJ|.
i=1
Similarly, for part (b),

|fTr(A> - fTr(B)’ =

< Fllip D A(A) = (B)]

N
< |f|LipWJ > i) = n(B)
i=1
<Nl VN IA = Bl
< [ fllpip V2N (A = BJ|. O
3.1 Gaussian concentration.
Theorem 3.4. Let X = (X4,...,X,,) be i.i.d. N(0,0?) random variables, and F € Lip(R"). Then for
all A € R,

Eexp (A(F(X) — B[F(X)])) < exp (m\%°|[F|},,/8)
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Therefore for all 5 > 0,

P(|F(X) - E[F(X)]| 2 ) < 2exp (~20%/7%*|F|},, )

We follow the “duplication argument” of Maurey and Pisier as presented in Theorem 2.1.12 of Terry Tao’s
book. For a more conceptual approach using the Ornstein-Uhlenbeck semigroup, see Section 10 in Todd
Kemp’s notes. First we note two basic properties of the multivariate normal distribution.

Exercise 3.5. Let X = (Xj,...,X,,) be a vector of independent normal random variables, with X; ~

N(Mivo-zz)'

C'X:ClX1+...+Can

. . . . 2
is also Gaussian, with mean ) ", ¢;;1; and variance y . |¢;|” o7

b. Assume in addition that all X;’s are i.i.d. normal with X; ~ AN(0,02). Let U be an orthogonal

matrix. Then
N
j=1

has the same distribution as X, so that its components are independent standard normals. Hint:
recall that for jointly normal variables, uncorrelated implies independent.

n

i=1

Remark 3.6. We briefly recall the notion of conditional expectation. Instead of giving the definition, we
only list two key properties. First, for random variables Y and Z,

EE[Z|Y]] = E[Z].
Second, if f, g are functions and X, Y are independent random variables,
E[f(X)g(Y)Y] = E[f(X)]g(Y).

Proof of the theorem. Step 1. We first show how the second part of the theorem follows from the first. By
Markov inequality,

P(|F(X) - E[F(X)]| 2 8) = P (exp(A|F(X) ~ E[F(X)]]) > ¢¥)
< e E[exp(AF(X) — B[F(X)))] < 267 exp (72020 FI,, /)

where we use el*l < e* + e~* and apply the first part of the theorem to both F and —F. By taking

46

2
7T202HF”Lip7
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we get the result.

Step I1. We assume for now that F' is smooth. By definition of the gradient and of the Lipschitz norm, for
a vector u,

. | F(z+ hu) — F(z)
[VF() - ul = lim . < 1P g el
Taking u = VF'(z), we conclude that [|VF(z)[| < ||F'[|, for all z.
By subtracting a constant from F' (which does not change its gradient), we may assume that E[F'(X)] = 0.

Step III. (Duplication trick) Let Y be an independent copy of X. Since E[F(Y)] = 0, we see from

Jensen’s inequality that
Efexp(~AF(Y))] > exp(—AE[F(Y)]) = 1

and thus (by independence of X and Y))
Elexp(AF(X))] < E[exp(AF(X))] Elexp(=AF(Y))] = E[exp(A(F(X) — F(Y)))].
It thus suffices to estimate E[exp(A(F(X) — F(Y')))], which is natural for Lipschitz F'.

We first use the fundamental theorem of calculus along a circular arc to write

/2
F(X)—F() = /o C%F(Y cosf + X sin @) do.

Note that Xy = Y cos @ + X sin 6 is another gaussian random variable equivalent to X, as is its deriva-
tive X; = —Y sinf 4+ X cos 6; furthermore, and crucially, these two random variables are independent.
Applying Jensen’s inequality for the probability density %1[0,7T /2], We get

/2 /2 -
exp(A(F(X) — F(Y))) = exp ()\2/0 56%]7()(9) d@) < z/0 exp <A§%F(X9)) db.

™ ™

Applying the chain rule and taking expectations, we have

2 (/2 A
Elexp(A(F(X) — F(Y)))] < —/ E [exp (;VF(XQ) -Xé)} de.
T Jo
Let us first condition Xy to be fixed. Recalling that X; is equidistributed with X, we conclude that
2V F(Xp) - X} is normally distributed with standard deviation at most

N
> (VE(Xo)20> < ZA0| Flly,

i=1

AT

Therefore its moment generating function

A
E {exp (gVF(Xe) : Xé) Xo} < exp <7T2)\20-2’|F||iip/8> .
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Taking now the expectation with respect to Xy, the result follows.

Step IV. To approximate a general Lipschitz function F' by smooth functions, we follow the argument
of Todd Kemp in the proof of his Theorem 11.1. Let {¢. : € > 0} be a smooth compactly supported
approximate identity on R". That is, ¢ € C'>°(R™) is a non-negative function with support in the unit ball
By and total integral 1, and ¢.(x) = ¢~"(z/¢). Then 9. is also non-negative, has total integral 1, and is
supported in B.. Let

Po) = (Fr)@) = [ Fla -y dy
Then F is smooth, and so the theorem has been proven for it. Also,
P - Rl =| [ F@wtar— [ Pl - o)
< [1F@) - Fla = )| velo) dy
< 1Pl [ ol vel)dy < I,
since F is supported in B.. Thus F. — F' uniformly as ¢ — 0. Then E[F.(X)] — E[F(X)] and

Eexp (A(F.(X) — E[F.(X)])) = Eexp (AMF(X) —E[F(X)])) as € — 0 by the bounded convergence
theorem (since the distribution of X is a probability measure). Finally, by similar reasoning

R0 - RO = | [ - - [ -2
< [1P@=2) - Fly = 9lv.) dz
< 1Flhy [ 1o = o16.(2) dy = [Pl o = o)
and so [|F.||.;, < [|F[|1;,- Therefore
Eexp (A(F(X) — E[F(X)])) = lim Eexp (A(Fe(X) — E[F(X)])
< limexp (wA%0% | EL|1,/8)
< exp <7T2)\20'2||F||iip/8) . O
Exercise 3.7. Let 7 = (Zy,...,Z,) be i.i.d. N(0,1) random variables. Let ¥ be a positive definite
matrix, and define X = ¥.'/2Z. Then X is a jointly normal vector with mean zero and covariance matrix

Y. Let ' € Lip(R™). Then for all A € R,

Eexp (A(F(X) — E[F(X)])) < exp (72 Sl I FI;,/8)
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and so for all § > 0,
P(|F(X) - E[F(X)]| > §) < 2exp (—26%2 1=, ||F||iip) :
In particular if ¥;; = §;;0;,

P(|F(X) — E[F(X)]| > ) < 2exp (~20%/x* max(o) | FI3,,)

3.2 Concentration results for GOE.
Now let Xy be a GOE matrix, f € Lip(R), and F' = fr,. Note that
F(Xy)=N / fdiix,

and for each matrix entry, the variance is at most % Then

P(‘/fdﬂXN—EdeﬂXN] >4) = PAF(Xs) - E[F (X)) 2 N0)
< 2exp (~N26* /5% |F |}, )
< 2exp (—N&* /2% £,
< 20xp (N2 £]1,)

Similarly,
P (|M(Xn) — E[\(Xn)]| > 0) < 2exp (—6°/7°0%) = 2exp (—N§*/277)

Thus linear statistics concentrate at the rate of 6 ~ % (which is consistent with our moment method
results) while the eigenvalues appear to concentrate only at the rate of § ~ \/LN

Since the operator norm || A[| is less than the Frobenius norm, it also has Lipschitz constant at most V2,
and

P (|1Xxll,y — EllXxll,p)| 2

This last inequality holds also for non-symmetric Gaussian matrices.

5) < 2exp (—N52/27r2) )

3.3 Other concentration inequalities.

The arguments in the preceding section only worked for Gaussian entries. Here are some alternative
conditions on the matrix entries leading to roughly the same conclusions.
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Definition 3.8. Let i be a probability measure on R"™. The p-entropy of a function f is

Entu(f)z/flogfdu—/fdu'log/fdu-

u satisfies the logarithmic Sobolev inequality with constant c if, for any continuously differentiable func-
tion f : R" — R,

But, (1) < 2 [ 9] du

Gaussian measure satisfies LSI, as does any density of the form %e‘v for sufficiently smooth potential V'

(see below), as does the joint distribution of independent random variables each satisfying the LSI.

Lemma 3.9 (Herbst). Suppose the joint distribution of random variables j1x satisfies LSI on R™ with
constant c. For F' € Lip(R"),

P(|F(X) = E[F(X)]| > §) < 2exp(—0°/2¢|| F[f,,)-

Proof. As in the proof of Theorem 3.4, we may assume that E[F'(X)] = 0, F is smooth, and it suffices to
show that for all ),

Eexp (AF(X)) < exp (A FI},/2)

Let f(X) = M2 £2(X) = M X) and p(\) = E[eMX)]. Then

Ent,(f?) = /e’\F(X)/\F(X) du — /eAF(X) du - log/e)‘F(X) dp = A’ (\) — () log ()

while
2 AF(X) A2 2 c\? 2 AF(X) 2 2
2 [ VAP du=2¢ [ PO ORI (X)dp < SHIFIR, [0 di= SopO)IFIE,,
Applying the LSI and dividing both sides by A2 (), we get
(A loge(N) _ I
POy T Sl
Note that for A > 0, the left-hand side is precisely d%w. Thus
d logp(A) _ ¢y
— < —||F'||5...
dA A — H HLlp
Moreover | N | W1 0 0

AS0 A A0 A ©(0)
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Therefore

1 7 4 log p(\) ol FII3,
oz o(Ag) — 0 = 48PN gy« SO TLip

il
e (2]

which is the desired result. ]

and so

Proposition 3.10 (Corollary of the Bakry-Emery criterion). Let ® : R"” — R be at least twice continu-
ously differentiable growing sufficiently fast so that the probability measure

1
po(dx) = 7 exp(—®(z1,...,x,))dzy ... dzy
is well defined. Write Hess(®);; = 0,0;P. If for all z,

Hess(®)(x) >

Ql

I

as matrices, then g satisfies the LSI with constant c.

Corollary 3.11. Suppose X is
either a Wigner matrix with un-normalized entries satisfying the LSI with constant c
or is drawn from an orthogonally invariant ensemble %e‘NTr[V(X” dX with V" (z) > % > 0. Then

for any Lipschitz f,

P(‘/fdﬂN—E[/fdﬂN]

P ([M(Xn) = E[M(Xn)]| > 0) < 2exp (— N6 /4c)

>0) < 2w (N 1cl 112, )

and for any k,

The corollary applies for example to V (z) = |z|*, a > 2, but not for a < 2. For 1 < a < 2, we may still
get a weaker form of concentration using the following ideas.

Definition 3.12. Let x4 be a probability measure on R”. The p-variance of a function f is

Wmm:/(f—/fmfdu

1 satisfies the Poincaré inequality with constant m if, for any continuously differentiable f : R” — R,

1
Va7 < o [ IV d
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Exercise 3.13. If y satisfies the logarithmic Sobolev inequality with constant ¢, show that it satisfies the
Poincaré inequality with an appropriate constant. Hint: apply LSIto f = 1 4 €g.

Proposition 3.14. Suppose the joint distribution of random variables | x satisfies the Pl with constant m
on R™. For F' € Lip(R"),

P (F(X) —B[F(X)]| > 8) < 2K exp (—v/md V2| Fl,;,)
where K is determined by m.

Proof. We may again assume that F' is smooth, and it suffices to show that for sufficiently small ||,
E[exp (A(F(X) — E[F(X))))] < K.
Apply the PI to f(X) = eM'X)/2 We get

1
AF(X)] _ WIAF(X)/212 L 2 2 AF(X)
Ele* ] —Ele < AN EIL, Ele™ ]

so that .
] _

AF(X) o 2 2 AF(X) /212

Ele ] < <1 4m)\ ||F||Lip> Ele ]

for sufficiently small |\|. That is,
log E[e*"™)] < — log (1 - ﬁquuiip) 2B
Iterating, .
logE[e’\F(X)} < - ;Qj_l log (1 — ﬁ)\QHFHiip) + Z”E[eAF(X)/Qn]

Since lim,, o, 2" E[e*'(X)/2"] = E[F (X)), it follows that
AFO-EF(XON] < _ j—1 2| EI

Since the right-hand side is an increasing function of A, by taking A = /m/||F Hiip we get an upper
estimate

log E[*FOO—EFCOD] < _ §™ 951 Jog (1 _ E) —log K < 00
7j=1

since —» 77, 27" log (I—5)~ X227 -

J=1

For Wigner matrices, having un-normalized entries satisfying the PI with a uniform constant leads to
concentration of the empirical spectral distribution at the rate e=V¢.
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Proposition 3.15 (Talagrand). Let the i.i.d. random variables be bounded, with | X;| < K/2. Suppose
that F' is a convex Lipschitz function. Then

P(IF(X) = MF(X)| = 6) < 4exp (~0*/16K2| I3, )
where M F(X) is the median of F'(X).

Remark 3.16. Note that in this case,

[E[F(X)] = MF(X)| < E[[F(X) - MF(X)]]

/ P(F(X) — MF(X)| > t) dt
0
< [ e (<2/16KFI,) = SVRKIF
0
which is small if K'||F'[|;; is. It follows that

P(IF(X) - E[F(X)]| = No) < P([F(X) = MF(X)| + [E[F(X)] - MF(X)| = No)
< P(|F(X) = MF(X)| = N6 = 87 K| F||,;,)

—(N6 — 8\/%K||F|1Lip)2/16K2||F\|iip>

/N

< 4exp

= 4e 4" NOVT/ K lip exp (—N252/16K2||F||iip) i

For a Wigner matrix with bounded entries and a convex F' = fr., K ~ \/—% and ' ~ v/ N, so we have
Gaussian concentration with V.

Obviously (any) matrix norm is a convex function of the matrix.

Exercise 3.17. Let A be a symmetric matrix, with the largest eigenvalue Ay (A).

a. Prove that Ay (A) = sup {(Av,v) : [|v| = 1}.
b. Prove that )\ is a convex function of A.
c. Prove that the smallest eigenvalue )\, is a concave function of A. Hint: use —A.

Proposition 3.18 (Klein’s Lemma). If f is a convex function, then so is fr.
Proof. By approximation, we may assume that f is twice differentiable and f” > ¢ > 0. Then

Re(z,y) = f(x) = f(y) — (= y)f'(y) > sz —y)*.

N O
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Let X have eigenvalues {\;(X)} with unit eigenvectors {{;(X)}, and similarly for Y. Denote ¢;; =

[(€(X),&(Y))[”. Then

(§i(X), Ry (X, Y)&(X)) = <€z( )f( )= f(Y) - (X Y)f'(Y)>€¢(X)
Z —cii f(N(Y) = ciiMi(X) f/ (A (Y) 4 i A (V) /(A (Y))

= Zcz’j Ai(X)) = FOG(Y) = X(X)F(N(Y) + X)) (A (Y)))
- Z%Rf ch L)),

where we used > ; Gij = 1. Now summing over 7, we obtain
Te[f(X) = f(Y) = (X =Y)f Zcu A (Y))?

Applying this argument to f(x) = x? with R,2(z,y) = (z — y)?, we see that
S e (u(X) = A1) = TH{(X — Y.
1,
Thus finally,
Te[f(X) = f(V) = (X =YV)['(V)] = 5 CTH[(X — Y)Y > 0.
For (X,Y) = (A, (A + B)) this gives

Tr {f(A) iy (%(A+B)) —S(A-B)y (%<A+B))] >0

while for (X,Y) = (B, 1(A + B)) this gives

| 18) - 1 (544 8)) - - ar (344 m)| 20

Adding these inequalities, we obtain

Tr {f(A) + (B) = 2f (%(AJrB))] >0

and so
1

3n)+ 3 n(B) 2 fu (344 35). 0

By cutoff arguments as in Section we can thus obtain concentration results (for convex f) for quite
general Wigner-type matrices.

35



Chapter 4

The Stieltjes transform methods.

Stieltjes transform methods in random matrix theory were introduced by Leonid Pastur and collaborators
(1967-) in their study of Wishart matrices. They have been developed by many contributors, and are used
throughout the theory, in the study of many other classes, such as band matrices and spiked models.

4.1 General properties.

The transform method, using Fourier transforms or moment generating functions, is a standard technique
in probability theory. The transform most appropriate for random matrix theory is the Stieltjes transform.

Complex-analytic properties.

For a probability measure ;. on R, its Stieltjes transform is the function

5.0 = [ —— duta).

r—z

Sometimes it is called the Cauchy or the Borel transform, or is defined as [, ﬁ du(x). Note that for any
z € C\R,
1

r—z

1

— S

So the function x ﬁ is bounded, and S,,(z) is well defined on this set (in fact it can also be extended

to R \ supp(p)). It is also clear that S,,(Z) = S, (z). Moreover, we may differentiate under the integral to
obtain S/,(2) = [, ﬁ du(z), so S, is analytic on C \ R. For later use, we record that for any z € C*,

1
Z2—x

1

(32)

T — < - 4.1

Lip
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Next, we note that

liyS,(iy) + 1| =

iy
: du(ﬂf)“‘ S/— u
as y — oo by Dominated Convergence. Thus

lim yS,(iy) = —1. 4.2)
Y—00

Finally, we compute

Su($+iy)Z/Rﬁdﬂ(t)Z/Ru:ﬁdﬂ(t)+i4®_g—g+wdﬂ(t)-

In particular, we note that S, maps C* to itself. Moreover for ¢ > 0, denote

(r)= LY
x) = — :
Y T x? + y?

Then IS, (x + iy) = m(p * P,)(x). The family {P, : y > 0} is called the Poisson kernel for C*. Note
that P, (z) dz = Pi(x/y) d(x/y).

Theorem 4.1 (Stieltjes). Any analytic function S : Ct — C7* satisfying equation (.2)) is a Stieltjes
transform of some probability measure.

We will not prove this theorem, but the measure corresponding to S'is identified through the

Lemma 4.2 (Stieltjes Inversion Formula). For any probability measure i, the measures

1
py(dz) = =S, (z + iy) do
T
converge weakly to v as y | 0.
Proof. The Poisson kernel is an approximate identity: P, > 0, fR x)dr = 1, and for any £, > 0,

for sufficiently small vy, f|x|> s Py(x)dr < e. Then by general theory (cf. the proof of Theorem
recall details?) u * P, — p vaguely. Since p is a probability measure, we automatically get wea

convergence. [

Remark 4.3. Suppose 1 is compactly supported in [—a, a]. Then it is easy to see that z5,(z) — —1 as
z — oo and not just along the imaginary axis. Moreover the moments |my ()| < a¥, and so by the series
version of the Dominated Convergence Theorem

_Z Zk—i—l - Z/ prel )Z—/ng—:dp(x):/xizdu(m):Su(z).

So S,,(2) is an (ordinary) generating function for moments of /.
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Proposition 4.4. A sequence of probability measures (i — p converges weakly to a probability measure
if and only if S, (z) — S.(z) pointwise for every z € C*. It suffices to require convergence on a set
which has an accumulation point.

Proof. Since for every z € C™, the function = — ﬁ isin Cy(IR), one direction is clear. Now let A C C*
be a set with an accumulation point. Suppose S,,, (2) — S,(z) for all z € A. Choose a subsequence such
that y1n, — v vaguely for some measure v. Then by the other direction of the argument, S, (z) = S, ()
for all z € A. By analytic continuation, it follows that S, = S, on C*, and so v = 1 (and in particular it
is a probability measure). Since this is true for any convergent subsequence, the result follows. [

The Stieltjes transform of the empirical distribution of a matrix.

For a symmetric or Hermitian N x N matrix A,

Siu2) = [ T dinle) = 5 35— = w T A7)

r —z

Here the operator (A — 21)~! is the resolvent of A.

4.2 Convergence of Stieltjes transforms for random matrices.

In this section, we will give another proof of weak convergence of empirical spectral distributions for
general Wigner matrices under a slightly stronger assumption. One approach involves concentration in-
equalities. For example, we could assume that the matrix entries satisfy LSI, and then apply Herbst’s
method; or we could apply the cutoff procedure from Lemma [2.22] to suppose that the matrix entries
are uniformly bounded, and apply Talagrand’s inequality. We instead choose to avoid any sophisticated
concentration techniques by assuming the finiteness of the fourth moments.

Theorem 4.5. Let Xy = \/LNYN be Wigner matrices as in Theorem Thus Yy is symmetric and

otherwise has independent entries, {Y;; : i < j} are identically distributed with mean zero and variance
1, and {Y};} are identically distributed with mean zero and variance at most my > 1. We will additionally
assume that the fourth moment E[Y}j] = my < co. Then

~

Hxy — O

weakly almost surely.

The rest of the section constitutes the proof of this theorem.
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Let ij,k) be Yy with the £’th row and column removed, and u; be its £’th column with its £’t entry

removed. So for example
(Yn)u  uf
Yn = )
N ( s Y]\(Zl)

Also, let 3715,1) be the NV x N matrix obtained by adjoining to Y]f,l) a zero row and column. This matrix has

(1)

the same eigenvalues as Y’ plus an extra zero eigenvalue. Thus

SHPRETEED SN S 11
v NS NN -z Nz N 0va)/VN =z Nz
_L VN - ! 11
N N_1]=1 Aj YN_l)/\/m—\/\%Z Nz 4.3)
1 NI 1 11
N -—1 VN p )\j(XN—l)_%Z_NZ
N -1 VN 11
VN T <ﬁ) Nz
Denote the Stieltjes transform of the empirical spectral distribution of X y
Sn(z) = / " i . diix,(z) = %Tr [(Xy —2I)7"]

and its average

Sl =& | [ 2 diyl)| = B [T [Cow - 207

Our goal is to prove that Sy converges pointwise a.s., and to obtain an equation satisfied by the limiting
function. The main strategy will be to relate Sy and Sy _1, in two ways. For the first relation, recall that

for N x N matrices,
1/2
S e |

o[ roa] -2 f 0
Applying this to f(z) = and B = ?J(Vl) /V/'N, and using equations (#3) and @), and

Jensen’s inequality,

_ N —1_ VN 11
Sn(z) — JN Sn-1 (WZ> + == ‘E Sxy(2)] _E[SY/}V”/W(Z)]‘

—1
N 1/2
1 12 1 1
< Ell==) VY < —|E
= (32)2 (NN; ﬂ) - 2 N (

} < Nl E

(4.4)

%\

(32)°

N
2y Vi
j=1

)\/Q_Tnzl



Now we derive the second relation. Write

1 1L
—_ J— -1 [ — _
Sv(2) = X =20 = 5 X
where . )
Vim o = —
((XN Z]) )kk ((\/LNYN_ZI) )
kk

Lemma 4.6 (Schur complement). Let
A B
v-(&3)

det M = det(A — BD'C) - det D.

If D is invertible, then

Proof. Tt suffices to note that
A B\ (A-BD'C B 1 0 -
C D) 0 D) \D7'C 1)

Applying the lemma to

- 1
VN \/Lﬁul (\%Y]S) — z[)
etc. and using Cramer’s rule,
det (LYN _ zf) 1
VN 1 Lol 1 ow
Vk == = (YN)kk —Z— —=UuU (—Y —zl U . (45)
det (ﬁij,k) — zI) VN NF VN N

Exercise 4.7. Let u be a vector of independent real random variables with mean zero and variance 1, and
A a deterministic complex matrix. Then

E[u” Au] = Tr[A]
If moreover A is symmetric and E[u}] < my for all 4, then

Var[u” Au] = E[(uT Au)(u” Au)] — E[u? Au] E[u” Au] < (2 4 my) Tr[AA].
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Therefore

1 1 1 !
B 1Y) = = Bl |V - 2= B [of (v = o) | v
1 1 )1
=z —Tr|(—=YV" —zI
N <W N
. (4.6)
1 VN 1 ) VN
=—2—-— Yy — 2zl
NN -1 N-1 N—1
N — L VN
= —y — _ e
vN NN 1

and so

It follows that

Our eventual goal is to conclude from this that
1
T2+ Sn(2)
We thus want to bound the first term above. Note that since the Stieltjes transform preserves the sign of
SE[V; | Y]f,k)]’ > || as. Then

2
11
— Vi E[V]

Sn(z) ~

the imaginary part, from equation (#.6),

CCR E[1v11)2

E

IA
=]~
WE
=

B
Il
—

4.7)

(Vi — E[Vi])?
V2 E[V,]?

I
=] -
WE

|

E[(Vi — E[Vi])?] = —— Var[Vi].

(S2)

—
Il
—_




Exercise 4.8. For any number c and a random variable z,
Var[z] + (E[x] — 0)2 = E[(z — 0)2]
and so each term on the left-hand side is < the right-hand side.

It follows that

Var[SN(z)] < (%2)4 Var[Vl] (4.8)

and
5 —12<1V[V] 4.9)

N(Z) E[‘/l] = (%2)4 ar|vy|. ( .

Write
Var[Vi] = E [Var[vllY}V”ﬂ + Var [E[%\Y](Vl)]} ,
where
E [VarVi|v{"]| = E [EV2"]] - B [EWvR]

and

Var [EMYVY]] = B [R0AVEP] - (B [EM])

On the one hand, from (.6)

N -1 vV N VN
Var [E[Vﬂyj\(fl)]} - TVar Sn_1 < N 12) < Var | Sy_1 ( N 12)] ) (4.10)
On the other hand,
(1) L (1 o - (1)
Var[V1|YN ] = Var \/_—(YN)H —Z Nul WYN —z1 Uy YN
1 1 v L - (1)
=¥ Var[(Yn)11] + N2 Var | u; TYN —z[) w | Yy
< Lyt L @am)T| (v =1 (o)
A E Rl Vvt JN N T

1 N-—1 1 -1
= L Lerm Y|y ((—va” _ zf) )
N N? — VN
1 1
s et @ Em) g

since

< :
‘/\N—j+1 (JLNYJSII) — ZI)‘ |\92|



Taking expectations preserves this estimate. Combining with equation (.10)), we get

VN 1 1 1
Var[Vl] S Var SN—I <ﬁz + ng + N(Z + m4) (%2)2
Thus using equation (4.8]), we obtain the estimate
1 VN 1 1
Var[SN(Z)] < (%2)4 Var | Sy—1 ( N 1Z> + NmQ (%Z)4 + _(2 + m4)
Let
Cy = sup {Var[Sy(z)] : &z > 2}.
Then denoting b = ma o7 + (2 + M) 55,
1 VN 111 1
CN S ?Var SN—l (ﬁZ)] + ngﬂ + N(Q + m4)%
1 1
< —Cn_1+ —=b
S gty + N
since & \/‘]/Vi_lz > iz for z € C*. Recursively,
N—2
1 1 1 2b 1
Cn<=b)Y —+—0C<—+——C1.
YUN &1 Tl = N T gt
We conclude that for large N, Cy < C’/N,
C/
sup Var|Sy(z)] < —.
%21% [Sn(2)] < N
Also, Var[Vj] < #=Cy_; + b, so from equation (#.9),
2 2
— 1 — 1 c”
sup [Sn(z) + = sup |Sn(z) — < —.
Sz N-17Q VN Sz EV; N
>2 2+ Y5 SN_1< N71z> 22 V]
Combining with equation (£.4)), we obtain
VN =1 VN 11 1 c"
sup Sn-1 N> — <
s:22| VN N -1 z Z+\/\]/VN_1SN—1(\]/VN,12> VN

(4.11)

4.12)



First we prove weak convergence of jix, in expectation. Since their variances are uniformly bounded, this
family is tight. Given any subsequence, we may choose a further subsequence (V) such that /i Xy, M
weakly in expectation, for some probability measure .. Then S, satisfies

SM(Z) + Z—F;SM(Z) = 0.

Then S,,(2)% + 25,(z) + 1 = 0 (compare with Exercise[2.4), and

—z+V22 -4
Su(z) = 5

where we chose the branch of the square root so that S, (z) ~ —% at infinity. By Stieltjes inversion,

1 —(x+i )2 — 4 1
dp(z) = lim oW V@ o4 L s @),
yl0 T 2 2 [-22]

that is, ¢ = o. Since this is true for any initial subsequence, we conclude that iy — o weakly in
expectation.

Finally, we prove weak convergence almost surely. Given any increasing subsequence of positive integers,
choose a further subsequence (N) so that >~ , Nik < 00. Then using equation (#.11)) and the Borel-
Cantelli lemma, for any fixed z € C* + 2i, Sy, (2) — Sy, — 0 a.s. Since Sy, (2) — S,(2), it follows
SN, (2) — Sy(z) a.s. By a diagonal argument, we may assume this to hold for all z in a countable set
A C C* + 2¢ which has an accumulation point. Therefore iy, — o weakly a.s. Since this is true for any

initial subsequence, we conclude that iy — o weakly almost surely.
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Chapter 5

Joint eigenvalue distributions for orthogonally
invariant ensembles.

The exact joint distribution of eigenvalues for the orthogonally/unitarily/simplectically invariant ensem-
bles takes some work to compute, primarily because there is no natural bijective parametrization of such
matrices by eigenvalues and eigenvectors. See various sources on the web page for (different) ways to
do this. In the following section we will use this result without proof, and in the later section will de-
rive it (in the Gaussian case), by first reducing the matrix to a tridiagonal form, where such a bijective
parametrization is in fact available.

5.1 Maean field approximation.

The following is another, heuristic, derivation of the convergence to semicircle law for GOE. It already
appears in the work of Brézin, Itzykson, Parisi, and Zuber (1978). The joint eigenvalue density for a
normalized orthogonally invariant ensemble with potential V' is

oA, .. H N — N |? exp <—NZV(A¢)>

z<]

N
:Ziexp [ﬂZlog\)\ —NZV(A

1<)

1
:Z—exp[ NQ//logpc— y| din (z) dinn (y N/ x)din(z }

1 .
- Z—Nexp [—NQIV(/L)] ,
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where
I () = / V() du(x) - / / log |z — y] du(x) duly).

For large N, we expect fiy to concentrate around the measure ;¢ which minimises /y,. Looking at the
perturbations p. = p + ev for v a signed measure of integral zero, if x4 is an extremum of [y, then

V(z) - 3 / log |z — y| du(y) = C, = € supp(p).

So (at least formally)

%V’(:r) = p.v. / . i " du(y) = mHy(x), x € supp(u)

the Hilbert transform of . For example, for V' (z) = §x2, nH,(x) = x/2, and p = o on [—2, 2]. Indeed,
recall that for du(z) = p(x) dz,

1

S 07) = —p.v.
u(er i) pb.v o

du(t) + mip(x).

—

Thus
1
0= (ERSM(:U + 07) + g) IS, (x + 0i) = 5% (Gu(z 4 0i)* + (z +140) S, (x + 07)) .
Therefore the function S, (2)? + 25,,(z) + 1 analytically extends to R and so, since S,,(Z) = S,(z), to all
of C, i.e. it is entire. Moreover, assuming 4 is compactly supported, .S, (z) ~ —% as z — 00, and so this

function is bounded. So by Liouville’s theorem it is constant, and by the asymptotics above the constant
is zero. Thus finally, S, (2)* + 25,(z) + 1 = 0, which we know characterizes o.

5.2 Beta ensembles.

The initial ideas in this and the next section are due to Hale Trotter (1984) who tridiagonalized the GOE,
and researchers who studied the -eigenvalue distributions before the 5-ensembles were defined. They
were combined and developed in much greater depth by Ioana Dumitriu in her thesis (2002).

Tridiagonalization of Gaussian ensembles for 7 =1, 2, 4.

Lemma 5.1 (Householder transformation). Let Yy be an complex Hermitian (or in particular real sym-
metric) N x N matrix, and write it as
,U*
Yy = ("
N (U YN—l) )
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wherey € Rand Yy _y is (N—1)x (N —1). There is a unitary (or in particular orthogonal) transformation
Upn_1 such that

o]
. 0
Un_1v = .
0
Therefore denoting
1 0
UN - (0 UNl) )
we have
y v 0 .. 0
o]l
UnYyUh =1 0

UNAYNAU}:/A

Proof. In fact one can choose Uy_; a reflection in the hyperplane orthogonal to the vector w = v — l|lv]| e1,

(2, w)

UN,lx:x—Q ,

2
[[]]
which is automatically unitary and Hermitian (or orthogonal in the real case). Indeed,

- ~ 1 1 1 1
Un_1v=Un_1 (iw + é(v + ||v|| el)) = —éw + 5(1} + ||v||e1) — 0 = ||v]| e1. O

A random variable Z has the xy, distribution if Z* has X} distribution, that is, the same distribution as
XZ2+...+X ,f for X1, ..., X} independent standard normals.

Theorem 5.2. Let Yy be an un-normalized GOE matrix. Then the eigenvalue distribution of Yy is the
same as for the random tridiagonal matrix

aq bl
bl (05} bg
?N - bQ )
bn-1
bnvo1  an
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whose entries are, except for the symmetry, independent with distributions

N<Oa 2) XN-1
XN-1 N(O, 2) XN-2
XN-2 .
X1
X1 N(O, 2)

Proof. Start with an un-normalized GOE y matrix

Y UT_
YN = N-1 7
N (UN—l YN—1>

Recall that its entries are independent (except for symmetry), Y;; ~ N(0,2) and Y;; ~ N(0,1). Using

the transformation from the lemma, we may choose an orthogonal Uy _; so that

3/11 ”’LLN_1|| 0 ... 0
||UN—1||
UnYyUTL = 0
Un Yy Uf

Here

1Unall = /Y3 4.+ YA,

so it is independent of all the other entries of the matrix (except for symmetry) and has x v distribution.
Moreover Uy_1Yy_1U% | is a GOEy_; matrix. Applying the same procedure recursively, we end up
with a tridiagonal matrix with the claimed entry distributions which is unitarily equivalent to Yy. 0

Exercise 5.3. Show that a similar procedure works for the GUE matrices, except the distributions of
entries become

N(07 2) X2(N-1)
X2(N—-1) N(O; 2) X2(N—-2)
1 .
E X2(N-2)
K X2
X2 N(O, 2)

Since the x? distribution is infinitely divisible, x5 can actually be defined for any real positive 3, with the
density
21—6/2

r(3/2)"

B—1_—x2/2
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Definition 5.4. For § > 0, the (un-normalized) 3-ensemble consists of random symmetric tridiagonal
matrices

a; by
by ax by
Yy = b
by_1
bN—l an,

whose entries are, except for the symmetry, independent with distributions

N(Ov 2) X(N-1)8
xv-ng N(0,2) xv-2)s
1 .

ﬁ X(N—-2)8
o X
xs N(0,2)

Trotter’s proof of convergence to the semicircle law.

Theorem 5.5. The normalized -ensemble matrices have, for any 3, the same asymptotic spectral distri-
bution as the sequence of deterministic matrices

0 N -1
N -1 0 N —2
1
Ty = —— N -2
N \/N
1 0

In particular this is the case for normalized GOE/GUE/GSE. The asymptotic spectral distribution of Ty
will be shown to be semicircular in the following proposition.

Proof. We note first that since x5 > 0 and E[x3] = 5,

E[B(xs — v/B)] < El(xs + VB)*(xs — vVB)
(x5 — B)°] = Var[x3] = 8 Var[x]] = BE[x] — 2xi + 1] = 2.

Thus E[(xs—+/3)?] < 2. Soin an un-normalized S-matrix Yy, E[a?] = 2 and E[(b,—+/(N — k)5)?] < 2.
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Then for XN = \/LNY/N’

[ 1z~ [ 100

1 ~
< ”fHLipﬁ HXN — TNHF

N N-1

Ml LS 23 - VT

k=1 k=1
Yl \/zﬁzlaz+2 5 b — N =B
Vi VNV N N |

and so using Markov’s inequality,
LAl 1
P diig, — | fdo|>6) < =22 V60
(‘/f HEw /f N >_5 VB VN

as N — oo. ]

To compute the asymptotic spectral distribution of 7, we use the following theorem.
Theorem 5.6 (Kac, Murdock, Szeg6 1953, Trotter 1984, particular case). Let H be the Hilbert space of
sequences h = {h; : j € Z, h; €C L*([0, 1])}, with the norm ||h||> = > |h;||> < oo. Denote
o(h) =) hy(a)e’™",
JEL
a function in L*([0,1]?). Note that the map o is an isometry.

For any square N x N matrix A, define n(A) € H as follows. Consider A as included in an infinite
matrix. h; is a step function, with steps of length ~, and heights given by values of A in the j’th diagonal
(where the main diagonal corresponds to j = 0).

If each Ay is normal and n(An) — hin H, then the spectral distribution of Ax converges weakly to the
distribution of o(h).

Proposition 5.7. The asymptotic spectral distribution of Ty is the semicircular distribution.

Proof. T has zero diagonal entries, and

Tigr1 = Trrrp =11 — N

Thus clearly hy(x) = h_1(z) = v/1 — z, and we have
o(z,t) =1 —12cos(2nt), (x,t) € 0,1
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It remains to compute its distribution. It is clearly symmetric. For a > 2,
for 0 < a < 2,lett € [0,1/4] satisfy cos(27t) = a/2. Then

[{(z,t) €[0,1)* : V1 = 22cos(27t) < a}|

+2 H(x,t) €[0,1] x [0,1/4] : 1 — }la2sec2(27rt) <z< 1}'

{o(z,t) < a}| = 1. Finally,

1/4 1
+ 2/ <Za2 sec®(2mt) 1 + 1[571/4]) di
0
" 1 2 tan(2 t)|t_+1 2t
—a tan(2m P
47 "2

V1—a?/4 1
gy QTG/ = arccos(a/2)

1
=1+ yp <a\/4 —a?— 4arccos(a/2)> .
T

Differentiating with respect to a, we get

1 a? 1 1
— (V4 —a? - +2 = —V4—a?
47 ( V4 — a? V1—a?/4 2m

]

Remark 5.8. We have proved Wigner’s theorem by four different methods (under various assumptions),
which ultimately reduce to four different characterizations of the semicircle law:

e Its moments are the Catalan numbers.

e Its Stieltjes transform satisfies the quadratic equation S,,(z)* + z5,(z) + 1 = 0.

e It is the minimizer of the logarithmic energy Iy (u) = [ 2 du(x) — 2 [[log |z — y| du(z) du(y).
e It is the distribution of o (x,t) = /1 — 22 cos(27t), (z,t) € [0,1]2

Remark 5.9. The spectral distribution of 7'y is the uniform distribution on its eigenvalues, in other words
on the roots of its characteristic polynomial Qy(\) = det(Ay — v/NTy). By Lemma|5.11] the polyno-
mials Qv () satisfy the recursion

Qni1(A) + NQn-1(A) = AQn-1(N),

so they are the (monic) Hermite polynomials. So we have also proved that the density of the re-scaled
roots of the Hermite polynomials converges to the semicircle law.

This is the end of the 2017 course notes.
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Exercise 5.10. (unverified) Let Yy be a K x N matrix with independent A/ (0, 1) entries, and assume that
both K and N go to infinity in such a way that K/N — « € (0, 1]. Let Xy = \/LNYN and Zy = Xy X5,
Then Zy is a K x K Wishart matrix (compare with Exercise [2.11)).

a. Show that we may choose orthogonal matrices V' € O(K), U € O(N) such that

XK XN-1
XK-1 XN-2
VYNU* ~
X1 XN-K
and so
X+ XNo1 XN—1XK-1
XN-1XK-1 Xk_1+ Xh_a XN-2XK-2
VYnYEVT ~ XN-2XK-2 .

XN-K+1X1
XN—K+1X1 Xi+ XN_xk

b. Show that the asymptotic spectral distribution of Z is the same as of

K+N-1 VN =1)(K -1)
VN —1)(K —1) K+ N-3 VN —2)(K —2)

1
N XN-2

R VN - K +1
vVN—-—K+1 1+N-K

c. Show that this distribution is the same as the distribution of

o(z,t) =1+ a— 20z + 2cos(27t) /(1 — az)(a — ax).

5.3 Spectral theory of finite Jacobi matrices.

An N x N Jacobi matrix is a tridiagonal matrix of the form

ap b1 0
by as
JN == )
bn—1
0 b1 an
where a1,...ay € Rand by,...,by_1 > 0.
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Spectral bijection.

Lemma 5.11. Let Q,,(\) be the characteristic polynomial of J,,, Q,(\) = det(\l,, — J,). Then for all
n>2
Qn()\> + anQn—l<)\) + bi—lQn—2<>\) - )\Qn—l(/\) (5.1)

while setting Qo = 1, also Q1(\) + a1Qo = A\Qo.

Proof. Expand the determinant with respect to the last row, and then the last column, to obtain

Qn(/\) = (/\ - an)@n—l()‘) - bilen_2<)\). ]

Exercise 5.12. Let X be a general real symmetric (or complex Hermitian) NV x N matrix, with eigenvalues
A(X) <. < AN(X).

a. The eigenvalues of X have the following minimax description:

(Xu,u)
An(X) = max
W) =
and forn < N,
(Xu,u)

An(X) =

min  max -—5-
V:dim V=n ueV,u#0 HuH
Hint: diagonalize the matrix, and recall that its eigenvectors are orthogonal.
b. Let X be X with the last row and column removed. Then the eigenvalues of X and X interlace:
M) S A (X) S Ao(X) € Xo(X) <o S Ay (X) S A (X) < An(X).

Corollary 5.13. A Jacobi matrix with positive b;’s has distinct eigenvalues.

Proof. We need to show that () v has distinct roots. Suppose \;(Jy) = A;j11(Jn). Then from the inter-
lacing property, also Qn_1(Ai(Jn)) = 0. From the recursion (5.1)) it follows that Qn_o(N\;(Jy)) = 0.
Applying the recursion repeatedly, by induction we get that Qo(\;(Jx)) = 0, and so obtain a contradic-
tion. 0

Since the matrix J is symmetric, it can be diagonalized, so that J = UAU T in other words
JnU = UA.

Here A is the diagonal matrix whose diagonal entries are the eigenvalues \; < ... < Ay, and U is an
orthogonal matrix whose columns uy, . . . uy are the normalized eigenvectors. Denote

bi = |U1i|2

Y

sothatp; + ...+ py = 1.
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Proposition 5.14. The map

N—-1
@ RY xRY™! - RV x {(pl,...,pN_l): allp; >0, pi <1

=1

given by
2 (ala---aNabla---bN—1> — ()\1, AN DL - 7PN—1)

is a bijection.

For (p1,...,pn_1) as in the proposition, denote pyy = 1 — ngl p;, and

N
VN = Z pié)\i .
i=1

Then vy is a probability measure, such that [ f dvy = zlj\il pif (\i).

Lemma 5.15. For all k,
mi(N) = (J¥)11 = /xk dvy.

Proof.
(J*)i = (UNUT)yy = Z Up\iUy,; = Zpl)\f = /:ck dvy.

Exercise 5.16. Recall that for the empirical spectral measure, we had

1
NTr[Jk] = / a2 djig,,

and the measure also had atoms at the eigenvalues of .Jy, except the weights of all the atoms were equal
to % Show that for any unit vector £, the probability measure with moments <J ke € > is also atomic
with atoms at the eigenvalues. What is its precise form? Which ¢ corresponds to the empirical spectral

measure?

Remark 5.17. For a sequence of random (for example, Wigner) or deterministic (for example, Jacobi)
matrices X, one can ask whether the sequence of measures from the preceding exercise corresponding
to some vectors £y converges weakly as N — oo. Some natural choices for £y are { = e; (the first
basis vector), {5 = e (the last basis vector), the trace case from the exercise, or £ random uniformly

distributed on the unit sphere.

Remark 5.18. Define a family of polynomials as follows: Fy = 1,

&1P0 + blpl(l') = .73P0,
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forl1<n<N —1,
bn_1Pno(x) + anP,_1(x) + b, Py(x) = 2P, (),

and
bN_le_Q(ZE) + CLNPN_1<$) + PN(ZL’) = J]PN_l(:L‘).

Then each P,, 0 < n < N, is a polynomial of degree n. Since all b;’s are positive, each P, has a positive
leading coefficient. It is easy to see that

Qn(z) =by...01P,(x)

for0<n <N —1and
QN(m) = bel e ble(.l')
In particular Py(\;) =0 forall 1 <i < N.

Moreover by definition,

PO (l’) Po (.T) 0
P1 (l’) P1 (SL’) 0
JN =X . —
Prn_1(x) Pn_1() Py (z)
Py(N\i)
Pi(\
So for each 1, ) is an eigenvector of Jy with eigenvalue \;. Since all of the eigenspaces are
Pry_1(N)

one-dimensional, and F, = 1, while the first entry of u; is Uy;, it follows that
Uji = UniPj_1(N).

Lemma 5.19. {Fy,..., Py_1} are the orthonormal polynomials with respect to the measure vy with
positive leading coefficients.

Proof.

—ZUM Jj— 1 Ulz n— 1 ZU]zUnz — UUT) _5j:n- O

Lemma 5.20. The orthonormal polynomials with respect to any measure v with positive leading coeffi-
cients satisfy a three-term recursion as above (which may not terminate, and the b coefficients may not be
strictly positive). If v is supported on at least N points, then by, ..., by_1 > 0.
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Proof. Let{P, : n > 0} be orthonormal polynomials with respect to a measure v. Since they are obtained
by a Gram-Schmidt procedure from the basis {z" : n > 0},

n
xP, 1(z) = Zozm-Pi(x)
i=0
for some coefficients a, ;. Since

(PuaPioi), = [ P@)aPos(a) dvla) = P, Pas), = 0
forn—1>14i+1, a,; =0fori <n — 2. Denote b,, = v, > @, = Qp 1 and ¢, = o, 2. Then
Cp = <$Pn71a Pn72>,/ = <Pn717 xPn72>l, = bnfl-
Thus finally,

xP,_1(x) = by, 1Py o(x) + anPy_1(x) + by Py(x).

Since the leading coefficients of P, and P, are positive, b,, > 0. If by = 0, then x Px_1, and so all poly-
nomials of degree N, are in the linear span of {Fp, ..., Py_1}. It follows that the space of polynomials
on the support of v has dimension at most NV, and so this support contains at most /N points. [

Proof of Proposition It suffices to prove a bijection between matrices .JJy and measures vy . Starting
with Jy, its vy = Zil p;0y, is uniquely determined by its eigenvalues and eigenvectors. Conversely,
start with vy . Use Gram-Schmidt orthogonalization to construct orthonormal polynomials with positive

leading coefficients Fy, Py, ..., Py_1. They satisfy a three-term recursion relation, whose coefficients are
determined by
bn = <xPn—17 P”>1/N
and
ap = <$Pn—17 Pn—1>l,N . [

The Jacobian of the spectral bijection.

Now that we have proved that ¢ is a bijection, we want to compute its Jacobian determinant. We do this
in two steps, using an intermediate bijection with (my(N), ..., may_1(N)).

Proposition 5.21. The Jacobian determinant of the transformation
(a1,b1,a9,ba,. .., by_1,an) = (Mi(N),...,man_1(N))
is N—1 ;4(N—k)
N-1}
k=1 Yk
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Proof. Recall that my(N) = (J*);;. Using Motzkin paths, we can observe that
Mop_1(N) = apb}_, ...b% + Polynomial(ay_y,...,a1,bx_1,...,01)

and
mar(N) = bibz_, ...b7 + Polynomial(ag, ..., a1, bg_1,...,b1).

It follow that the Jacobian matrix of the transformation
(ab bi,az,b,...,0n_1, aN) — (ml(N)> cee ,m2N—1(N)
is upper triangular, and its Jacobian determinant is

[ Jh 2bpb?_, .. b)) = 2N L b

k=2 k 1 bk

Proposition 5.22. The Jacobian determinant of the transformation
(ph -y PN—1, )‘17 teey >\N) — (ml(N)7 s Jm2N—1(N))

is, up to a sign,

=1
where
A, )= I v=x)
1<i<j<N
is the Vandermonde determinant.
Proof.
my(N) = szkk sz)\k (1—p1—...—py-1)Ay
So
=\
Ip; ’ N
omy, k—1 -
— kpAE T, N,
a)\i DiA; 1<
om _ _
—k = k’(l —P1— ... _prl))\]]{:V 1 kpNA’;V l.
OAN

and the Jacobian matrix of the transformation
(p17 -vyPN-1, )\17 EIR) )\N) — (ml(N)7 s >m2N—1(N)
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is
A — Ay
2

2N—-1 2N—-1

y41

AN—1 — AN
2p1 A

AN =A%

Factoring out p; . . . py, we get the matrix

M= Ax
A=Ay

2N—-1 2N—-1
AT =AY

AN_1 — Ay 1
A2 — A 2\

NS AT (2N - 1)A2V-

We need to compute its determinant. Up to a sign,

MY N - D

PN

PN-1
2pNAN

2pN_1AN—1

2N—-2 (2N _ 1)pN)\?VN_2

(2N - 1)pN—1)‘N—1

1 1
2 N1 2N

2N — DAV 2 (2N — 1A 2

AL — AN AN—1— AN 1 1 1
o A — )% N =Ny 2\ 2AN_1 2N
€ . . . .
AL A=A 2N = DA (2N — DAY (2N — ARy
0 0 1 0 0 0
A — Ay AN_1 — AN AN 1 1 1
— det A )2 A\ =N 2% 2\ 2AN_1 2N
AN AR A= AT N - 2N = DAY (2N — DAY ?
1 1 1 0 0 0
At AN-1 AN 1 1 1
— det )\% A?\/—l )‘?\/ 2)\1 2)\]\[,1 2)\]\7
AV AMNE RN 2N - 1A (2N — DA 2 (2N — 1)V 2
1 1 1 0 0 0
A1 AN—1 AN 1 1 1
— det )\% )\?\/’71 )\?V 2T1 27’]\771 27—N
AN AN ONANEL (9N - )R (2N — )72 72 (2N — 1) 2 I
1 1 1 | 1
o A1 AN_1 AN T TN-1 TN
= det AP Mo AR 77 Th-1 U
87'1 GTN T1=A1yrs TN=AN .
)\ZN—l )\?V]\i—ll )‘?VN_l 7_12N—1 T]%fjizl ]2VN_1

1
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The determinant is a Vandermonde determinant

| YRS | (CREO] | (RO § (SRR § (R § (CEPOE § (GRS § (GRED)

1<j 1,J 1<j 1<j 1>7 % 1<j 1<j

So the expression above is

aN
[T =TI =20]1E =@ =20 @ -7)
a7-1 -aTN =\ AN G . . - -
T1 1yeees TN=AN i<j 1>] ) 1<J 1<J

— m ILic; (N = ) TLisy (N + hy = X) TL i 4 B = X) TL (A + By — M) TLi (A 4y — A — hy) — O

hi,....hn—0 hl Ce hN
=TI =M [T =2 TT =2 [Ty = 2)

1<j i>7 1<j 1<j

O
Corollary 5.23. The Jacobian determinant of  is, up to a sign,
N1y 4(N~k)
oN-1 k=1 "k
AL AL TS e
Proposition 5.24.
N-1 N 1/2
Hbiv_k: <le> A(}\l,...,)\N).
k=1 i=1
Consequently the Jacobian determinant of  is, up a sign,
N
no1 i pi
N-T,
k=1 Yk

Proof. Denote by e, the first basis vector. Let A be the matrix with columns

A= (61, J@l, ceey JN_1€1).

Then A is upper-triangular, with entries 1, by, . . ., Hff:_ll by on the diagonal. So
N—-1 n N-1
det A= ] [Jbe=[] o0 ™"
n=0 k=1 k=1

On the other hand, denote q = (g1, . .., qy)? = U”e; the first row of U, so that ¢? = p;. Then
A= (UU e, UNU ey,...,UNTWWTe)) = UU e, AU ey, ..., AV 71U e))
o @ - AN g
=U(qAq,.... A lgy=U |+
qN ANGN - .. A%‘qu
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and so
D VDt

i=1 1

N—-1 =1
Av o AN i

We conclude that the Jacobian determinant of ¢ is

((Hf\il pi) A(/\h cey >\N)>4 _ oN-1 (vazl pi>4 -

A()‘lv ) )‘N)4 Hszzl bk Hszzl bk’

2N71

Exact eigenvalue distribution for 5-ensembles.

Theorem 5.25. The joint density of ordered eigenvalues of an un-normalized [3-ensemble matrix is

—eXp (——Z)\2> (A, .. )P

Proof. Recall that for the S-ensembles, a; and b; are independent, with distributions

\/Eak ~ N(O, 2)

and

Vb ~ X(N—k)B-

So their individual densities are Le~(%/4% and %biNﬁk)ﬁ “1e=(8/2b%  and their joint density is

N N-1 N N-1 N-1
H (B/4)a2 H bkﬁ 1, —(B/2)b2 %exp (_% Zai . g Z bi) H bI(Cka)ﬁfl'

k=1 k=1

We want to express this in terms of \;’s and p;’s. We note that all b, > 0 a.s. (so the results from earlier
in the section apply),

N-1
Zaz—I—Zsz Tr[J7J] Z)\
k=1 k=1

and

N-1 N B2
k=1 i=1
Since N
L Lz v
[Jac@n-om| =28 S5
Hk:ll by,
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we obtain the density

] & N /21
Z_NeXp <_ZZ)\’2> (sz) A()\l,---a)\N)’B-

i=1 i=1

Thus the joint densities of A;’s and p;’s are independent, and the joint distribution of the p;’s may be
integrated out. 0

To obtain the precise normalization constant in the joint density of eigenvalues we need to trace the
constants carefully throughout the proof, and at the end use the Dirichlet integral

Uopem s N\ r(8/2)Y
A A O

Another approach to compute

N
ZN:// exp (25T ) AOw, A dA - dy
A< <Ay 4 —

N
1 B ) 5
ZM/RNGXP (‘ZZA> A AP dAr L day

is to deduce it as a limiting case of the Selberg integral

N-1

L S - 2 11 Dla+ o)l (b + joT(( + 1)e)
m/o /0 [ 00 1800 ) dAl...dAN—jHO RS S ey e
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Chapter 6

Asymptotic distributions, asymptotic freeness,
and free convolution.

Motivating question 1. Let (Ay)X_; and (By)$_; be (families of) self-adjoint random matrices with the
distribution of (By) unitarily invariant. Suppose their empirical spectral distributions converge weakly
almost surely:

A

fay = Ky flpy = V.

Note that, roughly speaking, we are picking By “uniformly at random” from all self-adjoint matrices with
distribution &~ v. Suppose each Ay, By have mutually independent entries.

Since Ay and By do not commute, one cannot speak directly of their joint distribution. What are their
asymptotic joint moments? Are they determined purely by p and v/?

Answer. Under mild assumptions, Ay and By are asymptotically free. This means that there exists
an operator algebra A with a positive linear functional ¢, and two operators a,b € A which are freely
independent, such that almost surely

1 u v u v
~ Tr[AXV B AR B y p[qr W) | g R o], (6.1)

Motivating question 2. Fix a large N. Let A be an N x N (non-random) Hermitian matrix, with spectral
distribution j14 =~ p. We interpret A as the “true signal”. Let B be an NV x N normalized GUE matrix,
with spectral distribution [ip ~ o, the semicircular distribution. We interpret 5 as “noise”. What is the
approximate spectral distribution of “signal plus noise” A + B?

Answer. Under mild assumptions, the joint distribution of A and B is approximately the same as for
freely independent operators a and b above, and the spectral distribution of A + B is approximately the
distribution of a + b. This distribution is the additive free convolution ;B o, and can be computed by
combinatorial and complex-analytic methods.

Reference: (Mingo, Speicher 2016) extracts from Chapters 1, 3, 4.
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6.1 Freeness.

Spaces and distributions.

Definition 6.1. A non-commutative probability space (ncps) is a pair (A, ). Here A is a complex unital
algebra with an involution *, and ¢ is a state on A: a complex linear functional which is unital (¢ [1] = 1),

self-adjoint (p[a*] = ¢lal), and positive (¢ [a*a] > 0).
A state is tracial (or a trace) if for all a,b € A, p|ab] = p[ba).

There are other versions of this definition, some with more, some with less conditions. In particular,
we may sometimes assume that 4 consists of bounded operators on some Hilbert space, and is either
norm closed (a C*-algebra) or weakly closed (a von Neumann algebra). In this case we would put extra
continuity assumptions on (.

Example 6.2. In all cases below, the conditions on ¢ are easy to verify.

a. Matrices: A = My(C), a* is the usual adjoint, ¢ = + Tr or more generally @[a] = (a&, &) for a
unit vector &.

b. Commutative probability space: A = L>(2, 3, P), a* = a, ¢[a] = Elal.

c. Random matrices: A = My(C) ® L*(Q, %, P) = My(L>(Q,%, P)), ¢ = ~ EoTr. Note that
here we only consider bounded random entries; see remarks below for the discussion of affiliated
operators.

d. Infinite-dimensional spaces: .A = B(H ), the space of all bounded operators on a Hilbert space H,
and pla] = (a&, ) for a unit vector £ € H. Note that none of these states are tracial, and in fact
B(H ) has no continuous tracial states. So it is important to note that there exist finite von Neumann
algebras: infinite-dimensional, weakly closed *-aubalgebras of B(H) which do have continuous
tracial states.

Definition 6.3. An element a € A is self-adjoint if a* = a. For a self-adjoint element, the sequence of its
moments

(mn(a))nZo = (¢ la"])nZg
is positive definite. Therefore by Bochner’s theorem, there exists a probability measure i, on R (the
distribution of a) such that

(@) = 0 (11) = / 2" dp().

R

Remark 6.4. In many situations of interest to us, .4 is a von Neumann algebra, so that its elements are
bounded operators on a Hilbert space. Their distributions are thus compactly supported. If we want to
realize a general probability measure on R as a distribution, we need to consider unbounded self-adjoint
operators. For such an operator a, we have a well-defined (bounded, self-adjoint) operator f(a) for any
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bounded continuous function f € C,(R). If all of these operators lie in A, we say that a is affiliated to A,
and define its distribution by
[ i =¢lt@).

One can also define i, using the spectral measure corresponding to a, assuming that all the spectral
projections of a are in .A. One can define the “affiliated” relation for non-self-adjoint operators. If A is a
von Neumann algebra and ¢ is a tracial state, then operators affiliated to .4 themselves form an algebra.

Definition 6.5. Star-subalgebras A;, As, ..., A in an ncps (A, @) are free (or freely independent) if
whenever plai] = ¢las] = ... = pla,] =0, a; € Aypy, u(l) # u(2) # u(3) # ... (neighbours distinct),
then also

¢laraz...a,) =0.

Elements ay, as, . . ., aj are free if the star-subalgebras they generate are free.

Note that for self-adjoint a;, these are conditions on their joint moments: for any polynomials P, ..., F,,

ﬁ(ﬂ(aum) — ¢ [Pi(au@)})] = 0.

=1

2

For general a; we need to consider more general polynomials P;(a, a*).

Theorem 6.6. Given ncps (A;, 0;)%_,, there exists an ncps (A, o) = 5 (A;, ;), called their reduced
free product, such that

e there are embeddings J; : A; — A such that p o J; = ;
o (Ji(A)k_ | are free with respect to .

Thus we may construct free copies of given nc random variables.

Example 6.7. Let a,b € (A, ) be free. How to compute ¢ [abab]?
Write a®° = a — ¢ [a]. Note

0 [(a°)?] = ¢ [a® —2ap[a] + ¢[a)’] = ¢ [®] — ¢ [a]*.

Then
¢ labab] = ¢ [(a® + ¢ [a])(b° + @ [b]) (a® + ¢ [a])(b” + ¢ [B])] -

Using freeness and linearity, this reduces to

[@bab] elal o bl ¢la)e ] + ¢ lal® e [(1°)] + ¢ [ ¢ [(a°)?]
plale[b] ¢ [ Job] +¢lal (¢ 7] — @ [0]°) + @ [0 (¢ [a*] — ¢ [a]®)
o] o] +¢[a ¢ V"] —¢lal’ @ [b].

Moral: not a good way to compute.
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Free cumulants.

Definition 6.8. For an ncps (A, ), the n’th moment functional is the C-multi-linear functional on A,

M7 (ay, ... a,) = @lay ... apl.
Note that
my(a) = My(a,a,..., a).
Definition 6.9. Let 7 be a (set) partition of n, that is, a decomposition of {1,2,...,n} into disjoint non-

empty subsets, called blocks. Denote all such partitions by P (n). For a family of multi-linear functionals
(F};)$2,, denote by F). the n-linear functional

Fr(ay,...,a,) = H Fy(a;:ie€V).
Ven
For example, for the partition 7 = {(1, 3), (2,4), 5},
Fr(ay, ag, a3, a4, a5) = Fy(ar, az) Fa(az, as) Fi(as).
Definition 6.10. For an ncps (A, ¢), define the n’th cumulant functional C,, implicitly by
Mg (ay,ag, ... a,) = Z C#(ay, ag, ..., an).
TE€P(n)

For example,
M (a1) = Ci(ar)

is the mean,
M2(a17az) = Cz(CLbCLQ) + Cl(a1)01(a2), C2(a17az) = MQ(ahaQ) - M1<a1)M1(a2)

is the covariance. The implicit relation can be inverted using Mobius inversion. Again, the n’th cumulant
of a single element is
cn(a) = Cyla,a,... a).

Since it depends only on the moments, we may define ¢, (1) = ¢,(a) where © = p,.

Definition 6.11. A partition is non-crossing if its blocks in a natural graphical representation do not cross.
For example, {(1,3),(2,4)} is crossing while {(1,4),(2,3)} is non-crossing. Denote all non-crossing
partitions of n by N'C(n).

For an ncps (A, ), define the n’th free cumulant functional R¢ implicitly by
M7 (ay,az,...,a,) = Z Rf(ay, az, ..., a,)
TeNC(n)

and the n’th free cumulant of a single element by r,,(a) = R, (a,a,...,a). Then the first free cumulant is
still the mean and the second the covariance, but free cumulants differ from cumulants starting with order
n =4.
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Exercise 6.12. Let a be a bounded random variable with distribution x. Show that

> eofa) = g [ e duto)

n!
n=1

the logarithm of the characteristic function of x. More generally, for a k-tuple of (commuting) random
variables a1, . . ., a;, with the joint distribution ;& on R”, in the series expansion of

log/ ' 2205 du(zy, ..., k),
Rk

the coefficient of (i6,)"“™) ... (i0;,)*“*) is

L Ch( )
W(oar ..., a
wDlu2) . u(k) ™ <~ —
u(1) times u(k) times

(note that unlike free cumulants, cumulants depend only on the quantity of each of their arguments and not
on their order). Conclude that these random variables are independent if and only if their mixed cumulants
vanish, in the sense of the theorem below.

Theorem 6.13. In a ncps (A, @), star-subalgebras Ai, As, ..., Ay are free if and only if “their mixed
free cumulants vanish”:
Rylay,a9,...,a,] =0

unless all a; belong to the same A;.

Proof. (Easy direction) Suppose all mixed free cumulants vanish. Take (a; € Ay))iey, u(l) # u(2) #
..., with ¢[a;] = 0. Then

elaay ... a,] = Z Rilay,ag,. .., a,).
TeNC(n)

It remains to note that any non-crossing partition 7 contains a block which is an interval, that is, con-
sists of several consecutive elements. So each term on the right-hand side contains a factor of the form
Rola;, aitq, ... a;p0-1]. If € = 1, this factor is zero since Ri[a;] = [a;] = 0. If £ > 1, this factor is a
mixed free cumulant, and so vanishes as well. If follows that the left-hand side is zero.

(Hard direction: sketch) The difficulty is that in the free cumulant formula, we neither assume that ele-
ments are centered nor that they are alternating. We first show that if n > 2 and any of a1, as,...,a,1sa
scalar, then

Rlay,aq, ... a,] = 0.

Decomposing each a; = (a; — ¢[a;]) + ¢[a;] and using multi-linearity, we may then assume that each a; is
centered. Next, group a;’s into consecutive products so that different consecutive products lie in different
algebras. Using the combinatorial formula for free cumulants with products as entries, we can then reduce
to the case when a;’s are alternating. But for this case the result is easy.

For the full proof, see Theorem 5.24 in the Free Probability Notes. [
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Example 6.14. For a N'(0,¢) random variable, the characteristic function is etf*/2

Exercise|6.12] its cumulants are ¢, = t, ¢, = 0 for n # 2.

. Thus according to

Exercise 6.15. Recall that a family (z;)%_, of random variables is jointly Gaussian with mean zero and
covariance matrix ¥ if the characteristic function of their joint distribution is exp(¢ - X¢). Compute all the
joint cumulants of this family. Deduce the Wick formula

M [2u(1), Tu(@)s - - Tuen)] = >, Sulin)uln) - - - Dulin)ulin)»
{(il»jl)v"'z(invjn)}GPQ(Qn)
where P, denotes the pair partitions (perfect matchings).

Example 6.16. Which distribution y, has free cumulants o = ¢, 7, = 0 for n # 2? Note that its moments
are
Mans1(pte) =0, Mo, =t |NCa(2n)],

where N'C, denotes the non-crossing pairings. It is not hard to construct a bijection with trees and use
Lemma [2.3| to show that |[N'C2(2n)| is the n’th Catalan number. It follows that y, is the semicircular
distribution with variance ¢,

1
d,ut(x) = %\/ 4t — J,’21[_2\/£72\/ﬂ($) dx.

Exercise 6.17. Derive the result in Example |6.7|using free cumulants.

Exercise 6.18. A standard free semicircular system is a family sq,...,s; € (A, ¢) of self-adjoint free
random variables each of which has the standard semicircular distribution. Show that

@ [Su)Su@) - - - Sum)| = HW ENCy(n)|i~j = u(i)= u(])}‘ .

Exercise 6.19. Let s; and s, be two free standard semicircular variables. Denote ¢ =
called a (standard) circular variable, and is the free analog of a complex Gaussian varia

2(51 + 189). Cis
le.

=)

a. Prove that
Rlc,c*] = R[c", ] = 1,

and the rest of the joint cumulants of ¢ and ¢* (including those of order 2) are zero.

b. Lete = (¢(1),...,&(n)), where each (i) is either blank or *. Write down the expression (in terms
of non-crossing partitions and ¢) for

M[eED, #@ =),

g ey
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6.2 Free convolution

Definition 6.20. Let 1 and v be probability measures on R. Let a and b be freely independent operators
in (or affiliated to) an ncps, with distributions p and v, respectively. The distribution of a + b depends
only on p and v and not on the choice of @ and b, and is p B v, the (additive) free convolution of ;1 and v.

There is a related notion of multiplicative free convolution i X v, arising from a product of freely inde-
pendent operators. We will not pursue the corresponding theory.

This section addresses various approaches to computing ;. H v.

Cumulant approach
Corollary 6.21. If a,b are free, then
rpla + 0] = ryfa] + 7,[b].

Thus
ralp B ] = rofp] + ]

Proof. Using multi-linearity and the vanishing of mixed free cumulants,

rpla+0] = Rla+b,a+0b,...,a+1]
=> Rlaorb,...,aorb] = Rla,...,a]+ R[b,....b] = rufa] + rafb]. O

Example 6.22. From Example it follows that o;,, = o, H 0y, so semicircular distributions form a
free convolution semigroup.

We can thus, in principle, compute arbitrary free cumulants, and so arbitrary moments, of 1 B o,. But the
computation may involve complicated combinatorics. For example: what is

1 1 H2
— — ?
(26_(1 25a) ‘

Cauchy transform approach

Definition 6.23. For a probability measure i on R, its Cauchy transform is the function

zZ—XT

Gu(2) = [ (o)
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Note that S, (2) = —G(2) is the Stieltjes transform discussed in Chapter 4l So from the results in that
chapter, we deduce that G, is an analytic function from C* to C~ and

lim G, (1y) = 1;
y 1 Zy u(zy) )
that we may recover [ as a weak limit

1
= I;g)l %%Gu(x +iy) dz

(Stieltjes inversion formula); and that if 4 is compactly supported, then 2G,(z) — 1 as z — oo, and

Exercise 6.24. Let 1 be compactly supported. Denote
R (2) = Z"”n(/wznil-
n=1

Show that GG, and % + R,,(%) are inverses of each other under composition (as formal power series). Hint:
show that this is equivalent to the relation

n i(1) 4. +i(k)=n—k

my, = Z Tk Z mi(l) .. .mi(k).

k=1 i(1),..,i(k)=0

It will sometimes be more convenient to work with functions F),(z) = @ (the F'-transform) and
©0,(2) = R,(1/z) (sometimes called the Voiculescu transform). For compactly supported measures, it

follows that /" and z + ¢(z) are compositional inverses as formal power series. Note also that F), is an

analytic function from C™ to itself, such that lim,_, , 4 “i(yiy) =1.

Theorem 6.25. Let F be an analytic self-map of C*. Then F has a Nevanlinna representation:

Fz) = oz+62+/ LY ),

R U—Z

where o € R, 8 > 0, and 7 is a finite positive measure on R.

It is not hard to deduce this result from the Herglotz representation

(2) = i +1 T e 4 2
2) =i+ — .
g 21 | e — 2

dr(0),

where 7 is a self-map of the unit disk. This in turn is the Poisson kernel formula for the disk (compare
with the proof of the Stieltjes inversion formula in Chapter ).
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Exercise 6.26. Let F' be an analytic self-map of C*.

a. Show that the limit lim,_,, o, %Zy) exists (compare with the properties of the Stieltjes transform in

the beginning of Chapter [4).
b. Suppose the limit in part (a) is 1. Show that /" increases the imaginary part,
SF(z) > Sz,

and F(z) = z(1 + o(1)) as z — oo nontangentially to R, meaning in such a way that $z/3z
remains bounded.

Solution for the second claim in part (b). From the Nevanlinna representation, we need to show that

1 1
—/ +uzd7'(u)—>0
R

z u—z
as z — oo nontangentially. That is, the limit is taken over z = x + iy with 5 < M. For any fixedu € R,
11
Il+uz 0
Zu—z
as z — oo (nontangentially or not). Also,
1 1+ 22 1+ 22 1
ﬂzl_ki §1+| +Z‘§1+_+(1+M2)
2(u = 2) 2(u —2) y? y?

is uniformly bounded over all © and z — oo nontangentially. The result follows from the dominated
convergence theorem. O]

It follows that for a general probability measure (i, F), has a compositional inverse F - ! on a truncated
Stolz angle
Fap={2:a8z>|Rz|,Sz > p}.

So we may always define ¢, = F° (%) — z on such a region. We may then attempt to define . B v by

PuBy = Pu T Pu

on their common domain. For compactly supported measures, the free cumulant approach implies that
this can be done. That is, for any compactly supported ;1 and v, the function z + ¢, (2) + ¢,(2) has
a compositional inverse which can be analytically continued to a function from C* to C*, and is an
F-transform of a probability measure (which can be recovered via Stieltjes inversion). In a beautiful
paper, (Bercovici, Voiculescu 1993) proved that this can be done in general, using unbounded operator
techniques.
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Example 6.27. Let 4 = %5_,1 + %5a be a Bernoulli distribution. Its Cauchy transform is

1111 e
22—a 2z+4+a 22—a?

and its F transform F),(2) = z — %, so that

w + Vw? + 4a?

F(w) = 5

(the branch of the square root chosen so that F~!(w) = w + o(w) at infinity), and

vVw?+4a? —w
5 .

Pu(w) =

Thus
B tvw? + 4a? — tw
N 2

P tvVw? +4a? — (t — 2)w

uBﬂat 2

@ Bt

and

It follows that

(t —2)z +ty/22 — 4a®(t — 1)

FMEEt(Z) == Q(t— 1)
and
G (=) = (t —2)z — t\/22 — 4a®(t — 1)‘

2(a?t? — 2?)
By Stieltjes inversion it follows that

1 ty/(4a2(t — 1) — a?), t
Ht
=— 1—= _
2 o 2(a2t2 — l’2) dx + 9 . (5 at T 6at>

for ¢ > 1. Note that these convolution powers are thus defined for all ¢ > 1! In particular, for ¢t = 2,

2z — 2V 22 — 4a?
2(4a? — 22)

GMBﬂu<Z) =

and so
1 1

Bu=——d
nBu= o ds,

the standard arcsine distribution.
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Subordination function approach

Proposition 6.28. (Voiculescu 1993, Biane 1998, Voiculescu 2000, Belinschi, Bercovici 2007) Let i1, [io
be probability measures on R. Then F), g, is analytically subordinate to F), : there is an analytic map
w; : CT — C™ (the subordination function) such that

FMEEM ('Z) - Fm (wl(z))

Similarly, there is a function wy such that F,, m,,(2) = F,,(w2(2)). Both functions satisfy Sw(z) > 3z
and w(z) = z(1 + o(1)) as z — oo nontangentially to R.

Note that the same subordination relation will then hold for the Cauchy transforms.

Of course, on a domain

wl(z) = F;;ll(FmBﬂuz (Z>> = leﬂuz (’Z) + O (FNIEP«Q (Z))

The point is that w; can be analytically continued to a function from C* to itself. Instead of proving
this directly, we take a different approach, which in particular will allow us to (if necessary) compute w;
numerically, thereby leading to numerical valued of G, m,, and p; B . Subordination functions have
also proven useful in the study of qualitative properties of free convolution, limit theorems etc.

The following is a version of the Denjoy-Wolff theorem.

Theorem 6.29. Let [ be an analytic self map of the unit disk D, neither a constant nor an automorphism
of the disk. Then for any initial zy € D, the iterates f"(20) converge (uniformly on compact sets) to
the Denjoy-WOolff point z in the closed unit disk D. If = € D, then z is the unique fixed point of f, and

[F'(2)] < L.

The case of z € D is easy to prove using Schwarz Lemma. By using the Cayley transform ¢
translate this result to C* and its closure.

142
11—z

, We may

To simplify notation, we will denote I'; = F),, and H;(z) = Fj(z) — 2.
Proposition 6.30. Let
g:(w) = g1(z,w) = z + Hy(z + Hy(w)).

Then for any z € C*, the map g. has a unique fixed point w, € C*, to which its iterations converge. As a
function of z, wy is analytic, and increases the imaginary part.

Proof. (Sketch) Recall that F; increases the imaginary part. Therefore H; maps C* to itself. It follows
that for each z, g, maps C* to z + C*. In particular, it is not an automorphism of C*, and its iterations
cannot converge to a point in R. We omit the argument showing they do not converge to infinity. The
existence of the fixed point then follows from the Denjoy-Wolff theorem. Since

I(w — gi1(z,w))
ow

analyticity follows from the implicit function theorem. [

\ — 1= g (w)] > 0,
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Theorem 6.31. There are analytic functions wy,wy : Ct — C* such that

Fi(wi(2)) = Fa(wa(2))
and
w1(2) + we(z) = 2+ Fi(wi(2)).

Moreover such functions are unique. They both increase the imaginary part, and satisfy
. wie
lim % (iy)

y—+oo 1Y

=1.

Proof. Define w;(z) as the unique fixed point

91(z,w1(2)) = wi(2),
and define
wa(z) = 2+ Fi(wi(2)) —wi(2).
Then both functions are analytic, map C* to itself, and increase the imaginary part. The second equation
is clearly satisfied. Also,

Fy(wa(2)) — Fi(wi(2)) = Fa(z + Hi(wi)) — Fi(wi(2))
=2+ F3(z + Hi(w1)) — (2 + Hi(wi(2))) + wi(2) = g(z,w1(2)) — wi(z) =0,

so the first equation is satisfied as well. Conversely, the second equation implies the relation between w,
and wy, while the first equation implies that w; is the fixed point of ¢;(z, -), and so is unique. Exchanging
1 and 2, ws is the fixed point of

92(z,7) = 2+ Hi(2 + Ha(")),
w2 (iy)

and so is unique as well. Finally, by the Nevanlinna representation, the limit ¢ = lim,_, ., ~%-% exists.

iy
wli(yly) > 1, and wy (iy) goes to infinity nontangentially as

Since w; increases the imaginary part, lim,_,
y — o0. On the other hand,

ot ) g, ) i) i Pl
yoteo 1y y—rtoo wy Y300 iy
r . .
= 1+ limsup 2(w2‘<2y)) _ WQ_(Zy) =1+,
yotoo  woliy) iy
which implies that the limit for w; (and so by symmetry also for w-) is 1. n

Finally, we verify that ' = F} o w; = F5 o ws is in fact I, m,,. Since both functions are analytic, it
suffices to show they, or their inverses, coincide on a domain. Indeed, from the second equation in the
theorem,
F7Hz) =wi(F7H(2) + wo(F7H(2)) + 2 = F ' (2) + F5 ' (2) — 2,
that is,
F_l(z) — k= @M1(2> + SOMQ(Z)'
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6.3 Asymptotic freeness.

Definition 6.32. Let (a,...,a;) C (A, ). Their x-distribution is the state i,
non-commutative polynomials C(z1, 27, ..., z, z}) defined by

a, ON the space of

.....

Ha,....ax [P(I‘bx){w o 7Ik7xz>] = @[P(ahaiw . . 7ak7a;;)]

(check that this is a state!). If a;’s are self-adjoint, their joint distribution is the state /i, 4, on the space
of non-commutative polynomials C(z1,...,zx) (Where the formal variables x; are now considered self
adjoint).

Note that the joint distribution may be identified with the collection of all joint moments, and the x*-
distribution with the collection of all joint *-moments.

Definition 6.33. Let agN), aéN), o ,aéN) € (An, ¢n) be self-adjoint.

a. We say that
@™, ... ,a,(CN)) — (ay,...,a5) C (A, o)

in distribution if for each u,

(N) (N) (V)
YN [au(l)au@) T au(n)] — P [au(l)aU(Q) Tt au(n)]
as N — oo. Equivalently,
(V) (V) (N)
RPN [au(l), au(Q), ce ,au(n)] — R? [au(l), Ay (2)5 - - - ,au(n)}
or for all P € C{x;)¥_,,
©N [P(agN), a™ .. ,a,(fN))} — ¢ [P(ay,as, ... a;)].

In this case we say that (agN), agN), cee a,gN)) have the asymptotic distribution

Hay,az,...,ar

Note that limits of tracial joint distributions are tracial. Convergence in *-distribution (for non-self-
adjoint elements) is defined similarly.

b. agN), agN), e a,({N) are asymptotically free if (aq, ..., a;) from part (a) are free in (A, ¢). Equiva-
lently,
@ N) _(N) (N) | N=go
RN Gy Coy(2)s - - ’%(n)] — 0
unless all u(1) = u(2) = ... = u(n).
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¢. Random matrices X 1(N), X éN), o X ,gN) are almost surely asymptotically free if for each u,

1 (N) x(N) (V)
N Tr [Xu(l)Xu@) .. .Xu(n)] — [au(l)au(g) ce au(n)]

almost surely as N — oo, and (ay, ..., ax) C (A, ¢) are free.

d. Suppose all Ay, A are actually C*-algebras, and so have norms. Note that this is the case for
random matrices. We say that

(agN), . ,a,gN)) — (ay,...,ax) C (A, )

strongly in distribution if they converge in distribution and in addition, for each non-commutative
polynomial P in k variables,

Hp<agN>,agN>, . ,a,gN>>\ = || P(ar, as, - ar)ll4
AN
as N — oo. agN), aéN) e ,a,(fN) are strongly asymptotically free if (a1, ..., ax) C (A, p) are free.

Remark 6.34. Consider the case of a single Hermitian random matrix Xy. Fix e > 0. If Xy — o
in distribution, in particular, the proportion of eigenvalues of X in (2 + €, 00) goes to zero. But this
interval may still contain o(N) eigenvalues, for any N: X may have outliers. If Xy — o strongly in
distribution, then for sufficiently large /V, Xy has no eigenvalues larger than 2 + ¢ (no outliers). As noted
on page 7 of the notes (Fiiredi, Komlos 1981, Bai, Yin 1988), GOE/GUE matrices have no outliers. In the
last chapter, we will analyse matrix models which do have outliers.

Theorem 6.35. (Voiculescu 1991, 1998) Let X1, ..., Xy be entry-wise independent (normalized) GUE
matrices, and Dy, . .., Dy be non-random matrices with an asymptotic (tracial) joint distribution jig, .. 4,.

a. Xi,...,Xy are asymptotically freely independent. Consequently, in distribution
(X1, ., Xk) = (81, ., Sk),
where (s1, ..., sy) is a free semicircular system.
b. More generally, in distribution
(X1,..., X, D1, ..., Dy) = (51, -, Sk, dy, ..., dy),

where sy, . .., sy are free semicircular elements free from d,, . . ., d,.
Proof of part (a). We follow the ideas from the proof of Theorem For X () = \/LNY(i), consider
1 1 al
u(1 u(n u(1) (n)
SE [T X0 a0 > E Y]

= Nitn/2 i(1)i2) " Lin)i(1)
i(1),i(2),....i(n)=1
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Using the Wick formula from Exercise this is zero if n is odd. Replacing n by 2n, as in the proof
of Theorem the only terms which survive in the large NV limit are those corresponding to trees with
n + 1 vertices, each edge traversed exactly twice. Consider instead a 2n-gon, with vertices labeled by
i(1),...,i(2n), entries corresponding to the factors in the product above. Wick formula gives a pairing
between edges of this 2n-gon. It is not hard to see that the corresponding graph is a tree as above if
any only if the corresponding pairing is non-crossing. Recalling additionally that different matrices have
independent entries, the expression above is asymptotically equal to

Hn e NCs(n) | i % § = uli) :u(j)}’.

Now compare with Exercise O
Exercise 6.36. For the full proof of part (b), see Theorem 11.41 in the Free Probability Notes. We only
give an illustrative example. Let X be GUE, and DM, ..., D™ (for each N) fixed (non-random) matrices.
Consider

% EoTr [XDWXDBXD®xXxDW],

According to the Wick formula, this expression is again a sum of three terms, corresponding to the pair
partitions {(1,2), (3.4)}, {(1,4), (2,3)}, and {(1, 3)(2,4)}. The first one is

E [Xiq >'<2>D‘< 2)i(2) Xi(2)i(1) Di(0)i(3) Xi(3)ica) Dicayica) Xi(ayi(s) Diayi(n)]

N N2 Z D2(2)1(2) ZD (4)i(4 Z Dz(l (3 (1)

i(4) Z(1)

— (% Tr[D<1>]) (% Tr[D<3>]> <% Tr[D<2>D<4>]) .

Similarly, the second term is (+ Tr[D®]) (4 Tr[DW]) (% Te[DW D®]). In the third term,

1
N

1
7 B [Xiwie) Dicyics Xicayicn Dicayica Xiciny Dicviea Xicwyis) Dicyicn

1 1 1 4 3 2
=z (NTY [D( ) D@ pB) pl )} )
Note the order! However this last term disappears in the large N limit. Now let s be a standard semicir-
cular variable, free from d, ds, d3, d;. Show (probably by expanding in terms of free cumulants) that

¢ [sdisdasdysds] = p[di]p[ds]p[dada] + p[da]plds]ipdids].

Remark 6.37. If (D, ..., D,) converge almost surely in distribution, so do (X7, ..., Xy, Dy, ..., D). If
(Ds, ..., D,) converge strongly in distribution, so do (X1, ..., Xy, D1, ..., D,) (Haagerup, Thorbjgrnsen
2005, Male 2011). The same conclusions hold if X;’s are GOE matrices (Schultz 2005). We will see in
the last chapter that there are differences between GUE and GOE matrices in the subleading order in V.
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Similar results hold for Wigner matrices with finite fourth moment (Dykema 1993, Capitaine, Donati-
Martin 2007, Anderson 2013), at least in the case when ”D(N)

permutation matrices (Nica 1993, Bordenave, Collins 2018). They fail for heavy Wigner matrices (Ryan
1998, Male 2017).

H are uniformly bounded, and random

Exercise 6.38. Let Xy be a normalized N x N complex Ginibre matrix, that is, X = \/LNYN, where
entries of Yy are independent complex Gaussian variables (no symmetry). Show that X converges in
x-distribution to a circular variable. That is, if c and ¢ are as in Exercise then

|
lim —E [Tr [Xf\,(l) N .X;fv(")H = o[ 2]

N—o0

Exercise 6.39. In a ncps (A, ¢), let {s;}.", be free standard semicircular variables, and {c; ;},, <j<n b€
free circular variables free from them. Form a matrix S with entries

Si‘ = S, Sij = C4j if <j, Sij :C:j if ¢ >],
thus S is a free analog of a GUE matrix. Show that as an element of the ncps (My(A), %(p o Tr), S has

the semicircular distribution (exactly, for any V).

Definition 6.40. An element u € (A, ) is a Haar unitary if uvu* = uv*u = 1 and

o [u"] = ¢ [(u)"] = dno.
For example, a CUE matrix (of any size) has this property.

Theorem 6.41. Let Uy, . .., Uy be independent N x N CUE (Haar unitary) matrices, and (D;, ..., D,)
non-random matrices converging in x-distribution to (dy, .. .,d,) C (A, ). Then in *-distribution,

(Ul,...,Uk,Dl,...,Dq) — (U17...,uk,d1,...,dq),

where uy, . .., uy, are free Haar unitaries free from {d,, ..., d,}.

Methods of proof. The original proof of Voiculescu used the fact that (ignoring invertibility issues of the
moment), for Xy a GUE matrix, Uy = X (X% Xy)~%/? is a Haar unitary matrix. Approximating z/ ||
by bounded continuous functions, asymptotic freeness of Haar unitary matrices follows from the asymp-
totic freeness of GUE matrices. Alternatively, one may use the Weingarten calculus methods discussed in
class. ]

Remark 6.42. If (D, ..., D,) converge strongly in distribution, so do (U1, ..., Uy, Dy, ..., D,) (Collins,
Male 2014) The conditions on Uj; in the theorem can be considerably weakened, as shown for example by
(Anderson, Farrell 2014).

Exercise 6.43. Suppose {uy,...,u;} are free Haar unitaries. Suppose the family (a;)r_, is freely inde-

pendent from the family (ui)i-“:l (note that a;’s need not be free among themselves). Then the family
ap, W a1uy, . . ., ugaguy, is free. In fact the full strength of the assumption that u; are Haar unitaries is not
necessary; what weaker condition suffices?
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Corollary 6.44. Let Ay, By be N X N (non-random) matrices such that Ay and By converge in distri-
bution as N — oo. Let Uy be an N x N CUE matrix . Then Uy ANU} and By are asymptotically free.
Consequently,

/:LAN+BN — M B v

weakly.

Remark 6.45. If Ay and By (with a finite asymptotic absolute first moment) converge in distribution
almost surely, so does Ay + By (Speicher 1993, Pastur and Vasilchuk 2000).

Example 6.46. Let A,y be a 2N x 2N matrix

_(Iy O
AQN - ( 0 _IN) )
and U,y be a CUE matrix. Note that

fasy = :&UQNAzNUé‘N = 5 (5—1 + 51) .

Then according to Example [6.27]
:aAQN-‘rUQNAzNU;N - = dx

weakly almost surely as N — oo.

6.4 Extra section: proofs of asymptotic freeness

Unlike the rest of the notes, this section is not self-contained, but relies on the topics covered in Dr. Berko-
laiko’s part of the course. Our goal is to prove

Proposition 6.47. Let Ay, By be N x N (non-random) Hermitian matrices such that Ay and By con-
verge in distribution as N — oo. That is, for some a,b € (A, @),

1 1
S TR = plat], - TH{BY] - o]
Let Uy be an N x N CUE (Haar unitary) matrix. Then Uy AU, and By are asymptotically free.

To prove asymptotic freeness of Uy AyUR;, and By, we want to show that for any (polynomial) functions
fi,9; with @[ f;(a)] = ¢[g;(b)] = 0, the expression

%E o Tr [fi(UNANUR)G1(BN) - - - gn—1(BN) fa(UNANUY) gn(Bn))]

= %EO Tr [Un f1(AN)UNg1(BN) - - - gn-1(BN)UN fu(AN) U gn (BN )]
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goes to zero. To simplify notation, denote A®”) = f;(Ay), B® = g;(By). Thus we need to compute

% EoTr [UA<1>U*B<1>UA<2>U*B<2> . UAMU*B™]

_ (n) 7 (n)
Y ZE [ ](1 )v(1)Uu(1 1)Bu(l)z(2) ’Ui(”)j(”)Aj(n)v(n)Uu(”)”(”)Bu(n)i(l)

@ RO M) po
NZAJ(UU w0 A5 Buicn - - Amyuim Buomicty

E [Uiu)j(l)Uu(l)v(l)Ui(2>j(2>Uu<2)v(2> - Uitmyim) U(myo(m) ]

Using the notation from class and the definition of the Weingarten function, this equals

1 (1) (1) 2) 2) (n) () N
NZAj(l)vu)Bu(l)z(z)Aj(z)v(z)Bu(z)z‘(?n) -+ Ay Bumiy &

u(n)i(1) " L,uj,v

_ 1 @ p@ (n) () N1
= ZA B A By - Ao Bty 2 Wen (Ba™)
BeSn:ig=u
aESp ja=V
1 B 4@ o (n) (n)
= Z A0 Biin A5 Budyi - - Aot Butwity

N _
Z Si(5(1)=u(1) - - - Oi(a(n))=u(m) Oj(a(1))=v(1) - - - Fja(n))=v(n) W (Ba ™)

a,BESy
1 Nig —1 (1) (n) (n)
=5 2 Wl (3™ X Al aan - Amsta ZB »Bumyu(e-1ym)

where v = (12...n) is the long cycle. For a permutation o and matrices { X;}, we can write

T, [Xi,.. X = [ ™| J] X

cycles of v 1€ cycle

For example,
Tr(152)(34) [X1, X2, X3, Xy, X5] = Tr [X1 X5 X)) Tr [X3.Xy] .

Note that this is well-defined because Tt is cyclically symmetric. Then the expression above is

% > Wel(Ba!) Tre [AW, ..., AM] Trgo, [BY, ... B™].
o,BESR

Using the notation from class that |«/| is the number of cycles of «, this equals to

« n 1 n
— Z We (Ba~t)Nle+HE (N|a Tr, [AD, ..., A >}) (NW 7 Trgt w, [BY, ..., B >}).

a,BESH
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Recalling the Weingarten function asymptotics

1 1
N _ _
Wgn (O() = ,U,(Oé> N 2n—|a +0 (NQn—|Oc+2)

and the limiting distributions of Ay, By, the expression above is, asymptotically

Z N(ﬂ&il) N2n+1—|,8a11|—|a|—|517 (1 + 0(1)) Pa [fl(a)v tr fn(a)] Y1y [gl(b)7 co 7gn<b)] : (62)

a7B€Sn

So the question is, is it true that for all o, 3,
2n+1 — ‘604_1| — || — ‘ﬁ_lﬂ >0,
and for what «, 5 do we have equality?

Lemma 6.48. Let o € S, and T = (ab) be a transposition. Then

a7 la| + 1, ifa,bare in the same cycle of «,
ar| =
la| — 1, if a,b are in different cycles of «.

Proof. The result follows from the observation that

Lemma 6.49. For o, 3 € S,, define
d(e,a) =min{k : « = 77y ... Ty for 7; transpositions}

and

d(a, B) = d(e,a ' p).

a. dis a metric on S,,. (In fact, it is a distance in a certain Cayley graph of S,,.)

b.

dle,a) =n—|af.
c. lap| = |Bal
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Proof. For part (a), d(a, «) = 0; since a~ v = (a™18) (87 '),
A, ) = d(e,a'w) < d(e,a'8) + d(e, ') = d(a, B) + d(B,v):

and
alf=mn..mn  pfla=7...7mn.

For part (b), note first that we may decompose a k-cycle

as a product of £ — 1 transpositions. So

n—lal= > (#V)-1)>d(ea).

V acyclein o
On the other hand, since |e| = n, by Lemma [6.48]
‘7'1...7']4‘ Zn—k,

and so |a| > n — d(e, ). The result follows. Part (c) is equivalent to proving that in general,
|3, which is true since conjugation preserves the cycle structure.

a”!fal =
O

Now observe that the expression (6.3)) is

2n +1 — ‘Ba_l| — la] — ’5_17‘ =n—|al)+ (n— ‘a‘15|) +(n— ‘6_17‘) —(n—1)
— d(e, ) + d(a, B) + d(B,) — d(e, 7).

Thus this expression is always non-negative. When is it zero?

Remark 6.50. Partitions are partially ordered by reverse refinement: if
W:{Bl,...,Bk}, 0:{6’1,...,07}

then
n<o <& Vidj:B, CC(j.

For example, if 7 = {(1,3,5)(2)(4,6)} and 0 = {(1,3,5)(2,4,6)}, then 7 < o. This partial order
restricts to N'C(n).

Remark 6.51. We have a natural embedding
P:P(n) =S, 7w P,

where a block of a partition is mapped to a cycle of a permutation, in increasing order.

Denote by Syc(n) the image of A'C(n) in S,, under the embedding above.
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Theorem 6.52. (Biane 1997)
a. a € Sye(n) if and only if
dle,a) +d(a,y) =n—1=d(e, ),

that is, « lies on a geodesic from e to 7.
b. For a, 5 € Snc(n), denote o« < 3 if
dle,a) +d(e, B) +d(B,7y) =n—1.
That is, o and [3 lie on the same geodesic from e to vy, with « closer to e. Then the map NC(n) —
Sye(n) is a lattice isomorphism.
Proof. Suppose
d(e, ) +d(a,y) = d(e,a) + d(e,ay) =n -1,

so that
-1
o =TTy...Tg, a Y =Tk4+1---Tp—1-

Then v = 772 ... 7,—1. Recall that e has n cycles, « has 1 cycle, and each multiplication by 7; changes
the number of cycles by 1. It follows that

’Tl...Tj’:n—j.

Therefore going from 7 ... 7; to
T...Tj—1 = (7'1 .. .Tj)Tj,

7; cuts one cycle into two, which by the proof of Lemma happens in a non-crossing way. The
converse is similar. For part (b), we note that o < 3 if and only if we can write

a=T...Tj, B=T1...Tj...Thy, V=T .Tj. Tk Tn1. ]
It follows that expression (6.3)),
2n 41— |Ba™t| = |a] = |B71] = d(e, @) + d(a, B) + d(8,7) — d(e, ),
iszeroifandonly if a« = P,, f = Pr,and 0 < 7.

Remark 6.53. Under the identification NC(n) <> Syc(n), P. 'y corresponds to the Kreweras comple-
ment: K[r| € NC(n) is the largest partition in NC({1,2,...,n}) such that

TUK[r] e NC({1,1,2,2,...,n,n}).

For example,
K[{(1,2,5,6),(3,4), (M} = {(1),(2,4),(3),(5),(6,7)}

and

((1,2,5,6)(3,4)(7))"(1,2,3,4,5,6,7) = (1,6,5,2)(3,4)(7)(1,2,3,4,5,6,7) = (1)(2,4)(3)(5)(6, 7).
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So in equation (6.2)) we get

Y uPPY) (14 o(1) @o [fi(a), -, ful@)] @ [91(D), - -, gu(D)] -

o,meNC(n)

o<m

Recall that ¢[f;(a)] = ¢[g;(b)] = 0. It remains to note that by the lemma below, each term in the
sum above involves a factor of either ¢[fi(a)] or ¢[g;(b)], and so equals zero. Asymptotic freeness of
UnAnUjR and By follows.

Lemma 6.54. For o < 7 in NC(n), the partition o U K[rr] € NC(2n) has at least one singleton block.

Proof. Since o < T, it suffices to show the result for 7 U K [r]. Recall that since 7 is non-crossing, at least
one of its blocks is an interval. So if 7 has no singletons, then it has a block containing two neighboring

elements. But then K[7]| contains a singleton (the one between these elements). ]
Theorem 6.55. Let X be a (normalized) GUE matrix, and B](\}), - ,B](\]f) be non-random Hermitian
matrices with an asymptotic joint distribution. That is, there are self-adjoint elements by, . . ., by in some

neps (A, ) such that for all u,

1 u u\n
NTF [BN(l) . BN( )} — @ [bu(l) . ..bu(n)} .

Then X and the family {B](\}), cee B](\]f)} are asymptotically free.

Proof. Since odd moments of both GUE matrices and semicircular operators are zero, it suffices to con-
sider only even moments. Let D) = fj(B(l), .., BW™Y) 5 =1,... 2n, f; a polynomial. We compute

1
—EoTr [XDWXD®  XxDE
~E° r | ]
—E E [ X)) Duyi2) Xi@yu@ Du@)i3) - - - Xienyu@n) Du@n)i)] -

From the Wick formula for complex Gauss1ans, the expression above equals

@) (2n)
> > _D 12 Pu@yi(a) - - Puianyiqr)

i,u 71'6732(2n)
ir=u,ur=i

B @) (2n)
= > Nt ZD Du(r@) Pu@u3) - - Puanyu(=))

TEP2(2n)
_ 1 (1) (wy(1)) (T)2(1)
= D ZDuu)u(m(l))Du( S)u(rmr ) Pur2)utms) -
TEP2(2n) u(j)
1 1 2 2n
= Y WTLW[D(),D(),...,D( )]
TEP2(2n)
_ 1 L [p®, D™, ... Dt
o Nn—lmy+1 Nlmy] =™ ’ e '
TEP2(2n)
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where we identify 7 with P,. Noting that || = n,
n— |7T’7| +1l=n+ (271 - |7T_17|) - (2n - 1) = d(67ﬂ-) + d(ﬂ-:/y) - d(€7’7>

Thus as before, the limit of the expression above is

Z PK[r] [d17d27"'7d2n}a

TENC2(2n)
where d; = f;(b1,...,b;). It remains to show that we obtain the same expression for the corresponding
moment of a standard semicircular element s free from {ds, ..., ds,}. Indeed, using the fact that mixed

free cumulants are zero, and that the semicircular element has only non-zero free cumulants of order two,
which are equal to 1,

2 [Sd15d2 e Sdgn] = Z Z Rg<d1, e ,dgn)

TeNC2({1,3,....4n—1}) ceNC({2,4,...,4n})

TUoeNC(4n)
= Z Z Ro’(dla---ad2n): Z PK[n] [d17d27--'7d2n]7
TENC2(2n) o< K|[n] weNC2(2n)
where in the last step we used the free moment-cumulant formula. [
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Chapter 7

Band and block matrices and operator-valued
freeness.

Motivating question. In many applications one encounters random matrix ensembles which are not uni-
tarily invariant and whose entries are not independent or identically distributed. Two commonly occurring
generalizations of GOE/GUE matrices are the following.

L

\/NY’ where the entries of Y are

A Gaussian band random matrix is an Hermitian N x N matrix X =
jointly complex Gaussian with mean zero and covariance

E[Y,,Yys] = 6,50p0(r/N, p/N).

Here o(x,y) = o(y, x) is a sufficiently nice function. The choice of o(x,y) = 1;_,<s leads to an actual
band matrix.

1
o
N x N blocks, such that the blocks (Y))¢._ have jointly complex Gaussian entries with mean zero,

(Y#))* = Y% and covariance

A Gaussian block random matrix is an Nd x Nd matrix X = Y considered as a d x d matrix of

E[K(I;])}/:]gkl)] = 5rsépq0—(ia j; ka l)

Note that for d = 1 we get a GOE matrix, while for (i, j; k,1) = 6;0;,0(7, ), we get a special band
matrix.

One can study asymptotic (joint) distributions of such matrices using operator-valued free probability.

7.1 Generalities

Definition 7.1. Let B be a C'*-algebra (see below for examples). A B-valued (non-commutative) proba-
bility space is a triple (A, @, B). Here A is a complex unital x-algebra containing 3, and ® : 4 — B is

85



a conditional expectation: a C-linear 3-bimodule map (®[b;abs] = b1 P[a]bs for a € A and by, by € B)
which is unital (® [15] = 1p), self-adjoint (P[a*] = ¢[a]*), and positive (P [a*a] is a positive element in
B).

Note that if B = C, we obtain an ordinary ncps.

Example 7.2. In all cases below, the conditions on ¢ are easy to verify (do so!).

a. Let B = M,(C), and let (Ao, ¢) be an ordinary ncps. Define A = My(Ap) and (®la))i; = ¢ [ai;].
We may also write A = M,(C) @ Agand & = I ® .

b. In the preceding example, take (Ao, ¢) = (My(L>®(€2, X)),  EoTr). Then we may identify A
with Mnq(L>(£2,%)). Here the map on My4(C) corresponding to I; ® Tr in its identification with
M,;(C) ® My(C) is the partial trace.

c. Let B = Diagy (C), the diagonal N x N matrices over C. Note that we may identity B simply with
CN. Let A = My(C), and
(I)[CL] = diag(an, asg, . .. 7aNN)7
the diagonal matrix with the same diagonal as a. More generally, we may let A = My (L>(Q2, X)),
and ®[a] = diag(E[a1], E[ass], . .., E[ayn]), the expectation of the diagonal of a.

d. Let B be a C*-algebra, and = a (self-adjoint) symbol. Let A = B(x) be the algebra of non-
commutative polynomials,

B{x) = C — Span (B, BxB, BxBzB,...).

It has a natural involution (byzbix ... xb,)* = bix...bjxbl. A B-valued distribution is a B-valued
conditional expectation on B(z). Multivariate versions B(x1, ..., x)) are defined similarly.

Definition 7.3. For a family ay, ..., a; of self-adjoint elements in (A, ®, B), their joint distribution is a
conditional expectation
Pay...ar - B{x1,...,21) = B

defined by
Hay,....ax [boxu(l)blxu(Z) cee xu(n)bn] =o [boau(l)blau@) cee au(n)bn] .

Check that it is in fact a conditional expectation!

Definition 7.4. Star-subalgebras A;, As, ..., Ay D B in a B-valued probability space (A, ®, B) are B-
free if whenever ®[a,] = Plas] = ... = Pla,] =0, a; € Ay, u(l) # u(2) # u(3) # ... (neighbours
distinct), then also for any by, b, ..., b, € B,

d [boalblag ce bn,lanbn] =0.

Elements aq, as, . .., a; are B-free if the star-subalgebras they generate are B-free. The terms “free with
amalgamation over B” and “ conditionally free over B’ are also used.
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One can again construct B-free copies of given nc random variables, using the reduced free product
amalgamated over B.

Definition 7.5. For a B-valued probability space (A, ®, B), the n’th moment functional is the C-multi-
linear functional on A,

Mcb(boalbl, asba, ..., ap_1by_1, anbn) = bOM‘b(al, biag, ..., by_o0,_1, bnflan)bn

= Cb[boalblagbg e an_lbn_lanbn],

where a; € A, b, € B. Equivalently, M ® is a linear functional on the bimodule amalgamated tensor
product sA @ A ®p ... ¥ Ag.

Definition 7.6. Let 7 be a non-crossing partition of n. For a family of multi-linear functionals (F;)$2,,
denote by F). the n-linear functional obtained by nesting the functionals (F;)$°, according to partition 7.
For example, for the partition 7 = {(1,2,6), (3,5), (4), (7), (8,10),(9)},

Fr(ay, a9, as, ayq, as, ag, ar, as, ag, a10) = Fz(ay, asFo(asFi(aq), as)) Fi(ar) Fa(asFi(ag), aro).

Definition 7.7. For a B-valued probability space (A, @, B), define the n’th free cumulant functional R?
implicitly by

M?(ay,as,...,a,) = Z R%(a1,ay,. .., a,)
TeNC(n)

Note that like M?, it also have the property that
R®(boaiby, asbs, . . ., ap_1by_1,anby) = boR® (a1, bias, . .., by_2an_1,bp_1a,)by.

Example 7.8.
Ré(boalbl) = bo(b[al]bl,

and so the mean R*[a,] is an element of 3. On the other hand,
R® (boarby, ashs) = bo <<I>[a1b1a2} - q»[al]b@[ag])bz,
and so the variance should not be thought of as an element of 3, but as a (completely) positive map
b R®(a1b, ay) = ®[arbag] — ®lay|bP[ay).

Theorem 7.9. Star-subalgebras A, As, ..., A, D B in a B-valued probability space (A, ®,B) are B-
free if and only if their mixed B-valued free cumulants vanish:

R%[ay,as,...,a,] =0

unless all a; belong to the same A;.
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7.2 Operator-valued semicircular elements

Example 7.10. As noted above, the variance of an element is actually a completely positive map on B.
For any such map 7 : B — B, there is a B-valued distribution with B-valued free cumulants

Ry[b] =n(b), R, =0forn # 2.

It is natural to call this distribution the B-valued semicircular distribution with variance 7. The low order
even moments of an 7-semicircular element a are

P [abla] = n(bl)a

d [ablaanbga] = n(bl)bgn(bg) + n(bln(bg)bg),

P [abyabyabsabsabsa) = 1(b1)ban(bs)ban(bs) + n(b1n(b2)bs)ban(bs) + n(b1)ban(bsn(ba)bs)
+ n(b11(b2)b31(ba)bs) + 1(b11(b2n(b3)ba)bs).

Gaussian band and block matrices

Example 7.11. Band matrices fit in the setting of Example [7.2fc). For Xy € (My(L>(£2, X)), ®) and
B € By = Diagy(C) ~ C", the variance of X is the map ny : C¥ — CV given by

nn(B) = ®[XBX] = (ZEXBX) ( ia (i/N,j/N)B )

Thus 7 is implemented by the matrix (50 (i/N, j/N))N_;.

N

=1

For later reference, we consider the following construction. Let B = L>°[0,1). Embed By in B by

in Br—>ZBl[z Loy

i=1

Also define the function on [0, 1) x [0,1) by

and the map 7 : B — B by
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Clearly 7y o iy = in o . Then for nice o (for example, if its discontinuities belong to a finite set of
rectifiable curves), 77y converges in L*° to the map

mmwzla@wﬂwm

the integral operator with kernel o. Note that the standard state % Tr on By considered as acting on
in(By) also converges, to the integration with respect to the Lebesgue measure.

For the case of genuine band matrix, o(z,y) = 1jg—y|<s, SO that

min(z+4,1)
e = [
max(0,2—0)
Example 7.12. Block matrices fit in the setting of Example [7.2(b). By using Wigner’s theorem and
Exercise the asymptotic distribution of such a normalized block matrix is the exact distribution of
the element S € (My(A), éap o Tr). Here S;; are semicircular, S;; are circular for i # j, S7; = Sj;, and
the covariance between S;; and S, is o (7, j; k, 1).

If 0(i,5;k,1) = 40,1, by Exercise the distribution of S is (scalar-valued) semicircular. We now
consider the case of general o. The M;(C)-valued variance of S is the entry-wise application

d d d d
e [SBS] = (Z g&[SiijkSkz]> = <Z o(i,j; k, Z)Bjk>
Jk=1 k=1

il=1 il=1
Thus it can be identified with an d* x d? matrix with entries o (i, j; k, ) acting on My(C) ~ Cc®,

Theorem 7.13. In the setting of Example the asymptotic By-valued distribution of Xy is the B =
L>|0, 1)-valued semicircular distribution with covariance

MN@=AMMM@@-

In the setting of Example the precise My(C)-valued distribution of S (which is the asymptotic dis-
tribution of the corresponding block matrix) is semicircular with covariance

d d
n(B) = (Z o (i, J; k7l)Bjk>
Jk=1 il=1
Proof. We will discuss the setting of block matrices; the argument for band matrices is similar. Consider

(@) [SBYSB® ... B Dg])

ab

_ (1) (n—1)
= > Ou(0)=a0v(n)=b¥ [Su(O),vu)Bym,u(l)Su(l),vm) By o1y 1) Sutn—1)0(n) | -
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Each moment in the sum can be decomposed as a sum over non-crossing pairings. Let 7 € NCy(n) be
such a pairing. Note that if n is odd, all the terms are zero, so from now on we assume that n is even.
Since 7 is non-crossing, it contains an interval, that is, some ¢ is paired off with ¢ + 1. Then the sum over
v(i) and u(z) involves only the terms

d
(@)
Z QO[Su(i—l)v(i)Bv(i)u(i)Su(i)v(i+1)i|
u(i),v(i)=1
d

= > ou(i—1),0();u(i), v + 1) B0 = 1BD) w1
u(i),v(i)=1

by definition of o and 7. Thus we may remove from 7 the block (i, + 1) and obtain the corresponding
term in

w(0),u(1),...;u(i),...;u(n—1)=1

—

v(1),v(2),...,v(),...,v(n—1),v(n)=1

(i-1) (@) (i+1) (n—1)
Su(i_z)vv(i_l)Bv(i—1),u(i—1)n(Bv(i)7u(i)>Bv(i+1)u(i+1)Su(i+1)vv(i+2) T Bv(n—l),u(n—l)Su(n_l)»v(n)] :

Removing intervals of 7 recursively, we arrive precisely at the expansion of the moments of 7-semicircular
variable in terms of its free cumulants. [

Operator-valued Cauchy transform

Lemma 7.14. Let B be a C*-algebra. For b € B, write

1

b—0b"

1
RO = §(b+ b"), b=
which are both self-adjoint operators such that b = b + 13b. Define the upper half-plane of B
HY(B) = {b € B| 3= > 0s.t. Ib — ¢ is a positive operator} .

Then every b € H*(B) is invertible.

Proof. Since b is self-adjoint and has spectrum in (g, 00), to prove that b is invertible it suffices to prove
that (3b)~V/2(Rb) (Ib) /2 4 i is invertible. Indeed, (Sb)~'/2(Rb)(Sb)~1/2 is self-adjoint and so has real
spectrum, therefore the spectrum of the operator above is in R + 7. So this operator is invertible. [
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Definition 7.15. For a self-adjoint a € (A, ®, B), we define its B-valued Cauchy transform as a function
on H(B)

Go(b) =b"+ b @b ' +b '@ [ab ta) b .. =0 (i P [(ab‘l)”}> :

If A is a C*-algebra (for example, A = My (L>(2,X))) a is self-adjoint, we may define instead
Ga(b) =@ [(b—a)7'].
If [|a]| < ||b=2|| ", the series converges and the two definitions coincide.

Remark 7.16. Note that G, provides information only about the moments of a of the form ®[aba . . . bal
and not about more general moments ®[abja .. .b,_1a], so G, does not determine the B-valued distribu-
tion of a. To obtain all moments, one needs to consider a fully matricial version of (G,; such functions
have also been called non-commutative functions. This approach is an active area of research; we will not
pursue these ideas further.

Proposition 7.17. Suppose a € (A, ®, B) is an n-semicircular element. Then
Ga(b)™" +1(Ga(b)) = 0.

Proof. We need to show that
b~ + 07 (Ga(b))Ga(b) = Ga(b).

Expanding both sides and replacing b~! with b, we need to show that

bt by <b @) o [(ab)ﬂ)) b @] 3 [<ab>q> ) (i 3 [(ab)"]) |

Recalling that all the odd moments of a are zero, and cancelling b and the constant terms, this says

; <b (i:; o [<ab>%])> b (2 o [(ab)Qj]) _ (i o [(ab)%}) |

Comparing coefficients, we need for every n > 1

—_

n—

0 (b (@ [(ab)*])) b2 [(ab)*™ V] = (& [(ab)*]).

Il
=)

i

This follows from expanding all moments as sums over non-crossing pairs of free cumulants, and letting
i + 1 be the index of the element paired with 1 (compare with Exercise [6.24]). O
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Remark 7.18. Let (A, ¢) be a ncps, and = € A be self-adjoint. To compute the scalar-valued distribution
of x, it is enough to compute its scalar-valued Cauchy transform G,. Now suppose that there is a C*-
subalgebra B C A and a conditional expectation ® : A — B which is ¢-preserving: for any a € A,
©[®[a]] = p[a]. Consider a as an element of the probability space (A, ®, B), and denote 1) = ¢|z, which
is a state on B (ignoring continuity issues). Then we may also define the B-valued Cauchy transform G
of z. It may be easier to compute than (G,. For example, we may have x = a; + a9, where a; and ay
are not free with respect to ¢, but are free with respect to ®. Then we can still find the scalar-valued

distribution of x, by observing that G, (z) = ¢ [@x(zlg)] )

Example 7.19. Let Xy be a Gaussian band matrix as in Example Let Ay be a diagonal N x N

matrix such that N

Z(AN)221[1—1’%) — fe LOO[O, 1)

N
i=1

uniformly. What is the asymptotic empirical spectral distribution of A+ X ? The following computation
is from (Shlyakhtenko 1996).

Letb € B = L]0, 1). Then the B-valued Cauchy transform of asymptotic distribution of Xy satisfies

1
G, (b)

+1(Gs(b) = b,

that is
1

Gy(b)(x) = (b(x) —n(G(0))(x) " = (b(w) —/0 oz, y)Gs(b)(y) dy)

Moreover, Ay and Xy are asymptotically B-free (the proof is similar to those in the previous chapter).
So their asymptotic free cumulant generating function is f + 7(b), that is

1 ~
éaJrs(b) + f + n(Ga—i-s(b)) = b

and
-1

Gars(b)(2) = (b(x) = f(2) = n(Gars(0)(2)) " = (b(fv) — fz) - /0 o (2, ) Gars(b) (1) dy)

Recall that ¢ is the integration on [0, 1] with respect to the Lebesgue measure. Thus the Cauchy transform
of the asymptotic (scalar-valued) distribution of Ay + Xy is

Gots(2) :/0 Gass(21)(2) d.

Denote a(z, z) = Gu45(21)(z). Then
1
Ga-l—S(Z) = / CL(ZL’, Z) dlL‘7
0
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where

a@%)=(z—f@%—AaﬂLyM@Jﬁw)A-

To compute the operator-valued Cauchy transform G, 1, of a sum of two operator-free random variables
more generally, we may use the operator-valued version of the subordination machinery. Denote

Fj(b) = Fuy(b) = (G, (b)), H,(b) = Fy(b) —b.

Theorem 7.20. (Belinschi, Mai, Speicher 2017) Let ay, ag be two B-free self-adjoint elements in (A, ®, B).
Then there exists a unique pair of Frechet analytic maps wi,ws : HT(B) — H"(B) such that for
b e HY(B),

S(w; (b)) = S(b),

Fi(wi(b)) + b = wi(b) + wa(b),
and

Ga, (w1 (D)) = Gay(wa(b)) = Gaytas ().
Moreover, for a fixed b, w1 (b) is the unique fixed point of the map

fo: HY(B) — H"(B), fy(c)=b+ Hy(b+ Hy(c)),

and is the limit of iterations lim,,_,, f™(c) for any initial ¢ € H*(B).

7.3 Linearization trick

This section will likely be omitted in the course.

The following is a somewhat unexpected application of matrix-valued free probability to a fundamental
problem in scalar-valued free probability. Let a1, as € (A, ¢) be free. We now know how to compute the
distribution of a; + ay (if they are self-adjoint), and one can similarly compute the distribution of a;a (if
they are unitary or positive). But what about other functions of aq, as? For example, it was a significant
achievement of (Nica, Speicher 1998) to be able to compute the distribution of i(ajas — asa;). The
machinery below can, in principle, be used to compute the distribution of any self-adjoint polynomial (or
even rational) function of ay, a;. Using asymptotic freeness, this result can then be used to approximate
the empirical spectral distribution of such a polynomial in random matrices. First we take a linear algebra
digression.

Remark 7.21. Let (A, ) be an ncps, and M € My(A). Let U € My 4-1)(A) be the first row of
M with the first entry removed, V' € M(d_l)xl(A) the first column with the first entry removed, and
Q € My_1(A) be M with the first row and columns removed, so that

My U
M:(VH Q).
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Then assuming all the inverses in the expression below exist,
((M_l)ll)_l =M, —UQ'V.

This is a consequence of the general Schur complement formula, see Lemma .6 and the discussion fol-
lowing it for the scalar version. Now let aj, as € (A, ) be self-adjoint and p be a self-adjoint polynomial
in ay, as. Suppose for some M as above, p(ai,as) = My — UQ ™'V, Then

Goanan(z) = ¢ [(z = plar,a2) ] = ¢ [(: = (M —UQ'V) ] = ¢ [(((o 8) - ) ) ]

Now define B = My(C), & = I ® ¢, so that we think of M as an element of (M,(.A), @, B), and ¢ a state
on B = My(C) given by ©)[A] = Ajy;. Then the last expression above is

((g 8) - M)_ll = v [Gu.)]

where b, € My(C) is the matrix with the (1, 1) entry z and zero elsewhere. Note that b, & H*(B), so to
be more precise, in what follows we should use b, () = b, + icl, and then let ¢ | 0.

Yod

Thus to compute the scalar-valued Cauchy transform G, q,)(2) it suffices to find the operator-valued

Cauchy transform G 1 (b,) for the appropriate M. The point is that A/ may be chosen so that G can be
found using free convolution.

The following idea has been developed by a number of people, notably (Haagerup, Thorbjgrnsen 2005,
Anderson 2013). Note that it has precursors as far back as (Higman 1940), and is still under development
(Pisier 2018).

Proposition 7.22. Let p € C(x1, ..., xy). Then p has a linearization p € My(C(z1,...,x;)) = My(C)®
C(x1, ...,z (for some d) such that
. (0 U

p=-UQ7V,

and
ﬁ:AQ+A1®l‘1++Ak®ZL’k,

where Ay, ..., A, € My(C). If p is a self-adjoint polynomial, p may be chosen to be self-adjoint.
Therefore for {ay, ...,ar} € (A, p),

In the case when ay, . .., ay are free in (A, @), the latter My(C)-valued Cauchy transform may be com-
puted using My(C)-valued free convolution and My(C)-valued subordination functions.
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Exercise 7.23. The proof is outlined in Exercise 10.3.1 in (Mingo, Speicher 2017). Prove the following
properties.

Linearizations of monomials: x; has a linearization

A~ 0 ZT;
p_ 1 _1 )

while p = x;(1)T;(2) - . . Tin) has a linearization

Li(1)
. Tiz) 1
p= )
l’i(n) —1
Linearization of sums: if each p; has a linearization
. (0 U
WV Qi)
then p = p; + ... + pj has a linearization
0 U, ... U
v e
P=1. .
Vi Qk

Self-adjoint linearization: if p has a linearization

3>

I
/N
< o
O F
~——

then p 4+ p* has a linearization

0o U Vv
U0 Q
V O 0

Example 7.24. Consider afag + ajag + alag. The the summands have linearizations

0 0 aq 0 a 0 0 aq
0 a -1], (a _11) 0 ay —1],
a —1 0 2 a —1 0
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and the non-self-adjoint version of p is

]@

oS O O o oo
oS O O o — O
o O O O OO
o O O o O o
S O O O O O
OO A - O
N—

l__l

3
— o O O O O
o O O o o o
— o O O O O
— o O O O O
o - O O OO
O OO O OO

—
Tooco | o
S _ cooco o
cooco &7
SHN coocoo’
oo T oo —
S _ coo oo
T oocoo
SH 01_.0000
- -
S35 | Q2> 001_*000
[\ I [\l
COIICPI cocoococo o
I I
—
[\l
3
—
3
N—
‘Q
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Chapter 8

Spiked models, subordination, and
infinitesimal freeness.

Motivating question. Suppose By is as in the beginning of Chapter [6] but Ay is a diagonal matrix with
5 non-zero eigenvalues (independently of V). Then clearly ji4,, — dp and fia,+p5, — p. Nevertheless,
it turns out that one may identify certain eigenvalues of Ay + By as coming from those of Ay. They can
be studied using subordination functions and infinitesimal freeness.

Reference: (Shlyakhtenko 2015) and earlier work by Capitaine, Belinschi, Bercovici, Fevrier.

8.1 Random matrix results

The following type of results go back to (Baik, Ben Arous, Péché 2005). For a Hermitian matrix Xy, we

denote its eigenvalues
AM(XN) > M(Xy) >0 > (X))

Note that this notation is the opposite of the one used in the early chapters.

The following is a particular case of a theorem from (Péché 2006).

Theorem 8.1. Let Xy be an N x N GUE matrix. Let 0 be a fixed real number, and Py be a Hermitian
rank 1 matrix with non-zero eigenvalue 0. Let

Xy = Xy + Py.
Then we have the following dichotomy. If 0 < 1, then almost surely
)\1 (XN) — 2,

the supremum of the support of the standard semicircular distribution. If 0 > 1, then almost surely

~ 1
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A similar result holds for the smallest eigenvalue.

The following is a particular case of a theorem from (Benaych-Georges, Nadakuditi 2011).

Theorem 8.2. Let Xy be an N x N symmetric orthogonally invariant (or Hermitian unitarily invariant)
random matrix such that its empirical spectral distribution jix, converges weakly almost surely to a
compactly supported measure ji. Let a = inf supp(u) and b = sup supp(u), and assume that the smallest
and largest eigenvalues of X y converge almost surely to a and b.

Letty > ...>0,>0>0s,1 > ... 2> 0, be fixed real numbers (independently of N ), and Py an N x N
symmetric (or Hermitian) matrix of rank r with eigenvalues (0;):_,. Let

Xy = Xy + Py.
Then for all 1 <1 < s, almost surely
e {Fljl(@i) if0; > F,(b"),

b otherwise.

A similar result holds for the smallest eigenvalues.

The following is a particular case of a theorem from (Belinschi, Bercovici, Capitaine, Février 2017).

Theorem 8.3. Let (1, v be compactly supported probability measures on R, © = {6, > 0, > ...0,} fixed
numbers outside of the support of p, and T = {my > 7 > ... > 7,} fixed numbers outside of the support
of v. Let Ay, By be deterministic Hermitian matrices such that fi4,, — v and [ip, — v weakly. Assume
also that for each N > pand 0 € {0, ...,0,},

{n: An(An) = 0} = [{i: 6; = 0}]
while the eigenvalues of Ay not in this set converge uniformly to supp(u):

i e 000, () () =0

Make the same assumption concerning By, T, and v. Finally, let Uy be a CUE matrix, and denote
Xy =An +UxNBNUy.
Let wy, wy be the subordination functions for p, v, p B v, K = supp(u B v),
K' = KUw ™ (0)Uuw,(T),

and K its e-neighborhood. Then for any given € > 0, almost surely for large N, all the eigenvalues of
Xy liein K. Moreover, let p € K'\ K, and choose € > 0 so that (p — 2¢, p+2¢) N K’ = {p}. Then the
number of eigenvalues of Xy in (p — e, p + €) equals

{i:wilp) = 0} + {7 - walp) = 75}
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These theorems can be proved using Stieltjes transform methods related to those in Chapter 4, We take
a different route, which will lead to weaker but equally interesting conclusions. First however we will
follow (Benaych-Georges, Nadakuditi 2011) and give an outline of a proof for the following version of
the result.

Proposition 8.4. Let Xy be an N x N Hermitian unitarily invariant random matrix such that its empirical
spectral distribution [i1x, converges weakly almost surely to a compactly supported measure p. Let a =
inf supp(p) and b = sup supp(p), and assume that the smallest and largest eigenvalues of Xy converge
almost surely to a and b.

Let 0 be a fixed real number, and Py an N x N Hermitian rank 1 matrix with non-zero eigenvalue 0.Let
Xy = Xy + Py.

Then almost surely,
: {F,:%e) if0 > F,(b%),

b otherwise.

Outline of proof. Instead of assuming unitary invariance of X y, we may assume instead that X y is a non-
random diagonal matrix with eigenvalues {)\i}f\il but Py = UNQnUy, where (Qn)ij = 0;=10;-10 and
Uy is CUE. It is easy to see that equivalently, Py = fuyu},, where uy is a vector uniformly distributed
on the sphere in CV.

The eigenvalues of X + Py are solutions of the equation
det(z] — (XN + PN)) = 0.

Since
det(zI — (Xn + Py)) = det(zI — Xy)det(I — (2I — Xy) ' Py),

It follows that z is an eigenvalue of Xy + Py and not an eigenvalue of X if and only if 1 is an eigenvalue
of (21 — Xy) 'Py. Now (2] — Xy) 'Py = (2 — Xy) 'Ounul, has rank 1. So its only non-zero
eigenvalue equals its trace

N N 2
_ . L [(un)il
Tr [(z] — Xn) IQUNUN} = OZ;WN)i(Z —\) ;= QZ; Y = 0G,\(2),
where
N
pv = [(un)il* oy,
=1

(compare with Exercise [5.16] and the remark following it). Thus z outside of the spectrum of Xy is an
eigenvalue of Xy + Py if and only if

- z
=1

X J(un)i? 1
Z —\ _GP«N(’Z)_g'
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Next we compare py with
N
. 1

It is clear from symmetry that [£ [|(u N)i|2] = % By using appropriate concentration of measure results
(compare with Chapter , it follows that for large N, (morally) |(ux)|* ~ ~ and iy &~ fix, ~ p, and

(precisely) Gy, ~ Gpy, =~ G,. Thus the outlier eigenvalue of Xy + Py, if any, is an approximate
solution, if any, of the equation G ,(z) = 5, or equivalently of F),(z) = 6. The dichotomy in the statement
of the proposition is explained by the following lemma.

Lemma 8.5. Let i be a compactly supported probability measure on R and a = infsupp(pu), b =
supsupp(u). Then F), is analytic on R \ [a, b], and

F.(a7) = 1i%n F.(2)<0and F,(b") = lig)l F.(2)>0

are well defined. Moreover, F), is an increasing homeomorphism from (—oo, a) onto (—oo, F,,(a™)) and
from (b, 4+00) onto (F,(b"), +00).

Proof. Tt suffices to prove the corresponding statements for G,,(z) = [, = dyu(u). The analyticity of G,
on the complement of supp(yu) is clear. G, (z) < 0 for z < a and G, (x) > 0 for x > b, so F,(x) is
defined on these intervals. For x € R\ supp(u),

Gu(w) == | = dutw) <0,

T —u)?

so G, decreases on each interval in R \ supp(u). It follows that F), increases on each such interval.
Therefore the limits defining F),(¢~) and F},(b™) exist. O

8.2 Free convolution computations

Exercise 8.6. Show that if 4,(z) = A(2) + tA(2) + o(t), then its inverse with respect to composition is
At (w) = A7 (w) — tAA (w)) (A7) (w) + oft).
Feel free to make the question more precise.
Proposition 8.7. Let {y, v}, . be probability measures such that
e =p+th+o(t), w=v+tr+o(t).

Here p, v are probability measures, and [,V are signed measures of total weight 0. Let wy,wy be the
subordination functions for p, v, B v. Then

G,utﬁﬂljt - G[,LBHV + t[(Gﬂ o W1) ' wi + (Gﬁ o w?) ' w;] + O(t)

Note that the second term is, in general, not a Cauchy transform of a signed measure, but only of a
distribution.
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Proof. We compute

=4 Ry w) = -+ Ry(w) — 1G3(G; (w))(@5Y (w) + o)

and the same for ;. Adding the expressions, we get

1 1 »

—+ Bumw (w) = — + Rymy — t[G(G N (w) (G (w) + Go( G (w)) (G (w)] + o(1),

Inverting, we get

Grumn, = Gusy + 1[G 0 G- (G + G50 G- (G 0 Gy - Gy, + 0(t)
= Gmy +t[(Gzowr) Wi+ (G5 o ws) - wh] + oft) [

Lemma 8.8. The size of the atom of a measure p at x is
p({z}) = limiyG,(z + iy).
yl0
Proof. Clearly if suffices to consider the atom at x = 0. Also, since

1
limiyG,, ) = alimwyG,(iy) + lim iy
b YGapt5, (1Y) g yG,(iy) ol Y (

o lminC
0y =0 Ay + 5,

if suffices to consider the case when p({0}) = 0. In this case,

lim iy G, (iy) = 1 dp(u).
im iy Gy (iy) = lim w—u p(u)

Asy |0, Zy’—fu — 0 for p-almost every u (since p has no atom at 0). Also, iyiﬂu < 1. So by the dominated

convergence theorem, the limit above is zero. L]

Corollary 8.9. If [i (resp., ) has an atom at wy(a) (resp., wo(a)) of size « then p, B vy has an atom at a
of size

(pnBr)({a}) + ta+ o).
Proof. We compute

lim iy G (wi (@ + iy))wr (a +iy) = limiyGr(wi(a) + ywi(a))wi (@ + iy) = limiyGa(wi(a) + ).

Now apply the preceding lemma. 0
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Example 8.10. In the preceding proposition, let ;1 = p and v = 6y + tv. Then
Gumn, = Gy +1(Gy o Fy) - F, 4 oft).

Next, suppose that ag = » 7, a; and

n
VvV = E Oéj(SQj — @050
J=1

is a purely atomic measure. Then
F(2) F(2)

G;oF,) - F' o——— — .
(Goo B Fi= L=, ~ R

The atoms of this measure are located at the points A, satisfying F),(\;) = 6, (note that the solution need
not be unique), with the weight a.

If the support of p

supp(ut) = [a, 0]
is connected, then the image of F), is (—oo, F,(a™)) U (F,(b*"), 00). If 6, lies in this set, it has a unique
pre-image; if it lies in (F),(a™), F),(b™)), it has no pre-image.

Finally, restricting to the case ;1 = o, the semicircular distribution, and 7 = dy — dy, we get the atoms at

1
A= 0, + —
y) €+9Z

for 6, in the complement of (—1, 1).

8.3 Infinitesimal freeness

It thus appears that random matrices in the theorems at the beginning of the chapter are “asymptotically
free up to order o(+)”. The following definition formalizes this notion.

Definition 8.11. An infinitesimal non-commutative probability space is a triple (A, ¢, ¢’), where A is a
x-algebra, ¢ is a linear functional such that ¢[1] = 1 (and, perhaps, a state), and ¢’ is a linear functional
such that ¢'[1] = 0.

Subalgebras A;, Ay, ..., Ay are infinitesimally free in (A, ¢, ') if for any a; € Ayu), u(l) # u(2),
u(2) # u(3), ... such that pla;] = ... = ¢[a,] = 0, we have

elay...a,] =0
(thus they are free in (A, p)) and

Oay...a,) = Z olay...aj_1¢'[ajlajr .. an). (8.1)
j=1
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Remark 8.12. Let ¢ > 0 and on (A, o, ¢'), define ¢; = o + t¢/. Then
lli — ¢ilai] ] (p+to) ﬁ vla;] — te [al])]
- |[Ta-ot)
b <¢ [H (00 - w[ai])] By [Hwi — elad)e/las] T[ e - olai)

j=1 1<j 1>7

) + o(t).
Using the observation that ¢'[¢[a]] = 0, this equals

o [H (ai — pla]) |+t (so’ [H (a; — ] Z o [H pla)e'la; — plag]] | [ (ai — ¢laid)

i—1 i=1 i<j ]

> +o(t).

Lemma 8.13. Let (A, p, ¢') be an infinitesimal ncps such that both v and ¢’ are tracial. Let € C A be a
non-unital subalgebra such that ¢|¢ = 0. Then a subalgebra B C A and £ are infinitesimally free if and
only if for any E; € &, and any Q; € B such that ¢[(Q);] = 0, we have

2 [E1Q1 cee EnQn] =0

Thus A;, As, ..., Ay are infinitesimally free if and only if they are free in (A, ¢;) up to o(t).

and

90/ [ElQl oo EnQn] =0

Proof. Since both infinitesimal freeness and these conditions determine all the joint moments, it suffices
to prove one direction. So assume infinitesimal freeness. The first condition in the lemma follows directly
from the definition of freeness with respect to . For the second, from the definition of infinitesimal
freeness we will have two types of terms. For the first one,

O[E1Q1 .. Ex [Q|Eryr - . EnQn] = @' [Qrl0 [E1Q1 .. . (ExEpya) ... E,Qu] = 0

by freeness for n > 2. For the second one,

PIEQ1 . Qua? (B Qe - BaQul = ¢ [Bilp [B1Q1 .. (QueaQu = 0 [Qua Qi) - .Enczn}
+ OB [QeaQil ¢ [E1Q1 - .. (By1Egya) - - EnQy] =

by freeness for n > 3. The particular cases for n < 3 are easy to verify. [
Shlyakhtenko proved asymptotic infinitesimal freeness in the following setting. Note that it only covers

the (Benaych-Georges, Nadakuditi) theorem, while the computation above suggests it holds also in the
(Belinschi, Bercovici, Capitaine, Février) setting. Note also that our setup and proofs are a little different.

103



Theorem 8.14. Let X be a random N x N matrix, either normalized GUE or a unitarily invariant
matrix Xy = UnANU}; with fia, — e Fix Ny, and denote € = My, (C), considered as a subalgebra
of any My (C) for N > Ny. Denote A = E(x) a formal algebra generated by & and a self-adjoint symbol
x. On A, define

and

so that

Then both limits exist, and in (A, ¢, ¢'), © and £ are infinitesimally free.

Proof. Note that if they are well-defined, ¢, ¢’ are tracial, and p|s = 0. To conclude infinitesimal freeness,
it remains to verify the two identities from the lemma.

First consider the case Xy = Uy AnUj. Denote AV = f;(Ay), so that f;(Xn) = UyAW U, and
EU) € €. Then
EoTr [fi(Xy)EW fg(XN) E® . f(Xn)E™)]
=EoTr [UAVU*EVUA 2>U*E<2 L UAMU E™)]

= ) Wal(Ba ) Try [AD, .., AW] Trgo, [EW, . E®]
a,BESH
1
_ -1
- Z ,u(ﬁoz )N2nf|,8a—1|f\o¢|f|,8—1'y| (1 + 0(1)) Po [fl(a’)v Tt 7fn<a)]
o,BESR
1 1 n
(W—_l'y Trgflfy |:E( )7 ey E( )})
= -1 N 1 1
- Z ,U/(BOJ )Nd(e,a)—i—d(oz,ﬁ)—i—d(ﬂ,'y)—d(e,'y) ( + 0( )) ()001 [fl (a)7 e ,fn((l>]
a,BES,
1
- (n)
(W Ty [EY,. B }) |
The only terms with non-zero limit correspond to « = P,, = P,, 0 < 7, and |PK[W]| = |87y = 1.

Thus K[r| ={(12...n)} and 7 = 0 = {(1),(2), ..., (n)}, so that the limit is

H elfi(a)] T [EW ... E™)]

Thus ¢ on such monomials is always zero, and ¢’ is zero provided some ¢|f;(a)] = 0.
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Now we consider the case when Xy is GUE. We will first prove that for f; as above,
EoTr [fi(Xn)ED fo(Xn)E® . fu(Xn)E™] = [T e [fi(s)] Tr [EW ... E™],
i=1
where s is standard semicircular. It suffices to prove the result for f;(z) = 2P). Tt then suffices to
consider the following monomial, where E®) € € fori € S = {p(1),p(1) +p(2),..., >, p(i) = 2k},
and E® = [y otherwise:
N

Nd(e;m)+d(m,y)=d(e,y) NImvl

EoTr XE<1>XE<2>...XE<%>} -y
TEP2(2k)

Tr [BO, B, B)],

Again the only asymptotically non-zero terms arise from non-crossing pairings, so we may replace the
expression above by

N 0 -

A W o (28)
>~ Tk B, E®, L B
TENC2(2k)

If a block of K[r] contains an element of S, the corresponding trace contains an element of £, and does
not grow with NV if it is contained in S¢, the corresponding trace is the trace of I, and equals to N. So
the power of < in the expression above is [{V € K[r] : VNS # 0}| — 1. Thus the only asymptotically
non-zero terms correspond to m € N'Cy(2n) such that S is a subset of a single block of K [r]. Equivalently,

7 < {(L.oop(D), (1) + 1, ,p(1) +p(2)), .., }
We conclude that

EoTr [X?PWEWXPAE®  xrmpm)] > Tr [ED ... E™)]

TeNCa(2k)
T<{(L,....p(1)),(p(1)+1,....p(1)+p(2)) ...}

k
= [T oo Tr [EW ... E™]
=1

— ng [Sp(i)} Tr [E(l) o E(")} :
i=1

where s is standard semicircular. The rest of the argument is as before. [
Remark 8.15. Let Ay, By be N x N (non-random) Hermitian matrices such that Ay and By converge
in infinitesimal distribution as N — oo. That is, for some a,b € (A, ¢, ¢’),

1 1

S TAR] > plat], L TH(BY] - ol
and

Te[A}] = Nola'] = ¢[a*],  Te[BY] - No[b"] — ¢'[b"].

Let Uy be an N x N CUE (Haar unitary) matrix. We know that Uy AyU} and By are asymptotically

free. Are they asymptotically infinitesimally free, that is, do their joint moments converge to those of a, b
above which are infinitesimally free?
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As before, choose (polynomial) functions f;, g; with ¢[f;(a)] = ¢[g;(b)] = 0, and denote A® = f;(Ay),
B® = ¢;(By). Then

S EOT [A(UNANT)G (By) - go1(By) fulUx ANV )0n(By)]

= % EoTr [UAYU*BYUAPU*B® .. . UA™WU*B™]

& 3 Wal (B0~ Trg [A®), L AW Ty, [BO), B
aBGSn
1 1
_ -1 21
= 2 ba ) Nteo) e P raF)—de) <1+O<N)>
a,BES,
Lot (A0, A} (L [BO, B®
el e AT NiET ey BT
1 1
_ -1 2
- 625 BT ) oo B vy =) (HO( N))
a,pESH

[T (dli@sieviegola@iicv)) TI (a®:ievl+ gelo®iieul).

Veeye(a) Uccye(B8~1y)

It is easy to see from the Cut-and-Join Lemma that if d(e, o) + d(a, 8) + d(B,v) — d(e,v) > 0 then it is
at least 2. So the expression above is

S wPP Y [[elfila):ieV] T lgd) :jeU]

o,meNC(n) Veo UeK|n]
o<m
1 _ . . .
+5 2 wEE Y Pl ie VI ] elfia)sie V] [ «lo):jeU]
o,meNC(n) Veo Veo UeK]|n]
o<m VAV
1 _ . , 1
5 2. BRI [ el ievl Yo Ol U1 IT #loi®) 25 € Ul +o(5)-
o,meNC(n) Veo UeK][n] UeK|n]
o<m U£U

Since o U K[r] has at least one singleton block, we know that the first term is zero. But in fact this
partition has at least two singleton blocks. So the second term is zero as well. It follows that

¢'1f1(a)gi(b) ... fu(a)gn(b)] =0,

which should be compared with the value of the corresponding right-hand side of (8.1). See (Curran,
Speicher 2011) and (Collins, Hasebe, Sakuma 2015) for related results.
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