13a_M141_Notes_C7_all.notebook March 26, 2013

Chapter 7 Notes 1 (c) Epstein, 2013

CHAPTER 7: PROBABILITY

7.1: Experiments, Sample Spaces and Events

An experiment is an activity with an observable result. Tossing coins,
rolling dice and choosing cards are all probability experiments.

The result of the experiment is called the outcome or sample point. The
set of all outcomes or sample points is called the sample space of the

experiment.

Example
What 1s the sample space for flipping a fair coin? Rolling a 6-sided die?

An event 1s a subset of a sample space. That 1s, an event can contain one
or more outcomes that are in the sample space.

Example
What are all possible events for the experiment of flipping a fair coin?

Example
How many events are possible when a six-sided die is rolled?
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Example
What 1s the sample space for flipping a fair coin three times?

Find the event E where FE = {x|x has exactly one head}

Find the event £ where FE = {x|x has two or more heads}

Find the event £ where FE = {x|x has more than 3 heads}

A sample space in which each of the outcomes has the same chance of
occurring 1s called a UNIFORM SAMPLE SPACE.

Example
A bowl contains the letters AGGIES. How many outcomes are in the

uniform sample space?

(c) Janice L. Epstein
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What 1s the uniform sample space for rolling two fair six-sided dice?

1~1 2~1 3~1 4~1 5~1 6~1
1~2 2~2 3~2 4~2 5~2 6~2
1~3 2~3 3~3 4~3 5~3 6~3
1~4 2~4 3~4 4~4 5~4 6~4
1~5 2~5 3~5 4~5 5~5 6~5
1~6 2~6 3~6 4~6 5~6 6~6

These sample spaces have all been finite. That is, we can list all the
elements. An infinite sample space has to be described; you can't list all
the elements:

Example
What 1s the sample space for the time spent working on a homework set?

Describe the event of spending between one and two hours on a
homework set.

(c) Janice L. Epstein
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7.2 Definition of Probability

The probability of an event, P(£) 1s a number between 0 and 1, inclusive.
If P(E) =0, then the event £ 1s impossible. If P(£) =1, then the event £
1s certain.

The theoretical probability of an event E occurring is based on the sample
space S having equally likely outcomes. Then probability of the event £
occurring 1s

P(E) = number of outcomes in event E _n(E)

number of outcomes in the sample space N n(S)

Example ‘L
Consider flipping a fair c®in three times. Find the following probabilities:

Q= O, BT s TTTF n(S)=3

(a) Exactly one head is seen.

C= JWTT, T, TrHf PE=F

(b) Two or more heads are seen.

2}
C={uT, i, Ty bl [ PED= 7

(c) More than 3 heads are seen.

E=g Pl)=0

(c) Janice L. Epstein



13a_M141_Notes_C7_all.notebook March 26, 2013

Chapter 7 Notes 5 (c) Epstein, 2013

We can also calculate the empirical probability of an event by doing an
experiment many times. Roll a six sided die and count the number of
times a 1 1s observed.

# of tosses (m) | # of 1's rolled (n) | relative frequency (n/m)
o6 (8 3100 = 18
160D 55 \SS/io0p = . 55
00 J’\'m S l/b = » lb (7 N

Consider thample space S={s,,S,, ...,Sq}, With # outcomes.
The » events thatTontain a single outcome, {s;}, {sz} ... {s,} are called
simple events.

Events that can’t occur at the same time are called mutually exclusive.
Note that the simple events are mutually exclusive.

E is the event that the sum of the numbers shown uppermost is 7
F 1s the event that the red die shows a 1
G 1s the event that the green die shows a 6

' ers shown uppermost is 10
Which events are mutually exclusive? é-
Fomd Hany M

Bana Fany Me
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A probability distribution table has the following properties:
1. Each of the entries is mutually exclusive with all other entries

2. The sum of the probabilities is 1
S:{S‘ 1925 S‘hg
PROBABILITY DISTRIBUTION TABLE:

Event probability
|
S /n

Sa Yn
Sn -

/

#od Hods

Example

Find the probability distribution table %+ foto
O

for the number of heads when a coin 1s
tossed 3 times.

\ 3/3

What 1s the probability of 2 or more
oY

heads?
4/ 3 24 /8
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Suppose the instructor of a class polled the students about the number of
hours spent per week studying math during the previous week. The results
were 69 students studied two hours or less, 128 students studied more than
two hours but 4 or less hours, 68 students studied more than 4 hours but
less than or equal to 6 hours, 30 students studied more than 6 hours but
less than or equal to 8 hours and 14 students studied more than 8 hours.

Arrange this information into a PDT and find the probability that a student
studied more than 4 hours per week

b= #o¢ howrs shaty-

Brex * b
L< 2 69 b 3y
24 k< 4 2% \28/ 347
dL < @3 28 /304
[ < b 9 30 %0/3
7% It /309
todal 3
6330 A4
3
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What 1s the probability of rolling a sum 2 or a sum of 12 using two fair

die?
o~
2-1 3~1 4~1 5~1 6~1
T2 22 3<2 42 5-2 62 3(0
1~3 2~3 3~3 4-3 5-3 6~3
1~4 24 3~4 44 5-4 64
1~5 2~5 3~5 4~5 5-5 65
1~6 2~6 3~6 46 5m6

What 1s the probability of rolling a sum of 7?

20

(c) Janice L. Epstein
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7.3 Rules of Probability

If event 4 and event B ar¢ mutaally exclusive)then
P(AUB) = Prro) + P ()

In general, 4 and B have some outcomes in common so we have the union
rule for probability:

(’DSU63 ars) -}’P[\B)—-P[Aﬂ@
Yy 2+ W=

w

Example
E 1s the event that the sum of the numbers shown uppermost is 7

F is the event that the red die shows a 1
G 1s the event that the green die shows a 6
H is the event that the sum of the numbers shown uppermost 1s 10

=1\ /3¢
( F)\oa:) ézen £)

— (03(‘4»(0/3@ l/3Q

)= 3/36
ﬁ( (,Qfsgf\- 2/3@—* V&é

e(ruF)=9f,
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A standard deck of 52 cards has 4 suits, each
with 13 cards. The suits are spades, #, hearis, ¥,
clubs, & and diamonds, ¢. The cards in each suit
are numbered from Ace, King, Queen, Jack, ten
down to 2.

IS

P |« x| >

ICEIE

—
]

(=2l 2 2l[<2][» 2]
(=] le[e]|»

[«

[0 nz}l [-’ o~] [I O-J [vr 0-]
ool oo

(23] [# o[« ] o o]

<] [# o] [«-c][» ]
(=] [ o) [« =] [»
(=)l [« [»
(= =] [ o)« =][» o]
(2| (e [» o]

[+ | [# x| [« ] [» =]

=

Example
If a single card 1s drawn from a standard deck of cards, what are the

probabilities of
@
4 0

a)a9oral0?

b) a black card or a 3? Q.

P ?2 %J’S; 621

(c) Janice L. Epstein
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e P(P)F P(AE) = |

A survey gave the follpwing results: 42!‘% of the people surveyed drank
diet drinks (D) and 8% drank diet drinks and exercised (D N E) and 24%
did not exercise and did not drink diet drinks (D° N E®). Find the

probability that:
l - s LL% — Y 55

(c) Epstein, 2013

a) a person does not drink diet drinks (D).

b) does not exercise and drinks diet drinks (ESN'D ). ¢ A

¢) exercises and does not drink diet drinks (E N D).~ 3l

‘/ﬁ - 15~ a4

el

|

(c) Janice L. Epstein 11
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7.4 Use of Counting Techniques in Probability
Let S be a uniform sample space and £ be any event in S. Then

number of outcomes in event E _ n(E)
number of outcomes in the Sample Space  n(S)

P(E) =

Example
Suppose we have a jar with 8 blue and 6 green marbles. What is the

probability that in a sample of 2, both will be blue?

0E) _pp)- B o) _ ,;,,&,
n(s) COA’\Q) ] » /C\J

What 1s the probability there is at least one blue marble? ,_[,g 28
) +
Per= CLBO o)+ C(EUo) _ pAs

— Clu)

Find ﬂmility distribution ta@or the number of blue marbles in
the sample of 2 marbles:

(b

0@ 98¢ C(%é?;(z(g@:%

- [ S
B e - 48 A
e R
16 o8 |ClB)Ued) 23
¢ (1) ‘-;'J—

(c) Janice L. Epstein 12
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Example
A stack of 100 copies has 3 defective papers. What is the probability that

in a sample of 10 there will be no defective papers?

e) ~ 0(30036 ,Io) 1,25, 2135

_ 3 [
= e (@ .73)

Example n (6)_: QDY Wk2¥2=237

A student takes a true/false test with 5 questions by guessing (choose
answer at random). Write a probi'lhty dlstrlbutlon table for the number

of cgrrect amwzrs 3 <—w i

0 < I
~ W

R | P

5K, |/3Q=U'§.ﬁ%g

W 3R | cl5i3)55 = bfy  [3
\b\j -
2 |CEp)hs = R

TR
X KX K ol [clomps = 82

Ouez N2 7% 0.4
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7.5 Conditional Probability and Independent Events

A survey is done of people making purchases at a gas station. Most
people buy gas (Event A) or a drink (Event B).

| uy drink (B) \no drink (B) | total
/——\"’ ) —

S
@uy gas (A) i_)_g 25 10 ) 4/’20
no gas (A°) 210 \ 10 20
total > / 25 LoD

What 1s the probability that a person bought gas and a drink?
P(An8)= B0

What the probability thata perso 0 _bis . )
other words, given that a person bought a drmk (B) what is the
probability that they bought gas (A)?

45 _p(p1B)
5

NOTATION: P(A|B) = the probability of A given B

The conditional probability of event E given event gf 2 2*

DAPXgAgX o ¢
pe|Fy~"ENF) _nENF)/n(S)FPENF) = P(Elﬁ)
n(F) n(F)/n(S) 7?(
M——L\/\W’W

What is the probability that a persouho buys gas also buys a drink?

(PAnfS) 4o _ 42
P<6 A)= ) (10/ 0D 777

(c) Janice L. Epstein 14
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PRODUCT RULE: P(ENF) = P(E)P(F|E) P(Fl 6>> PEneE)

PE
I Pslw)=.75

At a party, 1/3 of the guests are women. 75% of the women wore sandals
\?HE;S% of the men wore sandals. What 1s the probability that a_person
Qﬁ\"chosen at random at the party is a man wearing sandals(_P(Mﬂ S)? What 1s

the probability thaS a randomly chosen guest is wearing sandals?

s\ - Plw) VsIv

TREE DIAGRAMS

A

\@< s puNS)= 3547 T
*h M / 3 G/
e bpnse)= % 4= 1

0(6)= p(mns) +P(ns)=2 +3 =2

\ (A.).< )~ V—_-_'/
l./z@ MNSe  Plwns)>7x %=1

(c) Janice L. Epstein 15
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A finite stochastic process 1s one in which the next stage of the process
depends on the state you are in for the previous stage.

Consider drawing 3 cards from a standard deck of 52 cards without
replacement.

(a) What 1s the probability that the three cards are hearts?

(b) What is the probability that the third card drawn 1s a heart given the Ll

first two cards are hearts? wlso l"\' %
3
WL Ha <%C fé?:@lﬂ
|~

Mok gy, CRUND)
. C,LSB;%)
B

o Hhe b T 2l o
- %% 15" coud wa et

gq/‘5(;» r

¥l D
ke f < De.

Bl D “’"‘ﬂb >

(c) Janice L. Epstein
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INDEPENDENT EVENTS: P(E[F) = P(E)

P(EﬂF)P(bﬂz
P(F) _

P(ENF)=P(E)-P(F)iff E and F are independent

Example
A certain part on airplane has a 1% chance of failure. If they carry two

back-ups to this part, th‘lt 1s the probability that they will all fail?
Y
oLR Fa P(F\AF,,AF&)‘— .0l 0l# 0

F < =

o\

Example
A medical experiment showed the probability that a new medicine was

effective was 0.75, the probability of a certain side effect was 0.4 and the
probability for both occurring is 0.3. Are these events independent?

P(E):J% P(s)=.4 pEns)=-3
pE NS PEIPS )

=3 ﬁw
. 2 5% .4

(c) Janice L. Epstein
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7.6 Bayes’ Theorem RRE- @G,G\
o 6 %M{ Plelk)

We are to choose a marble from a cup or a bowl. We need to flip a coin to
decide to choose from the cup or the bowl. The bowl contains 1 red and 2
green marbles. The cup contains 3 red and 2 green marbles What is the

probahjlity that a marble came from the cup

Example
A company makes the components for a product at a central location.

These components are shipped to three plants, Alpha, Beta, and Gamma,
for assembly into a final product. The percentages of the product
assembled by the three plants are, respectively, 50%, 20%, and 30%. The
percentages of defective products coming from these three plants are,

respectively, 1%, 2%, and 3%. Given a defective product, what is the
probability it was assemgled at plant Alpha? P ( A \ ‘D
D
eI % e - p(pND)
@ (D))
o, DF _ P(p0D
e D
R oD P(NTD) kP(ﬁf\‘DB-I—P(G(l )
02D | = 5 OD o3
7 (; / S ol F Ak OLT 3
a1
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