Sparse Recovery Algorithms: Sufficient
Conditions in terms of Restricted
Isometry Constants

Simon Foucart

Abstract We review three recovery algorithms used in Compressive
Sensing for the reconstruction s-sparse vectors x € CV from the mere
knowledge of linear measurements y = Ax € C", m < N. For each of the
algorithms, we derive improved conditions on the restricted isometry
constants of the measurement matrix A that guarantee the success of
the reconstruction. These conditions are &; < 0.4652 for basis pursuit,
93, < 0.5 and &, < 0.25 for iterative hard thresholding, and &4, < 0.3843
for compressive sampling matching pursuit. The arguments also applies
to almost sparse vectors and corrupted measurements. The analysis of
iterative hard thresholding is surprisingly simple. The analysis of basis
pursuit features a new inequality that encompasses several inequalities
encountered in Compressive Sensing.

1 Introduction

In this paper, we address the Compressive Sensing problem that consists
in reconstructing an s-sparse vector x € CV from the mere knowledge of
the measurement vector y = Ax € C" when m < N. We do not focus on
the design of suitable measurement matrices A € C"*V, since we take
for granted the existence of matrices having small restricted isometry
constants (see Section 2 for the definition of these constants). Instead,
we focus on three popular reconstruction algorithms that allow sparse
recovery in a stable and robust fashion. For each algorithm, we present
some sufficient conditions in terms of restricted isometry constants that
improve on the ones currently found in the literature. The algorithms
under consideration are:
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Basis Pursuit: solve the convex optimization problem

minimize |z||; subject to Az=y. (BP)
zeCN

Iterative Hard Thresholding: from x" s-sparse, iterate
X" = Hy(x" + A% (y — Ax")), (IHT)

where the nonlinear operator H; keeps s largest (in modulus) entries of a
vector and sets the other ones to zero, so that H(z) is a — not necessarily
unique — best s-term approximation to z € CV.

Compressive Sampling Matching Pursuit: from x s-sparse, iterate

T" := {indices of 2s largest (in modulus) entries of A*(y — Ax") },(CSMP)

U'.=17"us", where S" := supp(x"), (CSMP,)
u" ;= argmin{||y — Az||,supp(z) C U"}, (CSMP5)
x"l= H(u"). (CSMP,)

2 Restricted Isometry Constants

We recall the definition of restricted isometry constants introduced in [3].
We also draw attention to a less common, though sometimes preferable,
characterization.

Definition 1. The s-th order restricted isometry constant §; = 5,(A) of a
matrix A € C"*V is the smallest § > 0 such that

(1—8)|x[j3 < |Ax|3 < (1+8)|x|3 for all s-sparse vectors x € CV. (1)
An alternative characterization reads

8= max |[|AjAs—1d|r—2. (2)
SCIN].IS|<s

Proof. To justify the equivalence between the two definitions, we start by
noticing that (1) is equivalent to

|lAsx||3 — [Ix||3] < 8||x||3 forall S C [N],|S| <s, and all x e C¥I.
We then observe that
1Asx|[3 — [[X[13 = (Asx,Asx) — (x,x) = ((AAs —1d)x,x).

Now, since the matrix (AjAs —Id) is hermitian, we have
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((A5As —1d)x,x)

ma = ||A§AS - Ideﬁz,
xeClSI\ {0} [1x[|2

so that (1) is equivalent to

max [|ASAs —1d|j2—2 < 6.
SCINIS|<s

This establishes the identity (2), because & is the smallest such 6. 0O
The expression (2) gives, for instance, an easy explanation of
[(Au, Av)| < Sgupp(uyusupp(v) a2l ]l2 if u and v are disjointly supported,

a statement that can be derived in the real setting using a polarization
formula, see e.g. [2]. Indeed, with S := supp(u) Usupp(v), we just have to
write (with slightly abusive notations)

|[(Au, Av)| = [(Asu,Asv) — (u,v)| = |((A5As — 1d)u, v)| < || (A5As — Id)ull2[|v]2

< ”A;AS _Id||2—>2Hu||2HV”2 < 5supp(u)Usupp(v)||u||2||VH2'

The concept of restricted isometry constant offers an elegant way to for-
mulate sufficient conditions for the success of all the algorithms under
consideration. Informally, if the restricted isometry constants are small,
then all three algorithms are guaranteed to succeed in reconstructing
sparse vectors. Slightly more precisely, if 6, is small enough for some ¢
related to s, then any s-sparse vector x € CV is recovered as the output of
the algorithms. The object of what follows is to quantify this statement.
We note that a sufficient condition in terms of some &, can always be im-
posed by a sufficient condition in terms of some other §,, according to
the comparison result given in Proposition 1 below. For instance, in view
of 835 < 38y, the sufficient condition 83, < 1/2 obtained in Section 4 for
iterative hard thresholding can be imposed by the condition &, < 1/6 —
which will actually be improved to 6,5 < 1/4. A heuristic way to compare
such sufficient conditions is to recall that, given a prescribed § > 0, it is
typical to have (c denoting an absolute constant)

t

6 <06 provided m>c 52

In(eN/r)

for random measurement matrices. Therefore, it is desirable to make
the ratio 1/8% as small as possible in order to minimize the necessary
number of measurements. As such, the sufficient condition & < 1/2 is
better than the condition &, < 1/4, since 3s/(1/2)? < 2s/(1/4). Let us now
state the aforementioned comparison result, which is just an extension
of [7, Corollary 3.4] to the case where 7 is not a multiple of s.
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Proposition 1. For integerst > s > 1,
t—d d
O < & < —— &+ 0, where d := ged(s,1).
S S

Proof. The first inequality is clear. As for the second one, if d denotes a
common divisor of s and ¢, we introduce the integers k,n such that

s =kd, t=nd.

Given a t-sparse vector u € CV, we need to show that
t—d d
[lAul = uf3] < (= 2+ ) lull. 3)

Let T =: {j1,/2,...,j:} denote the support of u. We define n subsets
S1,5,,...,8, of T, each of size s, by (the indices are meant modulo )

Si = {Ji=1)d4 15 J(i=1)d+25 - - J(i—1)d+s5 )} -

In this way, each j € T belongs to exactly s/d = k sets S;, so that

1
u:% Z ug, and ||u||%=% Z ||uSi||%'

1<i<n 1<i<n

Inequality (3) then follows from

[l Aul3 — [[ull3] = [((A"A ~1d)u,u)| < |((4"A —Id)us; ug))|

1<i<n1<j<n

1
— (X liusass —1ug.us) |+ ¥ (445 - 10us,us)] )
1<i<n

1<i#j<n
1
<e( X udushhlus s ¥ dlul?)
1<i#j<n 1<i<n
& P8 8 .
=2 ( L lusle) —Z X luslBrz ¥ lusB
1<i<n 1<i<n 1<i<n
By » b s (Sun &8 :
<% L lusl-g= L luslh= (55 ") L sl
1<i<n 1<i<n 1<i<n

= (%6 (6080 i3 = (Lo L (3 8)) Jull.

In order to make the latter as small as possible, we need to take k as
small as possible, i.e., to take d as large as possible, hence the choice
d := gcd(s,t). This finishes the proof. O
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3 Basis Pursuit

In this section, we recall that s-sparse recovery via basis pursuit succeeds
as soon as &, < 0.46515. Contrary to the other sections, we do not give a
full proof of this statement, as this was done in [5]. Instead, we outline
the main steps of a classical argument before highlighting a particular
inequality which is to be adjusted for the proof of the refined result. We
justify the adjustment with a general inequality that encompasses two
further inequalities often used in Compressive Sensing.

Theorem 1. Suppose that the 2s-th order restricted isometry constant of
the matrix A € C™V satisfies

3
< ———= ~0.46515.
o 4+6

If x € CV is an s-sparse vector, then it is recovered as a solution of (BP)
with y = Ax.

More generally, if S denotes an index set of s largest (in modulus) entries
of a vector x € CN and if y = Ax +e for some error term e € C" satisfying
|lell2 < n, then a minimizer x* of ||z||| subject to ||Az—y|]» < N approximates
the vector x with error

C -
Ix=xllp < =7 Ixslh + 077420, all pe1,2],

where the constants C and D depend only on 8.

Proof (Sketch for &, < 1/3). For exactly sparse vectors measured without
error, it is necessary and sufficient to prove the null space property in the
form

[Ivslli < %Hle for all ve kerA\ {0} and all § C [N] with |S|=s. (4)

Take v € kerA \ {0}. It is enough to prove (4) when S is a set Sy of indices
corresponding to s largest (in modulus) entries of v. Then consider sets
S1,83,... of s indices ordered by decreasing moduli of entries of v. We have

1
Ivsoll3 < =5 5, 14(vs) 7= 5 Y (A(vsy), A(—Vs,))

S k>1

5 Y sllvsyllallvs,ll2 < 75— 17 HVsonZ Vs ll2-

S k>1 k>1

Simplify by ||vs,||>» and observe that

1
||VSkH2 S %”"5/(,1 ||17 k Z 1) (5)
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to obtain

& 1
Ivsylla < 225 = vl
S

The result follows from ||vs,|[1 <\/s||vs,||2 and 6/ (1—62)<1/2 for &r,<1/3.
In the more general case of arbitrary signals measured with some errors,
it is sufficient to prove a stronger form of (4), namely

P
NG

for some positive constants p < 1 and 7. O

[[vs]l2 < lvsll1 + T [|AV|2 for all v e CV and all S C [N] with |S| =,

For a proof of Theorem 1, the main point to adjust from the previous
arguments is (5). This was first done in [1] by Cai, Wang, and Xu, who
introduced what they called a shifting inequality. Instead of comparing
the />-norm of the subvector vs, with the /;-norm of the shifted subvector
vs, ,, they suggested to reduce the size of the shift from s to roughly s/4.
Precisely, they showed that

\4

fork>s/4 ifay > a1 > - > a3 > > agys > 0, then

u
“ || < : H H
\4 —=((W]|1-
2_\/5 !

This is the particular case p =1, ¢ =2, t = s, of the following result, which
generalizes the shifting inequality to other norms and to other vector
sizes. A proof is included in the Appendix.

v

Theorem 2. If0< p<ganda; > - >a 1 > >a; > >ap >0, then

u
[Vllg < Cpg(kss,t)|ul|p,

where

Crattos =max{ " (DY (1 2) LA e

When u and v do not overlap much, the second term can be discarded, i.e.,

[l/q

Cp,q(k,s,t) = m

provided s —k < (S)s (7

It is interesting to point out that two classical inequalities — the first
one due to Stechkin — from Approximation Theory and often used in
Compressive Sensing are contained in this result. These inequalities are,
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for 0 < p<gandxeR",

I
B WHX”m
HOWEN Doy L (el N
Kp=ta T R g/ p—1)Va N\ (L= p/q)rle)

This corresponds to the case s = n, t = n — k, for which we indeed have
k'l C, 4 (k,n,n— k)P < min{1,DP_},

since the left-hand side reduces to

max{(] 7 %)P/r](s)lﬂv/ri7 (Z)p/q(l Z>1p/q} _ (Z)p/q(l B Z)lp/q,

and the latter is readily seen to be bounded by min{1,D} ,}.

4 Iterative Hard Thresholding

In this section, we give an elegant and surprisingly simple justification of
the success of s-sparse recovery via iterative hard thresholding as soon as
035 < 1/2. This improves the result of [4], where the sufficient condition
& < 1/4/8 was obtained — although the main theorem was stated for
8 < 1/4/32 in order to achieve a rate of convergence equal to p = 1/2.

Theorem 3. Suppose that the 3s-th order restricted isometry constant of
the matrix A € C™N satisfies

1
035 < 5

Ifx € CN is an s-sparse vector, then the sequence (x") defined by (IHT) with
y = Ax converges to the vector Xx.

More generally, if S denotes an index set of s largest (in modulus) entries
of a vector x € CN and if y = Ax+ e for some error term e € C", then

1" = xs]l2 < p" X —xsll2 + 7[|AxXg +e[2,  alln>0, (8)
where
21
p:=20<1 and T:= 7+629
1—2685

Remark 1. The value t = 6 was obtained in [4] for p < 1/2, which was
ensured by 83, < 1/\/§ Theorem 3 gives the value 7~ 4.4721 for p <1/2,
i.e., for 8, < 1/4, and the value 7 ~ 3.3562 for &, < 1/1/32.
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Proof We simply use the fact that the s-sparse vector x"*! is a better
s-term approximation to

Vii=x"+A"(y—AX") =x"+A"A(xs —x") + A" (Axg +e)
than the s-sparse vector xg to write
1" =xs) + (x5 = x"* D)3 < [|v" = xs]3-

Expanding the left-hand side and eliminating ||v" — xs||? leads to, with
p g 2
€ :=Axs+e and V := supp(x) Usupp(x") Usupp(x"*1),
||Xn+l _XSH% < 29?<V” _XS,Xn+l _XS>
= 2R((Id —A*A) (X" — x5) + A", x" " —xg)
<2R((Id — AjAY ) (X" —x5), X" —xg) + 2R (e, A(x" ! —xg))
< 2[[1d — AV A 22 [[X" = xs[2[|x" " —xs[l2 + 2]/ [2 A" —x5)]|2

< 283Ix" — Xsl2|[x" T — xg]l2 +2[|€/[[2v/ T+ &g [Ix" T = xs]2.

Simplifying by ||x"*! —xs]|2, we derive

||Xn+1 _XSHZ < 2635||X" —XS||2 +2mne’“2.

This easily implies the estimate (8). In particular that, if x is an s-sparse
vector (xg = 0) and if the measurements are accurate (e = 0), then

Ix" —x]|2 < p"[|x* —x]l,

so the sequence (x") converges to x as soon as p < 1,1.e, 83, < 1/2. O

Using the same technique, it is also possible to formulate a sufficient
condition in terms of &, for the success of s-sparse recovery via iterative
hard thresholding. For simplicity, we only state the result in the case of
exactly sparse vectors measured with perfect accuracy.

Theorem 4. Suppose that the 2s-th order restricted isometry constant of
the matrix A € C™*V satisfies

1

Oy < 7

Ifx € CN is an s-sparse vector, then the sequence (x") defined by (IHT) with
y = AX converges to the vector X.

Proof. We use what has been done in the proof of Theorem 3, specified to
the case ¢’ =0, to write

X ox|I3 < 2R((Id —A*A) (x" — x),x" ! —x).
2
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Let us decompose supp(x) Usupp(x") Usupp(x"*!) into the three disjoint sets

Vi = (supp(x)Usupp(x")) N  (supp(x)Usupp(x"t1)),
Vo= (supp(x)Usupp(x"))  \  (supp(x) Usupp(x"*!)),
V3= (supp(x)Usupp(x"*!)) \  (supp(x)Usupp(x")).

Since V|, UV,, V, UV3, and V, UV all have size at most 2s, we have

||Xn+l_x||2 _ 29{<(Id—A*A)((Xn _X)Vl + (" _X)vz)y(xnle_X)vl + (X”+l_ X)V3>
)

=2R((Id—A"A) (X" = X)v, ), (X" = x)y,)
+ 2R((Id — A)((x —X)VI),(Xn+1—X)‘/3>
+ 2R((Id—A*A) (X" = X)v, ), (X" T =x)y,)
+ 2R((Id — A*A) (X" = X)y, ), (X" = x)y,)
< 28] v 2 =X 2+ 1 =X 2| ("= X)ws |12

(X" —x) )
I =, 2l = 3w 2+ (& = %), 2| (= %) 12)
< 28 (| (%" =X B+ (6" = %), |3+ 11" = ), 34+ 11 (" = x)v 13)

X (1 =X 34 1 = I3+ 1 = w3+ (=), [3) 2
=28, (2IIx" —xI3) Z (2" = x[3) '/ = 462, %" —x2[x" T~ x]l2.

1/2

This yields, after simplification by ||x"*! — x|,

X" —x2 <p X" =x[l,  p =48y
Convergence of the sequence (x,) towards x is therefore guaranteed as
soonasp < 1,ie., &y <1/4. O

Remark 2. The better sufficient condition 8, < 1/3 was obtained in [6]
with a slight modification of the iterative hard thresholding algorithm,
namely the iteration

3
n+1 n * n
X" :Hs<x +ZA (y — Ax )). (IHT; 4)

Note, however, that the condition &,; < 1/3 is not heuristically better than
the condition &, < 1/2, since (2s)/(1/3)% > (3s)/(1/2)>.

5 Compressive Sampling Matching Pursuit

In this section, we present a proof of the success of s-sparse recovery via
compressive sampling matching pursuit as soon as s < 0.38427. This
improves the original condition of [7]. There, the authors targeted a rate
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of convergence equal to p = 1/2, so that they gave the sufficient condition
045 < 0.1, but their arguments actually yield p < 1 as soon as 84, < 0.17157.

Theorem 5. Suppose that the 4s-th order restricted isometry constant of
the matrix A € C™N satisfies

2
5473

Ifx € CV is an s-sparse vector, then the sequence (x") defined by (CSMP;_,)
with y = Ax converges to the vector x.

More generally, if S denotes an index set of s largest (in modulus) entries
of a vector x € CN and if y = Ax + e for some error term e € C", then

~ 0.38427.

543 <

X" —xs]l2 < p" X —Xsl|a+ T|Axg+e|,  alln>0, 9)

where the positive constants p < 1 and T depend only on dy;.

Remark 3. The explicit expressions for p and t are given at the end of the
proof (the constant 7 is made dependent only on &4 by using &35 < d45).
Note that the value 7 = 15 was obtained in [7] for p < 1/2, which was
ensured by 04 < 0.1. Theorem 5 gives the value 7t~ 10.369 for p < 1/2,
i.e., for 84 < 0.22665, and the value 7 ~ 5.6686 for 8;; <0.1.

Proof. Step (CSMP3) says that Au” is the best /;-approximation to y from
the space {Az,supp(z) C U"}, hence it is characterized by

(A" —y,Az) =0 whenever supp(z) CU". (10)
Setting ¢’ := Axg+e to have y = Axg + ¢/, this can be rewritten as
(" —xg,A*Az) = (¢/,Az) =~ whenever supp(z) C U". 11
This yields in particular

(" = xs)um 13 = (u” = x5, (0" —Xs) o)
— (0" — x5, (Id—A*A) (0" —x5)pn)) + (€, A (0" —x5)pn))
< S |0 — xs][2 | (" = xs)un |2+ [|€[l2v/T+ S5 [| (0" = x5)o |2,

which gives, after simplification by || (u” — xg)y~||2,
(0" —xs)unl2 < Susllu" —Xsl2 + /1 + 53 [|€]|2- (12)
It follows that

2 2 2
[u" —xslz = [ (0" —xs)grlz + [ (0" = X5)n 3

< [(u" %) grll3 + (8asll0” — x5 2+ /1 + 85 |€']12)*.
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This reads p(||ju” —xsl||2) < 0 for the quadratic polynomial defined by

p(t) = (1= 87) 1% — (28453/ 1+ 8 [|€[[2) 1 — (/| (u" — x5)gl |3 + (1 + 835) [|€/]]3)-

This proves that ||u" —xs||> is bounded by the largest root of p, i.e.,

Sas V1 + 3 €f]2+ \/(1 = ) (wr = xs)gmll3 + (1 + &) [le’[13

0" —xs]2 <

1_64%
1 n \/ 1+63x ,
< ——— (" =xg)gml2 + T—<—Il€]|2. 13)
1- 82 1= 84

We now turn to the estimate for ||x"*! —xg||,. We start by writing

"+ "X

2
— X3 = [[(0" —x5) — (u
= |[u" —xs|5+ 0" —x"T5 —2R (0" —xg,u" —x"T1).  (14)

Step (CSMP,) implies that x"*! is a better s-term approximation to u”
than xgny», so that

" =x" |2 < [ (0" = xs5)un - (15)
We also note, in view of (11) and of supp(u” —x"*!) C U", that
(0" —xg,u" —x"1) | = (0" —xg, (Id - A"A) (u" —x""1)) + (', A(u" —x" )|
< 8uglu" = xs 2 fl0” = x" |2 + €/l V/T+ S5y [[u” = x| (16)

Substituting (15) and (16) into (14), then using (12), we obtain

X" x5 < [0 = x5+ | (0" = x5)un |5 + 284 [0 —xs]l2]| (0" = xg)un|2

+20/1+ 85 [[€ 2] (0" — x5) 0 |2
= (14383 |Ju" — x5 +68451/1+ 850" —xs][2][€ [l +3(1 + 83,) [[€[13

3(1 +63s)H ||>

< (14303 (o x2S
4s

Combining the latter with (13), we deduce

1+387 14365
I xs < “S||<u"—xS>m||z+< 43 )¢1+63s||e2 (an

“Vi1-62 =

It remains to bound ||(u” —Xg)g=||2 in terms of ||x" —xs||». For this, we
notice that u"yw = 0 = X", so that
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| = xs)gells = 16" =x5)gml < 8" = xs) 7l = (%" = x5) susmpell2- (18)

Step (CSMP;) means that A*(y —Ax")» is a best 2s-term approximation to
A*(y —AX")susnur» among all vectors supported on SUS"UT". In particular,

[A*(y — AX") (sugry\ 7 ll2 < [JA*(y — AX") 7m (sUsm) |2
< [JATA(xs —X") 7 susm) 12 + [[(A€") 7y (susmy |2
= [[((A*A —1d) (x5 —X")) 7\ (susm) |2 + [ (A*€") 7 (susm 12
< Byslxs — X2+ [| (A" €)7oy susm) 2 (19)
On the other hand, we have
|A* (y — AX") (susmy 7 ll2 > |ATA(xs —X") (susmp 712 — [[(A™€) (susmprn 12
> [|(xs —x") susmprnll2 = [1((A*A = 1d) (x5 — X)) susmp7n 12 — [ (A"€") (susmyy |12
> || (xs —x") (susmy 7o ll2 — SaslIxs — X" |[2 — [ (A™€) (sugny7n [|2- (20)
From (19), (20), and (18), we derive that
([ (0" —xs)gll2 < (825 + Gas) x5 = X"[|2 + || (A€ ) 7 (sUsm 12 + 1 (A7€) (susp 7o 2
< 28y5][xs — X"[|2 + V2 || (A*€') (susmyarall2
< 26845 Ixs — x"[|2 4+ /2(1 + 4 || €| (21)
Putting (17) and (21) together, we finally conclude

It = xsll2 < p " = x5]l2 + (1 = p)z €] 22

_ [485(1+355)
p L 1_642S b

2(1+387) \/(1+35fs)(1+633)
1_643 M 1_645

where

+/3(1 + 8;).

To finish, we point out that the constant p is less than one when

2
128 +562,—1<0, ie, < ~ 0.38427,
4s ds A5 5173

and that (22) readily implies (9). O
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Appendix: Proof of Theorem 2

The constant C, 4(k,s,7)? is the solution of the maximization problem
maximize af | +---+ai,, subject toal +---+al <1,a; >+ > a4, >0.
Thus, setting r:= ¢/p > 1, we aim at maximizing the convex function
J&1 e Xer) =X+ Xy,
over the convex polytope
C = {XERI‘“ Xt S Lxg > >, 2 0]

The maximum is attained at one of the vertices of the convex polytope €.
These vertices are obtained by turning into equalities K+t of the k+¢+ 1
inequalities defining . We have to separate several cases:

o ifx;=---=x;,,=0, then

f(xlv"'axk+t) :0’

o ifxj+--+xs=1land x; = =x;, > x5 = x4, =0 for some 1 < h <k,
then
f(xl7"'axk+t):0;
o ifx;+---+x;=1and x; = =x;, > x,41 = x¢1; = 0 for some k < h <y,
then x; =---=x, =1/h, and
h—k
f(x17~--7xk+z):7;
o ifxj+---+xs=1landx; = =x; >x,,1 =x;,, =0 for some s <h <k-+t¢,
thenx; =---=x,=1/s,and
h—k
f(xla"'vkarl): 5" .
It follows that the desired constant is
h—k h—k
9 — _—
Cpalksit)! =max{ max =25, max =22}

Considering & as a continuous variable, we observe that the function
g(h) := (h—k)/h" is increasing until the critical point h* := (r/(r—1))k
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and decreasing thereafter, so that the first maximum is no larger than
g(h*) = ((r—1)1/r")/k"~", or than g(s) = (s—k)/s" if h* > s. Now taking
into account that (h—k)/s" increases with 4 on [s,k +¢], we deduce

(r—1)t 1 ¢t
g )= max{irkrj>7}a
Cﬂyq(k’s’t) r t S r
= — if k>s.
s” r—1

We simply obtain (6) and (7) by rearranging the latter. It is worth noting
that the constants appearing in (6) and (7) cannot be improved. 0O
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