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Abstract

This article studies a variation of the standard compressive sensing problem, in which sparse
vectors x € RY are acquired through inaccurate saturated measurements y = S(Ax+e) € R™,
m < N. The saturation function S acts componentwise by sending entries that are large in
absolute value to plus-or-minus a threshold while keeping the other entries unchanged. The
present study focuses on the effect of the presaturation error e € R™. The existing theory for
accurate saturated measurements, i.e., the case e = 0, which exhibits two regimes depending on
the magnitude of x € RY, is extended here. A recovery procedure based on convex optimization
is proposed and shown to be robust to presaturation error in both regimes. Another procedure
ignoring the presaturation error is also analyzed and shown to be robust in the small magnitude
regime.
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1 Introduction

Suppose that vectors x € RY are acquired through m linear measurements y; = (a;,x) = aiTx,
i=1,...,m, for some ay,...,a, € RV. In condensed form, this reads y = Ax, where the matrix
A € R™¥ has rows aj,...,a) . When m is smaller than N, it is in general inconceivable to

recover x € RN from the mere knowledge of y € R™, but the theory of compressive sensing [4, 5 8]
made it clear that such a recovery task is in fact possible when some prior information about the
structure of x is available. Typically, it is assumed that the vectors of interest are s-sparse, i.e.,
that the x € RY possess at most s nonzero entries. In this case, it is now well known that only
m = sln(eN/s) random measurements enable the exact recovery of all s-sparse vectors x € RY
via various efficient algorithms taking the compressed version y = Ax € R™ as an input (together

with the matrix A itself, of course).

*This work is the result of Jiangyuan Li’s capstone project, carried out at Texas A&M University as part of an
exchange with Beihang University.
S. F. is partially supported by the NSF under the grant DMS-1622134.
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Now suppose that sparse vectors x € RV are not acquired through y = Ax but rather through
S(y) = S(Ax), where S = S, is the saturation function depicted below.

— M, te (—OO, _,U']7
S(t) = t, te (_:U’a +:U’)7 _‘ ‘
+u, t € [+p,+00).

Intuitively, at one extreme, when the threshold pu is very large (compared to the magnitude of x),
the saturation function & has no effect and the setting of standard compressive sensing prevails,
S0 one expects exact recovery of x to be possible. At the other extreme, when the threshold u
is very small (compared to the magnitude of x), knowing S(y) reduces to knowing the binary
information sgn(Ax), so one expects approximate recovery of the direction of x to be possible (and
not more), similarly to the setting of one-bit compressive sensing (see [3] where the scenario was
put forward, [I1] where the first theoretical results were established, and [6 Section 8.4] where
they were simplified). Between these two extremes, one expects more than direction recovery to be
possible, since more than just the sign information is available. This intuition was formalized in [7]
for the recovery map given by
(1) Ai(y) := argmin ||z||; subject to  S(Az) = S(y).

zeRN
In short, the article [7] showed that, with high probability on the draw of a random matrix A
populated by independent A(0, 02) entries,

(i) there is a constant o > 0 such that, for every s-sparse x € R¥ satisfying o|x||2 < au, one has
(2) A (S(Ax)) =x
provided m > ksIn(eN/s) for some absolute constant x > 0;

(i) given a fixed constant 3 > «, and given any ¢ € (0, 1), for every s-sparse x € R satisfying
ap < ol|x|j2 < Bu, one has

(3) [x — A1 (S(A%)) (]2 < d]lx[2

provided m > kg ssln(eN/s) for some constant kg5 > 0 depending on 3 and .

The article [7] did not touch upon potential complications that might occur when the measurements
are corrupted. This is the focus of this paper, which will establish robustness of optimization-based



S. FoucArr, J. L1

recovery methods in this situation. So from now on, the inaccurate compressed version of a vector
x € RV takes the form y = Ax + e for some measurement error e € R™. In standard compressive
sensing, when a bound ||e||2 < 7 is known a priori, it is classical to approximate x by

(4) Ay y(y) := argmin ||z]; subject to  ||Az —y|l2 < 7.
zeRN

Under some condition on the measurement matrix A € R™*V there exist absolute constants
K, D > 0 such that the recovery bound

() [x = Ary(Ax+e)lla < Dn

is valid for all s-sparse x € RY and all e € R™ with ||e||z < n, provided m > ksln(eN/s). The

R™*N s fulfilled with high probability when its entries are

required condition on the matrix A €
independent Gaussian random variables with mean zero and standard deviation o = 1/4/m, which

is what we assume in the rest of the paper.

We now place ourselves in the situation where the measurement vector y = Ax+ e is only available
through its saturated version S(y), with the knowledge of a bound ||e||2 < 7 on the presaturation
error. Our goal is to establish recovery bounds bridging — and . Namely, we aim at
uncovering a recovery procedure A1, : [—p, +u]™ — RY such that

e in a regime of small magnitude, i.e., when the s-sparse vectors x € R satisfy the inequality
|x]l2 < apy/m, one has

(6) [x = A1y (S(Ax +€))ll2 < D

e in a regime of intermediate magnitude, i.e., when the s-sparse vectors x € RY satisfy the
inequalities apy/m < [|x[|2 < Suy/m, one has

(7) % = A1y (S(AX + €))l2 < bl[x[|2 + Dr.

The recovery procedure we propose, which we call noise-cognizant ¢;-minimization (to distinguish
it from the noise-ignoring ¢;-minimization discussed in Section [5)) consists in producing from S(y)
the vector Ay ,(S(y)) = x*, where

S(Az +w) =S(y),
(8) (x*,e") :=  argmin |z|; subject to |lwlle <~m,
(o) R T lzll2 < 5 py/m.

We will explain later how the parameters v, > 0 are chosen. It is not clear if the last constraint,
namely ||z||2 < 7/uy/m, is absolutely necessary, but it certainly eases the argument. We emphasize
that our recovery procedure is (recast as) a second-order cone program. Indeed, the first constraint,
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namely S(Az +w) = S(y), can be written as a set of linear constraints. To see this, we introduce
the index sets of nonsaturated and of saturated measurements as defined by

(9) Thonsat := {1 € [1:m] : |ys| < u} and  Zg :={i € [1:m] : lyi| > p},

where the latter is further decomposed into index sets of negatively and of positively saturated
measurements, i.e.,

(10) Thegsat '={t € [1:m] :y; < —p} and Tpossat == {1 € [1:m] : y; > +p},
and we can observe that

<ai7 Z> + w; = Yi, 1€ Inonsata
(11) [S(AZ + W) = S(Y)] A <ai7 Z> + wj S —H, (XS z'-negsa‘m
<aiu Z> +w; > +p, 1€ Ipossat-

Moreover, it is usual to deal with the minimization of the ¢;-norm ||z||; by introducing a slack
vector ¢ € RV and minimizing Zjvzl ¢; subject to |z;| < ¢j, e, —¢; < z; <¢j, forall j € [1: N]J.

In order to establish the results outlined above, we need several properties of Gaussian matrices.
These properties are formulated in Sectionbelow. Then, in Section we show that estimate @ is
valid in the small magnitude regime for ||x||2. In Section[d] we consider the intermediate magnitude
regime for ||x||2 and show that estimate is valid, too. In Section |5, we discuss a procedure
different from , for which we establish a recovery result in the small magnitude regime only.
Section[6]reports on some modest numerical experiments. Finally, an appendix collects justifications
of some unproven statements made in Section

2 Technical Tools

The arguments presented in Sections and [5| below rely on several properties of a random matrix
A € R™N populated by independent A/(0,1/m) entries. These properties are explicitly stated in
this section. They involve some constants whose values are fixed for the remainder of the paper.

2.1 Standard restricted isometry property and consequences

A matrix A € R™Y is said to satisfy the restricted isometry property of order s with constant
6 €(0,1) if

(12) (1—0)|zl3 < ||Az|3 < (1 +0)|z|3 for all s-sparse z € RY.
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It is known (see e.g. [8, Theorems 9.2 and 9.27]) that there exist absolute constants x1,v1,c1 > 0
such that, if m > k16 2sIn(eN/s), then a Gaussian matrix A € R™*V (meaning here that its
entries are independent Gaussian random variables with mean zero and variance 1/m) satisfies the
restricted isometry property of order s with constant § € (0,1) with failure probability at most
vy exp(—c16%m). We will also invoke the two consequences of this property formulated below.

1. Restricted isometry property for effectively s-sparse vectors (i.e., vectors z € R such that
|z||1 < +/5||z|]2): there exist absolute constants k2, va, co > 0 such that, if m > k26~ 2sIn(eN/s),
then a Gaussian matrix A € R™*V satisfies

(13) (1—10)||z]3 < ||Az|3 < (1 +9)|z> for all effectively s-sparse z € R

with failure probability at most vy exp(—cod%m). Property does follow from Property
using the sort-and-split technique. A proof of this somewhat folklore implication is included
in the appendix.

2. Democratic robust null space property: there exist absolute constants k3, vs, c3, Cs3, D3, p3 > 0
such that, if m > k3sln(eN/s), then a Gaussian matrix A € R™*" allows for the property

Cs
(14)  [lx—zf]2 < ﬁ(llzlll —lIxlli +205(x)1) + D3| Az(x — 2z)[l2,  x,zEeRY,
to hold simultaneously for all sets Z C [1 : m] of size m’ > (1 — p3)m with failure proba-
bility at most vz exp(—cgm). Here, the notation o4(x); stands for the error of best s-term
approximation to x in #1-norm, i.e.,

(15) 0s(x)1 := min{||x — z1,z € RY is s-sparse},

and the matrix Az represents the row-submatrix of A indexed by Z. The above property
appeared implicitly in [7] and the name ‘democratic’ is inspired by [10]. Its proof involves a
simple union bound, as outlined in the appendix.

2.2 Saturated restricted isometry property

An essential tool put forward in [7] was a version of the restricted isometry property for saturated
measurements. Precisely, [, Lemma 8] established that, given 6 € (0,1) and Sy > ap > 0, there
are positive constants x' = x’(ag, Bo), ¢ = ¢(Bo), and v’ such that, if m > x'6"*sIn(eN/s) and if
A € R™ is a random matrix populated by independent N'(0,1/m) entries, then with probability
at most 1 — v’ exp(—c/6?m), one has

g (Il s (Il

16 1-)mS | — ) <|[|S(A <(14+dmS|—

(16) - oymd (1) <pstaw < 0+ oyms (1
for all effectively s-sparse vectors u € RY satisfying agu < o|julls < Bou. The explicit expression of
the function S is not really important — it is given in [7], along with a couple of useful properties.
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The one property we shall exploit here is the fact that, for any 5’ > 0, there is a constant vg > 0
such that

(17) dfiit) > vy whenever t € [O,ﬁl,u]-

2.3 Tessellation of the ‘effectively sparse sphere’ under perturbation

Early theoretical works such as [9, 1I] made it apparent that the one-bit compressive sensing
problem is intimately connected to a tessellation property for the sets of fo-normalized genuinely
and effectively sparse vectors. A stronger tessellation property for arbitrary sets was studied in [12],
but it does not seem to incorporate the result needed here, except in case there is no prequantization
error (e = € = 0). Precisely, we need the fact that there are absolute constants ", v”, ¢, d",w" > 0
such that, if m > x”6 ?sIn(eN/s) and if A € R™*" is a random matrix populated by independent
N(0,1/m) entries, then with probability at least 1 — v" exp(—c”’6?m), for all effectively s-sparse
x,x' € RV and all e, e’ € R™ satisfying ||e|2 < w”||x||2 and ||€/||2 < w"||x'||2, one has

/
<o {2, 1921

Il [l

X x/

Ixll2 1]l

(18)  |sgn(Ax +e) = sgn(Ax' + e/)} N [ ‘

2
The proof of this statement is included in the appendix.

2.4 Simultaneous (/5, {;)-quotient property

In standard compressive sensing, the so-called quotient property introduced in [I3] is crucial to
establish that ¢;-minimization is robust in the absence of an a priori bound on the measurement
error. A slightly stronger statement is valid, namely there are absolute constants ¢, d"” > 0 such
that, if N > 2m, then a Gaussian matrix A € R™*V satisfies, with failure probability at most
exp(—c”m), the property that

lufl2 < d”|le]l2,
Jully < d"\/5.]ellz,

where the notation s, := m/In(eN/m) has been used. This statement is obtained by combining
Theorem 6.13, Lemma 11.16, and Theorem 11.19 of [§].

(19) for all e € R™, there exists u € RY with Au = e and {‘

3 Small Magnitude Regime

In this section, we place ourselves in the situation where

(20) Ixll2 < ap/m,
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with constant o > 0 selected as (recall the introduction of the constant ps in Subsection [2.1))
(21) o= Y22

2
and with parameters 7, > 0 chosen to satisfy

8
22 v > max{1,0}, 0:=-—r, and v > .
(22) Woy =g
The performance of the recovery procedure introduced in is attested by the following result,
which generalizes the one announced in @ from genuine sparsity to effective sparsity.

Proposition 1. Suppose that A € R™*" is a random matrix populated by independent Gaussian
entries with mean zero and standard deviation 1//m. There are absolute constants , v, ¢, C, D > 0
such that, if m > ksln(eN/s), then with probability at least 1 — v exp(—cm), one has

(23) I — App(S(Ax + @)z < f/’;os(xn Dy

for all effectively s-sparse vectors x € RY satisfying ||x||2 < apu/m and all e € R™ with |le|2 < 7.

Proof. We separate two cases based on the size of the presaturation error.

M\F

Case 1: n >

Let v € R™ be defined by v; = y; for ¢ € Znonsat, vi = —p for i € Thegsat, and v; = 4 for ¢ € Ipogsat-
We claim that the couple (0,v) € RY x R™ is feasible for the optimization program of . Indeed,
if (z,w) = (0, v), then the constraints are satisfied by virtue of

= Y, (&S Znonsat;y
— M, (XS Znegsatv
+Na 1€ Ipossata

(24) (aj,z) +w; =v; <
>

as well as ||wl||2 < uy/m < 01 < yn and of course ||z[s = 0 < 4/py/m. This implies that x* = 0,
and hence that

(25) |x — xF||o = [|x]|2 < apv/m < abn,

which implies the required estimate with D = o = 4/3.

Case 2: n < M\F

With k chosen as k := max{ka, K3}, the assumption m > ksln(eN/s) guarantees that both the
restricted isometry property of order s with constant 6 = 9/16 (so that /1+0 = 5/4)

7
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and the democratic robust null space property of order s hold, which occurs with failure
probability at most vg exp(—c2(9/16)%>m) + v3 exp(—csm) < vexp(—cm), where v := vs + v3 and
¢ :=min{c1(9/16)%, c3}. In view of (13), we have on the one hand

5
(26) A2 < V14 6]x]2 < Jom/m.
On the other hand, with mg, denoting the cardinality of Zg,¢, we also have
(27) [Ax]l2 = |ly —ellz = [[yllz = llellz = [[yzuacll2 = 7 = #v/Msar —

By combining and , we derive

py/m
.

5 1 .
(28) Mgat < (4a + 9> \/m = \//73\/7%7 1.e., Mnonsat = M — Mgat = (1 - pS)m'

Thus, we can apply to obtain
< O3 (115t ‘
(29) [x —x*l2 < E(HX I = [Ix[[x + 204(x)1) + D3| Az (x = xF)|2-

We notice that ||x*||; < ||x||1 because the couple (x,e) € RV x R™ is feasible for the optimization
program (8]). We also notice that

(30) ||AInonsat (X - Xﬁ)Hz S ||yInonsat - AInonsatX”2 + ”yInonsat - AInonsatXﬁH2
= Jlezuomeal2 + €5, 12 < llella + [l€fl2 < n+m = (1+7)n.

All in all, we arrive at

2C
(31) I =l < 20 ()1 + Da(L+7)m,
which is the required estimate ([23)) with C' = 2C3 and D = D3(1 + 7). O

4 Intermediate Magnitude Regime

In this section, we place ourselves in the situation where

(32) apym < [x|2 < Buv/m.

The constant a > 0 is the same as in Section [3, and the constant 5 > « is arbitrary, although we
think of it as a fixed multiple of &. The parameters ,~" > 0 are chosen to satisfy

(33) v>1 and v > B.

The following result quantifies the performance of our recovery procedure, again generalizing the
result announced in from genuine sparsity to effective sparsity.
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Proposition 2. Let § € (0,0,), 0, := min{1/2,3av.,/64}. Suppose that A € R™*N is a random
matrix populated by independent Gaussian entries with mean zero and standard deviation 1/y/m.
There are constants v > 0, x,c,C > 0 depending on v/, and D > 0 depending on 7 and ~' such
that, if m > k6 9sIn(eN/s), then with probability at least 1 — v exp(—cd?m), one has

(34) [x = A1y (S(Ax +e))l2 < Cdllx[l2 + Dn

for all effectively s-sparse vectors x € RY satisfying auy/m < ||x||2 < Buy/m and all e € R™ with
lell2 < n.

Proof. We again separate two cases based on the size of the presaturation error. In what follows,

the constant 6 > 0 is chosen large enough to ensure that

and L <W

(35)

uf

Case 1: n >

We simply take into account the constraint ||xf|ls < 7/uy/m, while also keeping in mind that
Ix|l2 < Buy/m, to arrive at

(36) I = xFl2 < x|z + [[xF|2 < (8 + 7 )uv/m < 2960,

which implies the required estimate with D = 2+'6.

Case 2: < M\F

With x := 16max{x'(a/4,7'),x"}, the assumption m > kd“sln(eN/s) guarantees that the
saturated restricted isometry property holds for effectively 16s-sparse vectors in the magnitude
range [a/4u\/m,~ py/m] and that the tessellation property holds for effectively 16s-sparse
vectors. The failure probability is at most v’ exp(—c'62m) +v" exp(—c”§?m) < v exp(—cd?m), with
v=v"4+0v" and ¢ = min{c, ¢’}. We now shall proceed in three steps, namely:

(i) proving that x* is effectively 16s-sparse and satisfies
(37) aopy/m < [ s < Bopv/m,
where o := «/4 and Sy := +/;

(ii) proving that the magnitudes of x and of x* are close, in the sense that
(38) Ixllo — [[xFl2| < C16]Ix[|2 + Din

for some constants C7, Dy > 0;
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(iii) proving that the directions of x and of x* are close, in the sense that

X Xjj

n
(30) |l - < O+ Dy
[z [1x*l2 ] [P
for some constants Co, Dy > 0.
The required estimate (34) will follow from
(40) I = lls < [Ixllz = %] + il | o = g | < Calxlla + Dn
Ixll2 [I=F21]],

with C = C1 + Cy and D = D 4+ Dy. Thus, it remains to establish , , and . The proofs
of ({i) and are intertwined in order to assemble a shorter argument centered around the vector

Xt e > X2

X—f—xti
2

)

(41) X =
if [|xto < ”‘2”2

We note, on the one hand, that ||x*||; < [|x||1 because (x, e) is feasible for the optimization program
in (§), and consequently ||x’[|; < ||x||1, too. On the other hand, we observe that

It > 212 i, > IEl2
(42) <12 > N n 2
bl il sl e, < Dl

Therefore, it is always the case that x” is effectively 16s-sparse, since

Il

43) 2l = T/

< 44/s.

Moreover, we have ||x"[|2 > ||x||2/4 > (a/4)p/m, as well as ||x°||z < max{||x||a, [|xF]|2} < v/ pu/m.
At this point, we have almost established , except that it concerns x” instead of xf. Still, the
saturated restricted isometry property allows us to write

(449) (1-5)m$ ('ﬁ) < ISAR)1 < (1+9)m S (”j'%z) |

Similarly, because x itself is effectively 16s-sparse and in the magnitude range [cou\/m, Bopr/m],
the saturated restricted isometry property also allows us to write

(45) - oymd (B8 < s < a+oyms (L),

10
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With €” € RN defined as €” = ef if ||x!||s > ||x||2/2 and €” = (e +e?)/2 if ||x¥||2 < ||Ix||2/2, We have

(46)  [IS®)Ih — IS(Ax) | < [sv) - s(ax) | = ||S(ax’ + &) - S(ax)||
-3 [S(tai, x") + ) — S(tai, x))| < S Lip@)el =3 Il < vale'lls
=1 =1 i=1
< Vmmax{|lez, lef]l2} < vmyn.

In a similar fashion, we would derive

(47) ISl = 1S(A%) 1| < vimn.
Therefore, we obtain

(48) S(AX)]l1 — [S(AX) 1| < (7 + D)V,

In view of and , it follows that

~/||x ~(||x
(19) s(” ”2>s<” ”2)<11|18<Axb>ul1118<Ax>|h

Jm Jm) ~1-=6m 1+d0m
25 1 ) 11 b
= 5 SAX) |t o (IS(AX) 1~ 8(A%)]))
26 1 (y+1)n

<
S-S um

This bound is in fact valid not only for the left-hand side itself but also for its absolute value,

because we can exchange the roles of x” and x in the argument. Note that also implies

g ESE _ 5[ Il 1°ll2 f1xl2
NLD NLD

vmoym

Z V’y’

9

(50)

hence we can deduce that

2 1
(51) 2 — [clo| < 2oy O+

< 046 D
- I/,y/(l — 52) 1/7/(1 + 5) — Cl ”X||2 + 17,

where C; := 8/(3avy) and D; := (y+ 1)/v,. We have almost established (i), except that again
it concerns x” instead of xf. But in reality x* = x, since ||x¥||2 < [|x/|2/2 cannot occur, otherwise

x+xti
2

= il + [

2 llo =
(52) 1" |2 = 5

<2l
4 25

which would contradict
Dr
(53) [1xl|2 > [Ix[l2 — ‘IIXsz - HXHQ‘ > [|x[l2 = (Cié|x[[2 + D1n) > [|x[|2 — <015||XH2 + aHHXHz)

when ¢ < d, and are enforced. Thus, (i) and have now been truly established. To conclude,
we have to verify that is valid. To do so, we remark that x,x? € RN are effectively 16s-sparse

11
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vectors that satisfy sgn(Ax + e) = sgn(Ax! + e), as a consequence of S(Ax + e) = S(Ax* + &),
and that [e]|2 < w”|[x]|2 and [[e*]l2 < w”[[x*|l2, as a consequence of

i
HeHQ < n < 1 <" and He H2 < I <%§w//.
6%

Ixllz = apy/m = af = %2~ aopy/m —
Therefore, the tessellation property yields

(54)

# d"
X X m 7Y
(55) ‘— <d+d"'———=<d+ ,
xll2 [1x]l2 |l aofin/m ao/B |[%|l2
which implies with Co =1 and Do = 4d”~y+'/a. The proof is now complete. O

5 Noise-ignoring /;-minimization

The noise-cognizant procedure intoduced in requires the knowledge of an upper bound 7 on the
magnitude |e||2 of the presaturation error. Can we derive recovery estimates similar to (6)) and
even without this knowledge? We only give a partial affirmative answer to this question by showing
that @ can still be guaranteed in the small magnitude regime. The recovery procedure consists in
simply ignoring the presaturation error, i.e., pretending that n = 0, and in outputting

S(Az) = S(y),

56 x* = A10(S(y)) = argmin ||z||; subject to
(56) (Sv)) 2] e

zeRN

even if the sparse vector x € RY to be recovered from S(y), y = Ax + e, is not feasible for this
optimization program. With 6 still denoting the constant appearing in , the parameter +" is
chosen to satisfy

d///

(57) 7" > max {d”’,a + 9} :

Proposition 3. Suppose that A € R™*" is a random matrix populated by independent Gaussian
entries with mean zero and standard deviation 1//m. There are absolute constants ', v,¢,C, D > 0
such that, if N > 2m and m > k’sIn(eN/s), then with probability at least 1 — vexp(—cm), one
has

(58) I — Aro(S(Ax + )2 < %asoc)l + Dllell

for all effectively s-sparse vectors x € RY satisfying ||x||2 < au+/m and all e € R™.

Proof. First of all, we remark that x* is properly defined, i.e., that the optimization program in
is feasible. To see this, we observe that the hypotheses of Proposition |3| guarantee the validity of

12
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the simultaneous (¢2, £1)-quotient property , which we invoke to justify the existence of z € RV
such that Az = S(y), hence S(Az) = S(y), and

(59) Izll2 < d"IS(Y)]l2 < d” pv/m < A" py/m.

At this point, we still separate two cases based on the size of the presaturation error.

py/m
o

Case 1: |lel|s >

We simply that into account the constraint ||x*|l2 < ~”u+/m, while also keeping in mind that
1x[]2 < apy/m, to obtain

(60) e = x*[l2 < fIxll2 + [[x*]|2 < (e +7")pv/m < (a +9")0]e]l2,

which implies the required estimate with D := (a+~")0.

u\f

Case 2: |e]]2 <
We observe that m > k’sIn(eN/s) implies m > k’sIn(eN/m), i.e., that s < |s./k'] =: s’. Thus, by
monotonicity of the right-hand side of , it is enough to prove the result for s = s’. By choosing
the constant ' > 0 large enough to have x’/(1+41In(x’)) > k, where £ > 0 is the constant appearing

in Proposition [1} we claim that m > ks’ In(eN/s'). Indeed, from s’ < s/’ = m/(x' In(eN/m)), we
derive that s’/m < 1/«/, and in turn

/ /
(61) m > rk's'In <6N> k's'In < N) +l-€m(81n (s))
m s m m
N 1 1 N
>k () +xm(—In(=)) =#'sh( —mln(x'),
s K K s

So a rearrangement gives

K eN eN
2 > ¢In > 1
(62) T I(e)” (8') Sn<8’>’

as claimed. We can now replicate the argument in the proof of Proposition |1, Case 2 (based on
the restricted isometry property and the democratic robust null space property , both of
order ') until to arrive at

Cs
(Il = lIxll1 + 205(x)1) + D3|l Az, (x — X7)[2-

=V
We again invoke the simultaneous (¢, ¢1)-quotient property to guarantee the existence of
u € R such that

(63) |Ix — x

[ulla < d”[lell2,

(64) Au=e with
lull < d"/s:le]2.
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We remark that the vector x + u is feasible, because the first constraint is satisfied by virtue of
A(x +u) = Ax + e =y and the second constraint is satisfied by virtue of

(65) Ix +ull2 < [[x]l2 + [[ullz < apvm +d"|le]2 < apy/m + d,,,u\gﬁ <"uv/m.
Then, the minimizing property of x* yields

(66) I < x4+ ully < JIxlly + [[ully < JIx(l + d"'v/s:lell2-
Furthermore, since the constraint S(Ax*) = S(y) imposes Az, .. X" = YT,....., We have
(67) [AZyonsa (X = X5)||l2 = | AL e X = Ynonsar 12 = €Z00nsac [l2 < [l€]l2-

Substituting and into gives

N Cs , ., 2C5 Csd"”
(68) [[x —x*[]2 < ﬁ(d Vs«llell2 + 204 (x)1) + Dsllel[2 < ﬁas’(x)l‘*‘ W + D3 | [le]l2,

which implies the required estimate with C' = 2C3 and D = v/2k'C3d" + Ds. O

6 Numerical Validation

We have implemented the noise-cognizant recovery procedure described in using cvx [I], a
package for specifying and solving convex programs. The noise-ignoring procedure does not
require a separate implementation, as it is just the procedure with parameter v set to zero.
Our implementation can be downloaded from the first author’s webpage, along with the MATLAB
file containing the code to reproduce the experiments presented below. By no means do these
experiments constitute an exhaustive investigation. They are included here for illustrative purposes
only and one should refrain from drawing any strong conclusions out of them.

6.1 Influence of the magnitude 7 of the presaturation error

In a first experiment, see Figure we run the noise-cognizant /1-minimization (8) on several random
s-sparse vectors x € RV with varying magnitude ¢ = ||x||o acquired through inaccurate saturated
measurements S(Ax + e) € [—u, +u]™. We can discern two regimes depending on the magnitude
of x: when £ is small, the recovery error is roughly constant and when £ passes a certain breakpoint,
the recovery error depends somewhat linearly on €. Our theory suggests a breakpoint independent
of the bound n on the ¢5-norm of the presaturation error e, which is empirically compelling when
7 is small. Note that the recovery error grows with 7 in the small magnitude regime, but that this
intuitive phenomenon is dampened in the intermediate magnitude regime.

14
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N=200, m=80, s=5, u=1, v=2, v'=10
(average over 50 random tests)

6
7=0.3
—n=0.1
S| —1=0.03
—n=0.01

Figure 1: Recovery error € = ||x — x*||2 vs magnitude & = ||x||2 of the sparse vector to be recovered
6.2 Influence of the parameters v and 7’ of the /;-minimization

In a second experiment, we inquire into the best empirical choices of parameters v and 7/ in
the noise-cognizant ¢;-minimization . With the same problem dimensions as in the previous
experiment, we consider one sparse vector in the small magnitude regime and another sparse vector
in the intermediate magnitude regime. For each of these two vectors, we run the noise-cognizant
procedures for several different values of v and 7/ and we record the corresponding recovery errors.
The results are displayed in Figure In both cases, the experiments confirm the intuition that
better recovery occurs when the parameter v > 1 in the constraint ||wlj2 < 77 is close to one. As
for the parameter 4/ in the constraint ||z||s < ~'u+/m, it seems to have no influence on the accuracy
of the recovery. This suggests that one could just remove this constraint from the optimization
program. Unfortunately, we were unable to establish theoretical guarantees in this situation.

N=200, m=80, s=5, u=1, 1=0.2, (=5 N=200, m=80, s=5, =1, n=0.2, {£=13

(a) Small magnitude regime (b) Intermediate magnitude regime

Figure 2: Relative recovery error € = ||x — x*||2/||x||2 as a function of the parameters v and ~/
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6.3 Comparison of the noise-cognizant and noise-ignoring minimizations

In a third and final experiment, we test the noise-ignoring ¢;-minimization and compare
its performance with the noise-cognizant ¢;-minimization , see Figure Besides the obvious
advantages that does not require any (over)estimation 7 of ||e||2 to be run and that it is faster
than (since the optimization program features less variables and less constraints), it also appears
to be slightly more accurate, at least for certain parameter values. Unfortunately, we were unable
to establish full theoretical guarantees for the noise-ignoring procedure.

N=200, m=80, s=5, ;.=1, v=2, v'=10 ,7=0.03
(average over 50 random tests)

5
——noise-cognizant (time=8.94 min)
——noise-ignoring (time=5.24 min

4t

3l

w

2+t

1L

0

0 5

Figure 3: Recovery error € = ||x — %||2, X € {x*,x*}, vs magnitude ¢ = ||x||2 of the sparse vector
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Appendix

Proof of the restricted isometry property for effectively sparse vectors

We justify here that the restricted isometry property , valid for effectively s-sparse vectors,
is a consequence of the restricted isometry property , valid for genuinely 2s-sparse vectors, in

which 6 is replaced by 6/4. To do so, given an effectively s-sparse vector z € RY, we use the

sort-and-split technique to decompose [1 : N] into index sets S, S1,S2, ... of size s in such a way

that Sy corresponds to s largest absolute entries of x, S corresponds to s next largest absolute

entries of x, etc. We then write

(69)

12l 213 = |((A"A ~ D) = |{ (A"A - D, s,

k>0 k>0

Z«A*A —Dzsg,, Z5k>

k>1

< [((A*A = TD)zs,, 25,)| + 2 +| Y (A*A - Dzs,, 75, |.

ke>1
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Thanks to the restricted isometry for genuinely sparse vectors, the first term in the right-hand side
of is bounded as

. é 5
(70) [((A"A = D)zs,, 25,)| < ZlIZso!@ < lele%-

As for the second term in the right-hand side of , again thanks to the restricted isometry for
genuinely sparse vectors, it is bounded (see [8, Proposition 6.3]) via

) 5
< Z |<(A A — I)ZS()?ZS;@H < Z ZHZSO||2HZS]€||2

k>1 k>1

[ s |h 5 Izl _ o
< Gl 37 2R < S, a2 < Sl elall < Slal
k>1

Finally, the last term in the right-hand side of satisfies

. 5
< ) {(A*A —T)zg,,25,) < > 1lzsill2llzs, |2

k,>1 k,>1

(;qukuz) <S(MEh) < 2y

(71) Z«A*A - I)ZSk7ZSU>

k>1

(72) > ((A*A ~Tjzs,,zs,)

ke>1

All in all, we arrive at

(73) |[[Az]3 — [lz]3] < ap H2+2 l2l3 + HZH§=5HZH§,

— 4

which directly implies the required result.

Proof of the democratic robust null space property

We justify here a second statement made in Subsection namely that the democratic robust
null space property is a consequence of the restricted isometry property. So let us assume that
A € R™N is a Gaussian matrix with m > k3sln(eN/s), where k3 = (81/128)x1/(1 — p3) and
p3 € (0,1) is to be chosen later. Setting § = 9/16, say, and fixing a set Z C [1 : m] of size m’
at least (1 — p3)m, we have m’ > k107 2(2s)In(eN/2s), so that the matrix \/m/m/Az satisfies
the standard restricted isometry property of order 2s with constant § with failure probability
at most v1 exp(—c18?m’). Then, as T is allowed to vary, all the matrices \/m/m’Az satisfy the
standard restricted isometry property of order 2s with constant § with failure probability at
most

(74) 3 (Z) X vy exp (—erd%m) < <6>p3m s« vn exp (—c18%(1 — pg)m)

m>(1—pg)m ps

= V1 exp (pgm In (6) — 0152(1 — p3)m> < wviexp <—%62m> ,
P3
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provided p3 is chosen small enough to guarantee that p3In (e/ps) < ¢16%/4 < ¢16%(1 — p3)/2. Then,
Theorems 4.25 and 6.13 of [8] ensures that, for all Z C [1 : m] of size m’ > (1 — ps)m and for all
x,z € RV,

(75) Ix —zl2 < —=(llzlli — lIx[ly + 205(x)1) + Dl[v/m/m'Az(x — z)|2

= (llzllx = [xl[x + 205(x)1) +

Sn5)n

D
——|Az(x —2z)|2,
¢T;QH (x )|
which is Property (14]) with C3 = C and D3 = D/+\/1 — ps.

Proof of the tessellation property under perturbation

We finally justify the tessellation property for the ‘effectively sparse sphere’ in the presence of
prequantization error. To do so, we recall from [2, Theorem 3] that there are absolute constants
K", 0" " d" w" > 0 such that, if m > k"6 "sln(eN/s) and if A € R™¥ is a random matrix
populated by independent N'(0,1/m) entries, then with probability at least 1 — v” exp(—c”§%m),
for any s-sparse x € RV and any e € R™ satisfying ||e||2 < w”||x]|2, one has

X H!(ATsgn(Ax +e))
(B3[P

<5+d”|| H2

(76) 2 B3[P

where H'(u) is the fo-normalized output of a hard thresholding procedure with input u € RY. We
are now going to prove that this remains true (up to some changes in the constants and in the
power of 6~ 1) when x € RY is effectively, rather than genuinely, s-sparse. Therefore, if x’ € RY is
another effectively s-sparse vector and if € € R satisfies ||€/[|2 < w”||x||2, since (76)) also holds for
x" in place of x, a triangle inequality gives in the form

o X X’ " lellz [le']l
(77)  |sgn(Ax +e) =sgn(Ax' +¢€)| = | |70 — 7 < 2§ + 2d" max T .
Ixll2 (1%l [l [1x[l2 1% |2
So, given an effectively s-sparse x € RY and e € R™ with |le|l2 < w"”||x]||2, w” to be chosen later,
we use the sort-and-split technique to decompose [1 : N] into index sets T' = Tp, T, T, . . . of size

t = [672s] in such a way that Tj corresponds to t largest absolute entries of x, T} corresponds to ¢
next largest absolute entries of x, etc. Interpreting sgn(Ax-+e) as sgn(Axr+e) with € := Axy+e,

[70) gives

(78) ] T

e S I
XT|[2

— H/(ATsgn(Ax +e))
2 %zl

so long as |[€]l2 < w”||xr||2- But this can be fulfilled if § and w” are small enough to guarantee

that 56/4 + w"” < (1 —§/2)w”, in view of the estimates, to be established below,
- 59
(79) Bl < (5 4 ) Il
§
(80) Perflz = | 1= ) lIx2.
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To establish , we invoke [8, Theorem 2.5] and the effective sparsity of x to write

1 1 /s 1)
81 =l < —— < 24 /= < =
(81) Il < =l < 3 2lbcla < Sl

so that [|xz2 > [x]l2 — [[xF]l2 > (1 —6/2) |x||2, as announced. To establish (79)), since we can
assume that A has the restricted isometry property of order ¢ with constant 9/16, say, we have

(82) [Axzl2 = || Y Axp || <) Axgllz <> V/1+9/16]x1l2
E>1 2 k> E>1
7 lls _ 5 lIxlh _ \/>
fZ < < x| |M2
= Vi RV

The estimate then follows from |le[|s < w”||x||2 and

~ 56
(83) lellz < [Ax7ll2 +[lefl2 < —=lix[l2 + [lef]2.
We have now validated . Next, we take into account that

oo xxr) [l — llxrfl2 _ %113 = lIxrll3
2 1x|l2]|x7[l2 %[l [Ixl2(][x[2 + lIxz[]2)
2xpl3 s 42

Sl w4

X XT

Ixll2 [l

s |

In view of and of , a triangle inequality gives

e 4
x < 30 gr el 30 L (Bo/]xla + llella o o lell2

o 2 xrll T2 (1—=6/2)[Ix]2 Il

with ¢ = 3/2 4 5d”/2 and d = 2d”. This concludes the proof.

(85) ’ — H/(ATsgn(Ax +e))

[Ix]l2

20



	Introduction
	Technical Tools
	Standard restricted isometry property and consequences
	Saturated restricted isometry property
	Tessellation of the `effectively sparse sphere' under perturbation
	Simultaneous (2,1)-quotient property

	Small Magnitude Regime
	Intermediate Magnitude Regime
	Noise-ignoring 1-minimization
	Numerical Validation
	Influence of the magnitude  of the presaturation error
	Influence of the parameters  and ' of the 1-minimization
	Comparison of the noise-cognizant and noise-ignoring minimizations


