Houston Journal of Mathematics

© 2050 University of Houston Volume 76, No. 1, 2050

POWER TYPE UNIFORM CONVEXITY OF X VIA p-ASYMPTOTIC UNIFORM CONVEXITY OF L_r(X)

CÉSAR L. GARCÍA AND WILLIAM B. JOHNSON

Communicated by Gilles Pisier

Abstract. We show that if L_r (X), 1 < r < ∞, has an asymptotically uniformly convex renorming of power type then X admits a uniformly convex norm of power type.

1. Introduction

Early in the 1970s P. Enflo [E] characterized superreflexive Banach spaces as those Banach spaces which admit an equivalent uniformly convex norm. A few years later G. Pisier [P] showed that in fact a uniformly convex renorming of ‘power type’ could be obtained, thus improving Enflo’s result and generalizing the corresponding known result for Banach lattices proved in [FJ]. Here power type means that the modulus δ_X(t) of uniform convexity of X satisfies δ_X(t) ≥ K t^p for some constants K > 0 and p < ∞ (in this case we say that X is p-convex or that the norm in X has power type p).

Pisier’s argument shows that there is an equivalent uniformly convex norm of power type p on X if and only if for some constant C an inequality of the form

Received by the editors April 20, 2001.

2000 Mathematics Subject Classification. 46B20, 46B99.

Key words and phrases. asymptotically uniformly convex, asymptotically uniformly smooth, Lebesgue-Bochner spaces, martingale.

Both authors were supported in part by NSF grant DMS-9623260, DMS-9900185, and by the Texas Advanced Research Program under Grant No. 010366-163. 1

E‖X_0 ‖^p + ∑ n≥1 E‖X_n − X_{n−1}‖^p ≤ C^p sup_n E‖X_n ‖^p (1.1)

is satisfied for all X-valued martingales (X_n)^∞_{n=0}, and that it is sufficient for the condition to hold if we consider only the so called Walsh-Paley martingales (see Section 2 for definitions). A duality argument shows that the reverse inequality to (1.1) holds if and only if X admits a uniformly smooth renorming of power type p which means that the modulus ρ_X(t) of uniform smoothness of X satisfies ρ_X(t) ≤ K t^p for some constant K > 0.

In this paper we use a certain flexibility inherent in this martingale approach to show that if L_r(X), 1 < r < ∞, admits an asymptotically uniformly convex renorming of power type p then the inequality (1.1) holds for Walsh-Paley martingales when r = p. Thus, by Pisier’s argument, X has a uniformly convex norm of power type p. If r < p the same approach is used to obtain Maurey’s inequality in page 278 of [B] to show that X has a uniformly convex renorming of power type p^′ for every p^′ > p.

Using Theorem 4 from [DGK], Girardi [G, Observation 8] verified a qualitative version of the previous claim, which we state here as the following Remark:

Remark. ([G]) Let 1 < r < ∞. For a Banach space X, the following are equivalent. (a) X is uniformly convexifiable. (b) L_r(X) is uniformly convexifiable.

(c) L_r(X) is asymptotically uniformly convexifiable. (d) L_r(X) is asymptotically uniformly smoothable.

If the modulus of uniform convexity in (a) above is assumed to be of power type p then the corresponding modulus in (b) is also of power type p when r ≤ p [F].

2. Preliminaries

The notions of asymptotic uniform convexity and smoothness, among others, were studied more than thirty years ago by V. D. Milman, and a number of researchers investigated related concepts in the intervening years. The ‘asymptotic’ terminology was coined in [JLPS], where the moduli of asymptotic uniform convexity and smoothness are defined as follows:

Definition 1. For Y a subspace of X and x ∈ S_X let

δ_X(t, x, Y) = inf_{y∈Y,‖y‖≥t} ‖x + y‖ − 1 and δ_X(t, x) = sup

dimX/Y<∞

δ_X(t, x, Y).

We also put δ_X(t) = inf_{‖x‖=1} δ_X(t, x). δ_X(t) is called the modulus of asymptotic uniform convexity of X. We say that X is asymptotically uniformly convex (AUC, in short) if for all 0 < t ≤ 1, δ_X(t) > 0.

Definition 2. For Y a subspace of X and x ∈ S_X let

ρ_X(t, x, Y) = sup_{y∈Y,‖y‖≤t} ‖x + y‖ − 1 and ρ_X(t, x) = inf_{dimX/Y<∞} ρ_X(t, x, Y).

Set ρ_X(t) = sup_{‖x‖=1} ρ_X(t, x). We call ρ_X(t) the modulus of asymptotic uniform smoothness of X. When ρ_X(t)/t → 0, we say that X is asymptotically uniformly smooth (AUS, in short).

Basic properties of δ_X and ρ_X are described in [JLPS]. We list a few of them which will be useful in our context. Here δ_X(t) and ρ_X(t) are the moduli of uniform convexity and uniform smoothness of X respectively.

Proposition 2.1. (1) ρ_X(t) and δ_X(t) are non-decreasing Lipschitz functions and their Lipschitz constant are at most 1. δ_X(t) ≤ ρ_X(t) for all t and ρ_X(t) is also convex.

(2) If X_0 ⊂ X then ρ̄_{X0} (t) ≤ ρ_X(t) and δ̄_{X0} (t) ≥ δ_X(t) for all 0 < t < 1. (3) Let ρ_X and δ_X denote the moduli of smoothness and convexity of X. Then, 2ρ_X(t) ≥ ρ_X(t) and δ_X(t) ≤ δ_X(t) for all 0 < t < 1.

Note that (3) says in particular that a uniformly convex (smooth) space is asymptotically uniformly convex (smooth).

We say that δ_X is of power type p, 1 ≤ p ≤ ∞, if there is a constant K > 0 such that δ_X(t) ≥ Kt^p for all 0 ≤ t ≤ 1; and that ρ_X is of power type q, 1 ≤ q ≤ ∞, if there is a constant K > 0 such that ρ_X(t) ≤ Kt^q for all 0 ≤ t ≤ 1. In both cases t^∞ is interpreted to be zero. Subspaces of ℓ_p, for instance, have both asymptotic moduli of power type p (in fact δ_{ℓp} (t) = ρ_{ℓp} (t) = (1 + t^p)^{1/p} − 1) while for c_0 both moduli are identically zero for t < 1.

We turn now to X-valued martingales. Consider the probability space (Ω, A, P), where Ω = {−1, 1}^N, A is the Borel σ-algebra and, P is the Haar measure; i.e., on {−1, 1} we define P_n{−1} = 1/2 = P_n{1} and set P =

∏_∞ n=1 P_n. Let A_0 = {∅, Ω}, and, for n ≥ 1, let A_n be the σ-algebra generated by the first n coordinates of Ω.

A sequence (X_n)_{n≥0} is called a Walsh-Paley martingale if each X_n is an A_nmeasurable X-valued Bochner integrable function and ∫ A X_n dP = ∫ A X_{n+1} dP

for each A in A_n. The sequence of martingale differences is defined as d_0 = X_0 and d_n = dX_n = X_n − X_{n−1}.

Because of the particular nature of the probability space (Ω, A, P) and the filtration (A_n)_{n≥0}, the Walsh-Paley martingales admit a simple description (see [B, Part 4] for a more thorough explanation). Essentially, one obtains a subset of X of the form

{x_{ϵ1...ϵk} : 1 ≤ k ≤ n, ϵ_i = ±1}

where the x_{ϵ1 ...ϵk} satisfy

x_{ϵ1 ...ϵk} = 1 2 (x_{ϵ1 ...ϵk 1} + x_{ϵ1...ϵk −1}) (2.1)

and the martingale sequence is defined by

X_0 = 1 2 (x_1 + x_{−1}) and X_k(ϵ_1, ϵ_2, . . . ) = x_{ϵ1 ...ϵk} (2.2) for k = 1, . . . , n, and X_m = X_n for all m > n (we consider stationary martingales only).

In what follows L_r(X) is the space of A-measurable, X-valued Bochner integrable functions with (Ω, A, P) as before and equipped with its usual norm.

3. p-convex renorming of X

Our aim in this section is to prove the following

Theorem 3.1. If L_r(X), 1 < r < ∞, has an asymptotically uniformly convex renorming of power type p (p ≥ r) then X has a p-convex renorming when r = p and a p^′-convex renorming, for every p^′ > p, when p > r.

As we mentioned in the introduction, by Pisier’s theorem [P, Theorem 3.1] it is enough to show that for any Walsh-Paley martingale (X_n)_{n≥0} in L_r(X) the inequality (1.1) holds for the equivalent p-asymptotically uniformly convex norm in L_r(X).

Note that if (X_n)_{n≥0} is a Walsh-Paley martingale then it follows from (2.1) and (2.2) that

P[X_k = x_{ϵ1 ...ϵk} ] = 1 2^k

(3.1) and

[X_k = x_{ϵ1...ϵk} ] = [X_{k+1} = x_{ϵ1...ϵk 1}] ∪ [X_{k+1} = x_{ϵ1...ϵk −1}]. (3.2)

As a difference to Pisier’s argument [P], where Jame’s p-estimates for basic sequences in L_r(X) (in the form of martingale differences) are used, here, because of the definition of asymptotic uniform convexity, we need to have the martingale differences inside or ‘close to’ certain finite codimensional subspaces of L_r(X). The next lemma is a step in that direction.

Lemma 3.2. Suppose (X_n)_{n≥0} is a martingale satisfying (3.1) and (3.2) above for every k ≥ 0. Then for each k there exists a sequence (X_{k,j} )_{j≥k+1} such that X_{k,j} → X_k weakly in L_r(X) as j → ∞ and for every j, (X_0, . . . , X_{k+1}) has the same joint distribution as (X_0, . . . , X_k, X_{k,j} ).

Proof. Let r_j be the j^{th} coordinate projection in {−1, 1}^N (which corresponds to the Rademacher function r_j in L_r([0, 1]) via the canonical isometry between L_r(Ω, P) with L_r([0, 1])). Denote ϵ = ϵ_1 . . . ϵ_k. Then, on [X_k = x_ϵ] define X_{k,j} for j ≥ k + 1 by

X_{k,j} = x_{ϵ1} 1_{[rj =1]} + x_{ϵ−1} 1_{[rj =−1]} (3.3) where 1_A is the indicator function of A.

To show that X_{k,j} converges weakly to X_k, let ξ ∈ L_r(X)^∗. We assume for simplicity of the argument that L_r(X)^∗ = L_r′ (X^∗), where^1_r +^1_{r′} = 1. This is OK because the sequence (X_{k,j} )_{j≥k+1} takes values in a finite dimensional subspace of X. Thus we can assume, without lost of generality, that ξ = x^∗ ⊗ f for some f ∈ L_r′ (Ω) and x^∗ ∈ X^∗, because the linear span of such functionals is dense in L_r′ (X^∗). Then,

⟨X_{k,j} , ξ⟩ = ⟨x_{ϵ1} 1_{[rj =1]}, x^∗ ⊗ f⟩ + ⟨x_{ϵ−1} 1_{[rj =−1]}, x^∗ ⊗ f⟩ = (∫ [r_j =1]

f dP ) x^∗(x_{ϵ1}) + (∫ [r_j =−1]

f dP ) x^∗(x_{ϵ−1})

As j → ∞ the last expression converges to ( 1 2 ∫ Ω f dP ) x^∗(x_{ϵ1}) + ( 1 2 ∫ Ω f dP ) x^∗(x_{ϵ−1})

which is, by (2.1), equal to (∫ Ω f dP ) x^∗(x_ϵ) = ⟨X_k, ξ⟩.

The final statement is obvious.

Next lemma shows how to obtain power type lower estimates when the values of t, as in the definition of AUC, are large.

Lemma 3.3. Let δ_X be of power type p. Then there exists a constant c = c(p) so that for each x ∈ S(X) and t > 0 there exists a finite codimensional subspace Y = Y(t, x) of X so that if y ∈ Y with ‖y‖ ≥ t then

‖x + y‖^p > 1 + ct^p.

Proof. Suppose δ_X is of power type p. Then for ‖x‖ = 1, 0 < t ≤ 1, and 0 < α < 1, there exists a finite codimensional subspace Y = Y(t) of X such that δ_X(t, x, Y) > (1 − α)Kt^p. It follows that for y ∈ Y with ‖y‖ ≥ t we have

‖x + y‖^p > 1 + (1 − α)Kt^p.

A similar estimate holds if t has a big value:

Indeed, let b > 2 be fixed. If t > b and y ∈ Y is such that ‖y‖ ≥ t, then

‖x + y‖^p > (1 − t)^p ≥ 1 + ct^p

for some constant c since t > b > 2. Here Y(t, x) = X.

When 1 ≤ t ≤ b an estimate as above is also obtained since δ_X(1, x, Y(1, x)) ≤ δ_X(t, x, Y(1, x)).

We now prove Theorem 3.1.

Proof. Denote by ‖ · ‖_r the usual norm in L_r(X) and by ‖ · ‖ the equivalent norm in L_r(X) (i.e.,^1_κ ‖ · ‖_r ≤ ‖ · ‖ ≤ κ‖ · ‖_r for some κ ≥ 1) which satisfies δ_{Lr (X)}(t) ≥ Kt^p for all 0 < t < 1. Let (X̃_n)_{n≥0} be a Walsh-Paley martingale as in (2.2).

Let X_0 = X̃_0 and X_1 = X̃_1. Now, assume that X_0, . . . , X_k have been defined and consider^{Xk}_{‖Xk ‖} . If t =^{‖X̃k+1−X̃k ‖}_{κ2‖Xk ‖} then by lemma 3.3 there exists a finite codimensional subspace Y = Y(t, X_k/‖X_k‖) of L_r(X) such that for y ∈ Y with ‖y‖ ≥ t we have ‖ ‖ ‖ X_k ‖X_k‖ + y ‖ ‖ ‖ p > 1 + ct^p (3.4)

for some constant c.

Consider a sequence X_{k,j} weakly convergent to X_k as in lemma 3.2. Choose j_0 large enough so that the distance from^1_{‖Xk ‖} (X_{k,j0} − X_k) to Y (with respect to ‖ · ‖) is less than some ε > 0 so that the left hand side of (3.4) is still bigger than the right hand side of (3.4) plus ε. Set X_{k+1} = X_{k,j0} .

Observe that by the final part of lemma 3.2, the norms ‖X̃_{k+1} − X̃_k‖_r and ‖X_{k+1} − X_k‖_r coincide; hence, for y =^{Xk+1 −Xk}_{‖Xk ‖} we have ‖y‖ ≥ t. Then from (3.4) we have ‖ ‖ ‖ ‖ X_k ‖X_k‖ + X_{k+1} − X_k ‖X_k‖ ‖ ‖ ‖ ‖ p > 1 + c κ^{4p} · ‖X_{k+1} − X_k‖^p ‖X_k‖^p

(3.5)

which implies

‖X_{k+1}‖^p > ‖X_k‖^p + c κ^{4p}

‖X_{k+1} − X_k‖^p. (3.6)

Now, if n is the stationary point of the martingale then from (3.6) we have

‖X_n‖^p ≥ ‖X_{n−1}‖^p + c κ^{4p}

‖X_n − X_{n−1}‖^p.

A recursive computation shows that

‖X_n‖^p ≥ ‖X_0‖^p + c κ^{4p} n∑ k=1 ‖X_k − X_{k−1}‖^p

hence

‖X_n‖^p ≥ c κ^{4p} ( ‖X_0‖^p + n∑ k=1 ‖X_k − X_{k−1}‖^p )

changing back to the ‖ · ‖_r norm gives

sup_{n≥0} ‖X_n‖^p_r ≥ c κ^{6p}

(_n ∑ k=1 ‖X_k − X_{k−1}‖^p_r + ‖X_0‖^p_r ) . Thus for r = p and C = κ^6/c^{1/p} we have Pisier’s inequality (1.1) as desired.

When r < p we follow the argument in Part 4, Chapter IV, Section 2 of [B]. First notice that the steps in our previous argument show that the inequality

‖X_n − X_0‖^p_r ≥ c κ^{6p} n∑ k=1 ‖X_k − X_{k−1}‖^p_r

also holds.

This is the equivalent inequality for Walsh-Paley martingales to the inequality in line 3, page 278 of [B]. Now, by Hölder’s inequality we have

(_n ∑ k=1 ‖X_k − X_{k−1}‖^r

)_{1/r}

≤ n^{1r − 1p}

(_n ∑ k=1 ‖X_k − X_{k−1}‖^p_r

)_{1/p} . Thus we get

(_n ∑ k=1 ‖X_k − X_{k−1}‖^r

)_{1/r} ≤ κ^6 c^{1/p}

· n^{1r − 1p} · ‖X_n − X_0‖_r (3.7)

which is equation (2) on page 278 of [B]. There it is shown how to obtain from (3.7) a uniformly convex renorming of X of power type p^′ for every p^′ > p.

4. Final Remarks

1. We conjecture that Theorem 3.1 can have a stronger statement, namely, that the p-convex renorming of X can be obtained even in the case r < p from the p-asymptotic uniform convexifiability of L_r(X).

2. It is interesting to observe that although ℓ_1 is the most asymptotically uniformly convex space, in the sense that δ_{ℓ1} (t) = t, the space L_1, hence also, L_1(X), cannot be given an asymptotically uniformly convex renorming since L_1 fails the point of continuity property (PCP) (see, e.g., [EW] for more information on the PCP) and this property is implied by being asymptotically uniformly convex [JLPS, Proposition 2.6].

3. The analogue of Theorem 3.1 for q-smoothness assuming q-asymptotic uniform smoothness of L_r(X) holds as well via our approach in the case r = q since there is a reverse inequality to inequality (1.1).

Indeed, from [P] we have that a Banach space X is q-smooth if for some constant C the following inequality is satisfied for all Walsh-Paley martingales, sup_n E‖X_n ‖^q ≤ C^q

E‖X_0 ‖^q + ∑ n≥1 E‖dX_n ‖^q

First, the corresponding lemma to lemma 3.3 holds as the inequality (1+s^q)^q ≤ 1+2qs^q holds for small values of s. Note that for t ≥ 1 we have a similar estimate since in general for ‖x‖ = 1 and t ≥ ‖y‖ ≥ 1, ‖x + y‖^q ≤ 1 + 2^qt^q.

Then, following the argument of Theorem 3.1 with the modulus of asymptotic uniform smoothness instead of the modulus of asymptotic uniform convexity, we obtain an inequality similar to (3.6); i.e., for some constant c̃, ‖X_k‖^q < ‖X_{k−1}‖^q + c̃ ‖X_k − X_{k−1}‖^q, from which the result follows.

For the case r > q one can proceed by duality since it is known that δ_X∗ (·) and ρ_X(·) are equivalent to the dual Young’s function of each other in the reflexive case (see, e.g., [GKL] but note that there a different language is used for the notions of AUC and AUS). Note that we can assume that X is reflexive since it is known that the inequality (3.6) and the correspondent inequality for smoothness are equivalent to X being superreflexive (see, e.g., [W, Theorem 3.2]). Thus from the equivalent q-asymptotically uniformly smooth norm of L_r(X) one obtains the p-asymptotic uniform convexity of L_r′ (X^∗),^1_r +^1_{r′} = 1. Hence by Theorem 3.1 there is for any p^′ > p, an equivalent uniformly convex norm on X^∗ of power type p^′ and by the Lindenstrauss duality formula X is q^′-uniformly smooth, where q^′ is the conjugate exponent of p^′.

Acknowledgment. The authors would like to thank the Referee for all the revisions and useful remarks on the preliminary version of this paper.

References

[B] B. Beauzamy, Introduction to Banach Spaces and their Geometry, Second edition, North-Holland Mathematics Studies 68, North-Holland Publishing Co., Amsterdam, 1985.

[DGK] S. J. Dilworth, M. Girardi, D. Kutzarova, Banach spaces which admit a norm with the uniform Kadec-Klee property, Studia Math. 112 (1995), no.3, 267–277.

[E] P. Enflo, Banach spaces which can be given an equivalent uniformly convex norm, Israel J. Math. 13 (1972), 281–288.

[EW] G. A. Edgar, R. F. Wheeler, Topological properties of Banach spaces, Pacific J. Math.

115 (1984), no.2, 317–350.

[F] T. Figiel, On moduli of smoothness and convexity, Proceedings of the Seminar on Random Series, Convex Sets and Geometry of Banach Spaces, Math. Inst., Aarhus Univ., Aarhus series 24 (1975), 67–70.

[FJ] T. Figiel, W. B. Johnson, A uniformly convex Banach space which contains no ℓ_p, Compositio Math. 29 (1974), 179–190.

[G] M. Girardi, The dual of the James tree space is asymptotically uniformly convex, preprint (http://front.math.ucdavis.edu/math.FA/0004166/).

[GKL] G. Godefroy, N. J. Kalton, G. Lancien, Szlenk indices and uniform homeomorphisms, preprint (http://front.math.ucdavis.edu/math.FA/9911017).

[JLPS] W. B. Johnson, J. Lindenstrauss, D. Preiss, G. Schechtman, Almost Fréchet differentiability of Lipschitz mappings between infinite dimensional Banach spaces, preprint (http://www.math.tamu.edu/∼johnson/selpubs.html).

[P] G. Pisier, Martingales with values in uniformly convex spaces, Israel J. Math. 20 (1975), 326–350.

[W] W. A. Woyczyński, Geometry and martingales in Banach spaces, Lecture Notes in Mathematics, no. 472, Springer-Verlag, Berlin-Heidelberg-New York, 1975, pp. 228–275.

Department of Mathematics, Texas A&M University, College Station, TX 77843, U.S.A.

E-mail address: clgarcia@math.tamu.edu

Department of Mathematics, Texas A&M University, College Station, TX 77843, U.S.A.

E-mail address: johnson@math.tamu.edu