NEW SUBEXPONENTIAL FEWNOMIAL HYPERSURFACE BOUNDS
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ABSTRACT. Suppose ¢1, ..., Cn1i are real numbers, {aq,...,an+r} CR™ is a set of points
not all lying in the same affine hyperplane, y € R", a; - y denotes the standard real inner
n+k

product of a; and y, and we set g(y) :=>_ ;"  c;e®¥. We prove that, for generic c;, the

2
number of connected components of the real zero set of ¢g is O (n2 + \/ik (n+ 2)k_2>. The

best previous upper bounds, when restricted to the special case k=3 and counting just the
non-compact components, were already exponential in n.

1. INTRODUCTION

Estimating the number of connected components of the real zero set of a system of polyno-
mial equations is a fundamental problem occuring in numerous applications. For instance, in
robotics [WMS92] [CM93], chemical reaction networks [JS17], economic modelling [McL03],
and complexity theory [Koill], information on the topology of the underlying zero set is
sometimes at least as important as numerically approximating solutions. We derive topolog-
ical bounds in the broader context of real exponential sums, significantly sharpening older

bounds from fewnomial theory [Kho91l [BS09].

Definition 1.1. For any field K we let K*:= K \ {0}. Let A€ R™ ") have j% column
aj and let c1, ..., cppp €R*. We then call g(y) ::22.21 cje® q (real) n-variate exponential
(n+ k)-sum, and call A the spectrum of g. We also let c¢g:=(c1,. .., cotr). Finally, for any
function h : C* — R, we let Zc(h), Zr(h), and Z,(h) respectively denote the zeroes of h
in C", R", and R"} (the positive orthant). ©
Note that when A € Z"*("+%) there is an obvious f € R[mfl, e ,xf}, with exactly n + k
monomial terms, such that g(y) = f(e¥,...,e¥%") identically, and the zero sets Zr(g) and
Z(f) have the same number of connected components. In this sense, among many others,
real exponential sums generalize real polynomials.

We say a condition involving a tuple of real parameters (z1,...,zy) holds generically if
and only if the set of choices of (z1, ..., zy) making the condition true is dense and open in
RY. For instance, it is easy to show that for generic A€R™ ("% (with k>1) we have that

{ai,...,ay1r} do not all lie in the same affine hyperplane.

Theorem 1.2. Suppose g is an n-variate (n + k)-sum with spectrum A and {ay, ..., ap i}
do not all lie in the same affine hyperplane. Then, for generic ¢,, Zr(g) has no more than
+k)(n+k—1 243 ~(k-2)(k-3
(n+Fk)(n ), Le 3k DE=D)
2 4
for k=3, a sharper upper bound of MQ(HQ) + L"T%J holds.

(n + 2)k2J connected components. Furthermore,

We prove Theorem in Section B below. The best previous upper bound on the number
of connected components, [BS09, Thm. 1], came from a larger topological invariant: the sum
of the Betti numbers of the underlying zero set. (See also [Bas99] for an important precursor
in the semi-algebraic setting.) Our bound is polynomial in n for any fixed %, while the bound
from [BS09, Thm. 1] is exponential in each of n and k. For k € {1,2} respective optimal
upper bounds of 1 and 2 are already known (see, e.g., [BRS09, [Bih11l BPRRRIT)).

Partially supported by NSF grant CCF-1409020 and MSRI. .
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2. BACKGROUND

A central tool behind the proof of Theorem is an extension of Gelfand, Kapranov, and
Zelevinsky’s theory of A-discriminants to exponential sums. This generalization
was first developed in [RR17].

Definition 2.1. For any A€ R ("% we define the generalized A-discriminant variety, = A,
to be the Euclidean closure of the set of all [ey @ -+ 1 cpri] EPE™! such that Z;Hlk cje®”

has a degenerate root in C". Also, we call A non-defective if and only if Z4 has codzmenszon
1in P10

Definition 2.2. Given any two subsets X, Y CR"™, an isotopy from X to Y (ambient in R")
is a continuous map I : [0,1] x R" — R"™ satisfying (1) I(t,-) is a homeomorphism for all
tel0,1], (2) I(0,z)=x for all xeR™, and (3) I(1,X)=Y. ©

It is easily checked that an isotopy from X to Y implies an isotopy from Y to X as well. So
isotopy is in fact an equivalence relation and it makes sense to speak of isotopy type.

The real part of =4 (along with some additional pieces: see Theorems B.] and below)
partitions the coefficient space of ¢ into regions where Zg(g) is smooth and the isotopy type
of Zr(g) is constant. Moreover, since scaling variables and coefficient vectors does not affect
the presence of singularities in Zg(g), the variety =4 has certain homogeneities. As we'll see
below, these homogeneities can be quotiented out to better study regions of the coefficient
space where Zg(g) is smooth and has constant isotopy type. For any S CCY we let S denote
the Euclidean closure of S.

Definition 2.3. For any A€R™ 00 et A ROHIX+HR) genote the matriz with first row
[1,...,1] and bottom n rows forming A, and set d(A):=RankA — 1. Let BeRThx(nth=d(A)-1)
be any matriz whose columns form a basis for the right nullspace of A. Let B; denote the
i row of B, let (-)7 denote matriz transpose, and for any z = (z1,...,2xn) let Log|z| :=
(log|z1],...,log|zn]). When A is non-defective we then set X:= (A, ..., Ayjk—qeay-1) and
define the (projective) hyperplane arrangement

Hpio={[\ | A 8:=0 for some (nonzero) row f3; of B} C IP’g+k_d(A)_2

Finally, we define {4 ( P HhdA \H ) — RHkE=d AL by €4 p([N]) = (Log ‘)\BT‘) B
(So Eap is defined by multiplying a row vector by a matriz.) We then call I'(A, B) :=

§AB ( prk-dl )72\H A) a reduced discriminant contour. ¢

For any subset S C R", we let ConvS denote the smallest convex set containing S. It
is easily checked that dim Conv{ay,...,a,+x} = d(A) and thus, for generic A, we have
d(A)=n. However, we will need to consider arbitrary d(.A) in order to more easily describe
our approach to counting isotopy types. Let us call A pyramidal if and only if A has a column
a; such that {ay,...,a;_1,a41,...,a,+} lies in a (d(A) — 1)-dimensional affine subspace.
The following proposition, on certain exceptional spectra A, will prove useful later on.

Proposition 2.4. Following the preceding notation, A is pyramidal if and only if B has a
zero row. In particular, A non-defective implies that A is not pyramidal. B

Remark 2.5. When A€ Z™ "% and A is non-defective it follows easily from the devel-
opment of [RRIT] that fAB( Pl )_2\HA> is in fact a linear section of the amoeba
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of the classical A-discriminant polynomial A 4. £4.p is thus a generalization of the (loga-
rithmic) Horn-Kapranov Uniformization (see [Kap9l, ). See also for further

background on A-discriminant contours in the special case A€ Z™ "R o

Theorem 2.6. [RR17, Thm. 1.7] If A is non-defective then T'(A, B) is a finite union
of codimension 1 smooth semi-analytic subsets of R*TE=AA=1 " Byrthermore, there is a
codimension-2 semi-analytic set Y C R =4 A=1 gych that T(A, B)UY = (Log |4 NPE™1|) B.
|

Example 2.7. When A ::[0 Lo 1] we are

O O 1 1 4
in essence considering the family of exponential sums

g(y) == f(e¥r,e¥) where f(x) = ¢1 + cox1 + cgwg +
cyTiwy + csrixy. A suitable B (among many others)
with columns defining a basis for the right nullspace of

< T
; ~ [0.5079 —0.8069  0.1721  0.2267 —0.0997
A is then B~ {05420 0.1199 —0.7974 —0.0851 0.2206} » and the

corresponding reduced contour I'(A, B), intersected with
[—4,4], is drawn to the right. ©

In what follows, we set
sign(c,):=(sign(cy), ..., sign(c,qx)) € {£1}" .

Definition 2.8. Suppose A € R™("*%) js non-defective and o = (01, ...,0n4x) € {E£1}"F.
We then call

I, (A B):= { Ean(N) | sign ABT)==0 , [\ ePpHF 472y HA} C Rrh—d(A)-1
a signed reduced contour, and we call any connected component C of R*F=4A=I\T (A B)

a reduced signed chamber. We also call C an outer or inner chamber, according as C is
unbounded or bounded. ©

Example 2.9. Continuing Exzample [2.7], there are 16 possible choices for o, if we identify
sign sequences with their negatives. Among these choices, there are 11 o yielding T'y(A, B)=0.
The remaining choices, along with their respective ', (A, B) are drawn below. ¢

++-——+ —+++-

////A\\‘ - —++ —++—+ -4+

Note that the curves drawn above are in fact unbounded, so the number of reduced signed
chambers for the o above, from left to right, is respectively 2, 2, 3, 2, and 2. (The tiny X
in each illustration indicates the origin in R%.) In particular, only o=(1,—1,—1,1,1) yields
an inner chamber. Note also that I'(A, B) is always the union of all the I', (A, B).

Remark 2.10. While the shape of the reduced signed chambers certainly depends on the
choice of B, the hyperplane arrangement H 4 and the number of signed chambers for any
fized o are independent of B. In particular, working with the 'y (A, B) in R HF—dA)=1 pelpg
us visualize and work with Z 4, which lives in PﬁM_l. o
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3. MORSE THEORY, FEWNOMIAL BOUNDS, AND THE PROOF OF THEOREM

Let us call A € R™ K combinatorially simplicial if and only if A N Q has cardinality
1 +dim @ for every face @ of Conv{ay,...,ansx}t. (The books [Gru03, [Zie9d] are excel-
lent standard references on polytopes, their faces, and their normal vectors.) Note that
Conv{ay,...,a,x} need not be a simplex for A to be combinatorially simplicial (consider,
e.g., Example 27). We now state the main reason we care about reduced signed chambers.

Theorem 3.1. [RRI17, Thm. 3.1] Suppose A€ R™ ") s combinatorially simplicial, non-
defective, and g1 and go are each n-variate exponential (n+k)-sums with spectrum A. Suppose
further that sign(c,, ) = %sign(c,,), and (Log|cy, |)B and (Loglc,,|)B lie in the same reduced
discriminant chamber. Then Zg(g1) and Zg(g2) are ambiently isotopic in R™. W

The special case A€ Z™ %) without the use of Log or B, is alluded to near the beginning
of [GKZ94, Ch. 11, Sec. 5. However, Theorem Bl is really just an instance of Morse
Theory [Mil69, [GMSS], once one considers the manifolds defined by the fibers of the map
Zr(g) — (Log|c,|) B along paths inside a fixed signed chamber. In particular, the assumption
that A be combinatorially simplicial forces any topological change in Zr(g) to arise solely
from singularities of Zg(g) in R". When A is more general, topological changes in Zg(g) can
arise from pieces of Zg(g) approaching infinity, with no singularity appearing in R™. So our
chambers will need to be cut into smaller pieces.
So we now address arbitrary A, but we’ll first need a little more terminology.

Definition 3.2. Given any A€R™ 5 with distinct columns, and any outer normal w € R™
to a face of ConvA, we let AY:=laj,,...,a;] denote the sub-matriz of A corresponding to
the set {a€ A | a - w=maxyecqa{a -w}}. We call A” a (proper) non-simplicial face of A
when d(A") <d(A) — 1 and A" has at least d(A") + 1 columns. Also let B be any matriz
whose columns form a basis for the right nullspace of (A¥), and let m, : C*™* — C" be
the natural coordinate projection map defined by my(c1, ..., Cosr) :=(¢jy,- .-, ¢5.). When A is
non-defective and not combinatorially simplicial we then define the completed reduced signed
contour, T'y(A, B) C RF=4A=1 45 be the union of Ty(A, B) and

U {7 (LogA\(B2)T) B | sign (\(B)T) =y (0) , NePE 72\ 1y},
Simpsial
face of A _
We call any unbounded connected component of Rr+k=d(A=1\ T (A, B) an outer chamber.
Finally, we defineT'(A,B):= U TI.(A B). ¢

ce{+1}ntk

Example 3.3. When A :[o Loz 0} it is easy to find a B yielding the following reduced

0010 2

contour T'(A, B) and completed reduced contour T'(A, B):
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Note in particular that T'(A, B) =T(A, B) U S; U Sy where Sy and Sy are lines that can be
viewed as line bundles over points. These points are in fact (Log|=4,|)B and (Log|=4,|)B
where Ay and Ay are the facets of A with respective outer normals (—1,0) and (0,—1), and

B 04335 —0.8035 —0.0635  0.4018 0.0317]" o
0.3127  0.2002 —0.8256 —0.1001 0.4128| ~

Proposition 3.4. If A is not combinatorially simplicial then A has at most n+k—d(A)—1
non-simplicial faces. B

Proposition 3.5. Suppose k=3, A has exactly 2 non-simplicial facets, d(A)=n, B €RM+3)x2
1s any matriz whose columns form a basis for the right nullspace of ./Zl\, and [B;q, Bio] is
the i™ row of B. Then {[B:1 : Biol}ieq, .nrsy has cardinality n + 1 as a subset of Py, and
I'(A, B)\T'(A, B) is a union of 2 lines. B

Theorem 3.6. [RRI7, Thm. 3.8] Suppose A€ R™ ") js non-defective, not combinatorially
simplicial, and d(A)=mn. Suppose also that g1 and go are each n-variate exponential (n+k)-
sums with spectrum A, o:=sign(c,, ) ==sign(c,,), and (Log|cy, |)B and (Log|cy,|)B lie in the
same connected component of R 4A=I\T (A, B). Then Zg(g,) and Zg(g2) are ambiently
1sotopic in R™. W

Example 3.7. Observe that the circle defined by (u+ %)2 + (v—2)* = 1 intersects the

positive orthant, while the circle defined by (u—|— %)2 + ( — %)2 = 1 does not. Consider

then A :{g b (2)] as in our last example, and let g, = (e¥' + %)2 + (e —2)* — 1 and

go = (ey‘ + g)z + (ey2 — 5)2 — 1. Then g1 and go have spectrum A, sign(g) = sign(gs) =0
with 0 =(1,1,—-1,1,1), and (Log|cy, |)B and (Log|c,,|)B lie in the same reduced signed A-
discriminant chamber (since I'y (A, B)=0 here). However, Zg(g1) consists of a single smooth

arc, while Zg(g2) is empty. This is easily explained by the completed contour I', (A, B) con-
sisting of two lines, and (Log|c,,|)B and (Log|cy,|)B lying in distinct connected components

of R?\ fU(A, B) as shown, respectively via the symbols o and x, below to the right. ©

Although we defined signed contours via a transcendental
parametrization, they obey certain tameness properties akin to *
algebraic sets. One fundamental result implying this tameness is

the following refined fewnomial bound.

Theorem 3.8. (See [BSO7, Thm. 3.1], [BBS03], & [PR13, Lem. 1.8]) Suppose m > 1,
j>2, E = ey € R U = [uy] € RO has it row (w0, uig, ..., Ui ),
wi=(uin,y .y uig), Ar={yeRI | uig+u;-y>0 for allie{1,...,5}}, and

m+j m+j
H:= (H(W,O +uery)r, .., H(W,o + Uy - Z/)e“) - (1,...,1).
=1 =1

, J
Then H has fewer than S(m, j):= %T” ( 23*1m) non-degenerate roots in A. Furthermore,

for j =1, H has at most S(m,1) :=m + 1 non-degenerate roots in A, and there exist H
attaining m + 1 distinct roots in A. W

We call systems of the above form j-variate Gale Dual systems with m + j factors.

Corollary 3.9. Suppose A€R™ ") js combinatorially simplicial, non-defective, d(A)=n,
and o € {£1}"*%. Then, following the notation of Theorem [Z38, a generic affine line L C
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R intersects T, (A, B) in no more than |S(n+ 2,k —2)| points when k > 3. Also, for
k=2 there is at most S(n+ 2,0):=1 intersection.

Proof of Corollary When k=2 we have that I'(A, B) is merely a point, so this case

----------

matrix defining the affine line L as follows:

L= {ZL‘GRkil | £i711'1 + -+ Ei,k—lxk—l :*Ci,O for all 1€ {1, ey k— 2}}
Also let (&,...,&-1) :=&ap. (So each & is a logarithm of the absolute value of a linear
form in Aq,..., A\,_1.) Note then that L meets I'(A, B) at the point {4 5([\]) only if

k—1
Yo LilN) = Lig
(=1

> Liad&(N) = Liag

Exponentiating both sides of the preceding system, and collecting factors, we obtain that
there is a matrix £=E; ;] € R*=2*(+k) quch that L meets I'(A, B) at the point &4 5([A]) only if

n+k

[Tt w7 = e

(=1

n+k

H(ﬁe . )\)Ekfu —  Lr—20

=1
Setting Ax_1 =1 to dehomogenize the linear forms 3; - A, Theorem then tells us that L
meets ['(A, B) at no more than S(n + 2,k — 2) points. Since the number of intersections is
an integer, we can take floor and conclude. B

Lemma 3.10. Ifn, k' k" >2 then S(n+ 1, k' + k" —2)>S(n+ 1,k —2)+ S(n+1,k" — 2).
More generally, if ky+---+k,=k—1 with k; >2 for alli and r>2, then S(n+1,k—5)+1>

Proof of Lemma The first assertion is immediate since S(n+ 1,k —2) + S(n+ 1, k" — 2)
<2S5(n+1,k" —2) (assuming k" > k') and 2+ (F' =2+ =3)/2 < oW +k"=2)(K'+k"=3)/2 " The second
assertion follows easily by induction: Writing k= (- - - ((k1+k2)+ks)+- - -+k._1)+k,, the first
assertion of our lemma implies that >, S(n+ 1,k —2)<S(n+ 1,k —=2)+S(n+1,k" —2)
for some k', k" >2 with k — 1=k"+ k”. It is then easy to see (from the power of 2 factor of
S(m,j) again) that S(n+ 1,k —2)+ S(n+1,k" —2)<S(n+1,k—3—-2)+S(n+1,2—-2),
i.e., the left-hand side of the inequality is maximized when {k',k"}={2,k —3}. R

Corollary 3.11. Suppose A€ R™ (k) s non-defective, A is not combinatorially simplicial,

d(A)=n, and o € {£1}"**. Then a generic affine line L C R*~1 intersects I'y (A, B) in no

more than

Sn+2k=2)+Sn+1k=5)+-+Sn+2-mn{n+1 52|}, k—2-3min{n+1, |52]})
+ min {n + 1, [%J}

points when k>4. Also, for k€{2,3} we have respective upper bounds of 1 and n + 5.
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Proof of Corollary [3.11k We simply follow essentially the same argument as the proof of
Corollary B0 save that we work with I', (A, B) instead of I',(A, B). In particular, the case

k =2 presents no new difficulties since I',(A, B) is always a point. The case k=3 follows
easily upon observing, thanks to Proposition B3], that fg(A, B)\T,(A, B) is either empty,
a line, or two lines.

For k>4 we simply observe that L will either intersect I', (A, B) or some fiber closure of
the form {w;l(Log|>\(Bw)T|)B| sign (\(BY)T)==£m,(0) , [\ ePrH—dA-2y HA}. There
are no more than S(n + 2,k — 2) of the first kind of intersection, thanks to Corollary B9
After applying the map m,,, we see that counting the second kind of intersections reduces to
a lower-dimensional instance of Corollary B9l In particular, the second kind of intersections,
for fixed w, contribute no more than S(dim(A") + 2, k,, — 2) to our total, where k,, is the
number of columns of A" minus d(.A"). Note that the sum of all the k, is no more than
k — 1 since d(A) =n. Note also that when A has just two non-simplicial facets, with one
having exactly n + 1 columns, the other has at most n + k — 4 colums. In which case, these
facets would contribute S(n + 1,0) + S(n + 1,k — 5) to our sum. In particular, this is the
maximal possible contribution, over all distributions of points to the non-simplicial facets,
thanks to Lemma B.10

More generally, the non-simplicial faces of A naturally form a poset under containment
which, along with the distribution of the columns of A as points in the relative interior of
the faces of Conv{ay,...,a,x}, determines the sum of S(m,j) giving an upper bound for
the intersection count we seek. Lemma then tells us that our sum is maximized when
it is of the form
Sn+2,k—2)+(S(n+1,0)+Sn+1,k—=5))+---

o4 (Sn+2-min{n+1,[52]},0) + S(n+2—min{n+1, 52|}, k=2 - 3min {n+1, [£2]})).
Since S(m,0)=1 for all m we are done. B

Theorem 3.12. [Forl7] Let [c,] be any smooth point of Z4. Then Zg(g) has a unique
singular point C, and the Hessian of g at ( has full rank. A

In what follows, let N(g) denote the number of connected components of Zg(g).

Theorem 3.13. |[GPRIT| If g is an n-variate exponential (n + k)-sum with spectrum A €
R 4R “and (Logle,|) B lies in an outer chamber, then N(g)<(n+k)(n+k—1)/2. R

Theorem 3.14. Suppose n>2 and g_, g, g+ are n-variate exponential (n + k)-sums with
non-defective spectrum A, sign(c, ) =sign(c,, ) =sign(cy,) =0, and L' C R¥"! is the unique
line segment connecting (Log|c,_|)B and (Log|cy, |)B. Suppose further that L' N T,(A B)=
{(Log|c,.|) B}, and (Logley,|)B is a smooth point of T, (A, B). Then |N(g;) — N(g_)|<1
and [N(gx) = N(g.)| <1.

Proof: X := {(c,,y) € R x R" | g(y) =0 , sign(c,) =0 , (Log|c,|)B € L'} forms a
singular real manifold but, thanks to Theorem 12, X has a unique singularity at (c,,, ()
where ¢ € R” is the unique singular point of Zg(g.). Let ¢ : [~1,1] — R""* be any
smooth function with sign(¢(t)) = o for all ¢t € [-1,1] and (Log|o([—1,1])])B = L'. Let
7 R"F x R® — R"* denote the natural orthogonal projection forgetting the second
factor. We then see that ¢! o 7 is a Morse function on X. By Stratified Morse Theory
IGMSS], there is a closed ball U C R™™ x R" containing (c,.,¢) such that U N X is
homeomorphic to a real hypersurface of the form Y ={(z,t) eR" x [-1,1] | Q(z)=t, |z| <1},
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where @) is a homogeneous quadratic form with signature identical to the Hessian of g, at (,
Y Nn{t==1} is isotopic to U N Zg(g+), and Y N {t=0} is isotopic to U N Zr(g).

To conclude, observe that Y N{t==1} empty implies that the signature of @ is £(1,...,1),
and thus Y N {t=0} is a point and Y N {t =71} is a sphere. So then U N Zg(g+) empty
implies that U N Zg(g+) has a unique isolated connected component. In other words, the
conclusion of our theorem is true.

If Y N {t==41} are both non-empty, then the signature of @) can not be +(1,...,1). So
then Y N{t=—1}, Y N{t=0}, and Y N{t=1}, each have at least one connected component,
and none has more than 2 connected components. This in turn implies that U N Zg(g_),
UNZg(g.), and U N Zr(g4+) each have at least one connected component, and none has more
than 2 connected components. Note also that any connected component of UNZg(g+) (resp.
U N Zg(g.)) lies in a unique connected component of Zg(g+) (resp. Zgr(gs)). So we are done. B

3.1. The Proof of Theorem [I.2k If n=1 then the theorem follows easily from the well-
known generalization of Descartes” Rule of Signs to real exponents (see, e.g., [Wan04]), and
with an improved (tight) upper bound of k. Note no genericity assumption is needed in this
case: The bound holds for any nonzero ¢, € (R*)'**. So let us assume henceforth that n>2.

Combinatorially Simplicial Case: If A is defective then = 4 ﬂIP’ﬁH“_l has real codimension
2 in P! and thus P*~1\ Z 4 is path-connected. So then, by the framework of our proof
of Theorem B.14], the number of connected components of ¢ is constant for any fixed choice of
sign vector. So it suffices to count connected components in outer chambers and, by Theorem
[B.13] we are done. Note also that here, the genericity assumption arises from assuming that
[cy] not lie in Z 4. So let us now assume A is non-defective.

Consider a line segment L, connecting (Log|c,|) B to (Log|cy|) B, where h has the same
spectrum as ¢ and sign(c,) = sign(cy) =: o, but known cardinality for Zg(h). The key
trick will then be that L, intersects I';(A, B) in few places, and the number of connected
components of an f with Log|cs| € L changes only slightly as f moves from h to g.

In particular, we may assume in addition that h lies in an outer chamber C, (since outer
chambers are open and unbounded). By Theorem we may then assume that L, lies in
an affine line L sufficiently generic for Corollary B.9to hold, and that L, intersects I'; (A, B)
only at smooth points of I',(A, B). Furthermore, since the points of Ly, NT',(A, B) can be
linearly ordered, we may also assume that (h,C,) has been chosen so that Ly, NI, (A, B)
consists of no more than half of LNT,(A, B).

If we can show that Zg(h) has few connected components, and Zg(f) gains few connected
components as f moves from h to g (with Log|cs| restricted to L), then we’ll be done.

Toward this end, observe that Zg(h) has at most (n+k)(n+k—1)/2 connected components,
thanks to Theorem Since we have chosen Ly, so that it intersects I';(A, B) only at
smooth points, Theorem B.I4tells us that as f moves from h to g (with (Log|cs|)B restricted
to L), each such intersection introduces at most 1 new connected component. (Theorems
BT also tell us that N(f) is constant when (Log|cs|)B lies between adjacent intersections in
LNT,(A,B).) So by Corollary B0, we are done with the case where A is combinatorially
(”+k)(7;+k Do 1Stm+2k—2)2). m
The Case Where A is not Combinatorially Simplicial: Here we just slightly modify the
argument we used when A was combinatorially simplicial: The key difference is that we work
with T',(A, B) instead of I', (A, B), and apply Corollary BTl instead of Corollary (So
here, the genericity condition arises from [c,] not lie in =4 or any facial discriminant variety

simplicial, with a slightly smaller upper bound of
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Z4v.) The number of intersections L with I',(A, B) between (Log|c,y|)B and (Log|cx|)B
then clearly admits an upper bound of
T(n,k):=(S(n+2,k—2)+S(n+1,k—5)+
o+ S(n+2-min{n+1, 52|}, k—2-3min{n+1,[52]}) + min {n+ 1, |552]})/2.
At this point, we are nearly done, but for some elementary observations on sums of powers
of 2 and the size of S(n+ 1,1). First, observe that the powers of 2 in the summands making
up T'(n, k) are:

9Uk=2)(k=3)/2 ok=5)(k=6)/2 o (k—2=3min{n+1,[ 552 | })(k=3-3min{n+1,| 252 | }) /2.

So, in particular, the sum of all but the first power of 2 is strictly less than
2k2711k+30 + 2k2711k+29 4t 94 + 23 — 2k2711k+31 _ 8<2(k74)(k75)/2 _8.

Next, we observe that min {n +1, L%J} <n+1<S(m+1,1). So then we easily obtain
that T'(n, k) <(S(n+ 2,k —2) + S(n+ 1,k —4))/2. So the final upper bound we obtain is
N(g) < w + [(S(n+2,k—2)+S(n+1,k—4))/2], which is slightly better than
our stated bound. l

4. ACKNOWLEDGEMENTS

We humbly thank Erin Lipman for asking an insightful question that was the genesis
for this paper: “What bounds are known for chamber-depth, as opposed to the number
of chambers?” We also thank Saugata Basu and Frank Sottile for valuable discussions on
genericity.

REFERENCES

[Bas99] Basu, Saugata, “On Bounding the Betti Numbers and Computing the Euler Characteristic of Semi-
Algebraic Sets,” Journal of Discrete and Computational Geometry, 22:1-18, (1999).

[BBS05] Benoit Bertrand; Frédéric Bihan; and Frank Sottile, “Polynomial Systems with Few Real Zeroes,”
Mathematisches Zeitschrift, 253 (2006), no. 2, pp. 361-385.

[Bih11] Frédéric Bihan, Topologie des variétés creuses, Habilitation thesis, Université de Savoie, France,
2011.

[BRS09] Frédéric Bihan; J. Maurice Rojas; Casey E. Stella, “Faster Real Feasibility via Circuit Discrimi-
nants,” proceedings of International Symposium on Symbolic and Algebraic Computation (ISSAC
2009, July 28-31, Seoul, Korea), pp. 39-46, ACM Press, 2009.

[BS07] Frédéric Bihan and Frank Sottile, “ New fewnomial upper bounds from Gale dual polynomial sys-
tems,” Moscow Mathematics Journal, 7 (2007), No. 3, pp. 387-407.

[BS09] Frédéric Bihan and Frank Sottile, “Betti number bounds for fewnomial hypersurfaces via stratified
Morse theory,” Proc. Amer. Math. Soc., 137, No. 9 (2009), pp. 2825-2833.

[BPRRR17] Frédéric Bihan; Kaitlyn Phillipson; Erika Refsland; Robert J. Rennie; and J. Maurice Rojas,
“Fast Topology Computation for Real Zero Sets of Certain Exponential Sums,” in preparation, 2017.

[CM93] Thomas R. Chase and John A. Mirth, “Circuits and branches of single-degree-of-freedom planar
linkages,” Journal of mechanical design 115.2 (1993): 223-230.

[Forl7] Jens Forsgard, “Defective Dual Varieties for Real Spectra,” in progress, 2017.

[GKZ94] Israel M. Gel'fand, Israel M.; Mikhail M. Kapranov, and Andrei V. Zelevinsky, Discriminants,
Resultants and Multidimensional Determinants, Birkhauser, Boston, 1994.

[GM88] Mark Goresky and Robert MacPherson, Stratified Morse Theory, Springer-Verlag, 1988.

[GPR17] Alperen Ergiir, Grigoris Paouris, and J. Maurice Rojas, “Tropical Varieties for Exponential Sums
and their Distance to Amoebae,” accepted for presentation at MEGA 2015, submitted for publication.
Also available as Math ArXiV preprint arXiv:1412.4423 .

[Grii03] Branko Griinbaum, Convez Polytopes, Wiley-Interscience, London, 1967; 2nd ed. (edited by Ziegler,
G.), Graduate Texts in Mathematics, vol. 221, Springer-Verlag, 2003.



10 JENS FORSGARD, MOUNIR NISSE, AND J. MAURICE ROJAS

[JS17] Badal Joshi and Anne Shiu, “Which small reaction networks are multistationary?,” STAM Journal
on Applied Dynamical Systems, vol. 16, pp. 802-833 (2017).

[Kap91] Mikhail M. Kapranov, “A characterization of A-discriminantal hypersurfaces in terms of the loga-
rithmic Gauss map,” Math. Ann. 290 (1991), no. 2, pp. 277-285.

[Kho91] Askold G. Khovanskii, Fewnomials, AMS Press, Providence, Rhode Island, 1991.

[Koill] Pascal Koiran, “Shallow circuits with high-powered inputs,” in Proc. ICS 2011 (2nd Symposium on
Innovations in Computer Science), Tsinghua University Press, Beijing.

[McL05] Andrew McLennan, “The Exzpected Number of Nash Equilibria of a Normal Form Game,” Econo-
metrica 73 (2005), pp. 141-174.

[Mil69] John Milnor, Morse Theory, Annals of Mathematics studies, no. 51, Princeton University Press,
1969.

[PT05] Passare, Mikael and Tsikh, August, “Amoebas: their spines and their contours,” Idempotent mathe-
matics and mathematical physics, Contemp. Math., v. 377, Amer. Math. Soc., Providence, RI, 2005,
pp- 275-288.

[PR13] Kaitlyn Phillipson and J. Maurice Rojas, “Fewnomial Systems with Many Roots, and an Adelic Tau
Conjecture,” in proceedings of Bellairs workshop on tropical and non-Archimedean geometry (May
6-13, 2011, Barbados), Contemporary Mathematics, vol. 605, pp. 45-71, AMS Press, 2013.

[RR17] J. Maurice Rojas and Korben Rusek, “A-Discriminants for Complex Exponents and Counting Real
Isotopy Type,” Math ArXiV preprint 1612.03458 | submitted for publication.

[WMS92] Charles W. Wampler; Alexander Morgan; and Andrew J. Sommese, “Complete solution of the
nine-point path synthesis problem for four-bar linkages,” ASME Journal of Mechanical Design 114
(1992), pp. 153-159.

[Wan04] Xiaoshen Wang, “A Simple Proof of Descartes’ Rule of Signs,” The American Mathematical
Monthly, Vol. 111, No. 6 (Jun.—Jul., 2004), pp. 525-526, Mathematical Association of America,
2004.

[Zie95] Giinter M. Ziegler, Lectures on Polytopes, Graduate Texts in Mathematics, Springer Verlag, 1995.

DEPARTMENT OF MATHEMATICS, TEXAS A&M UNIVERSITY TAMU 3368, COLLEGE STATION, TEXAS
77843-3368, USA.
E-mail address: jensf@math.tamu.edu

1415, SCHOOL OF MATHEMATICS, KOREA INSTITUTE FOR ADVANCED STUDY (KIAS), 85 HOEGIRO,
DONGDAEMUN-GU, SEOUL, 02455, REPUBLIC OF KOREA.
E-mail address: mounir.nisse@gmail.com

DEPARTMENT OF MATHEMATICS, TEXAS A&M UNIVERSITY TAMU 3368, COLLEGE STATION, TEXAS
77843-3368, USA.
E-mail address: rojas@math.tamu.edu



	1. Introduction
	2. Background
	3. Morse Theory, Fewnomial Bounds, and the Proof of Theorem 1.2
	3.1. The Proof of Theorem 1.2:

	4. Acknowledgements
	References

