SMOOTHED ANALYSIS FOR THE CONDITION NUMBER OF
STRUCTURED REAL POLYNOMIAL SYSTEMS
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ABSTRACT. We consider the sensitivity of real zeros of structured polynomial systems to
pertubations of their coefficients. In particular, we provide explicit estimates for condition
numbers of structured random real polynomial systems and extend these to a smoothed
analysis setting.

1. INTRODUCTION

Efficiently finding real roots of real polynomial systems is one of the main objectives of
computational algebraic geometry. There are numerous algorithms for this task, but the
core steps of these algorithms are easy to outline: They are some combination of algebraic
manipulation, a discrete/polyhedral computation, and a numerical iterative scheme.

From a computational complexity point of view, the cost of numerical iteration is much
less transparent than the cost of algebraic or discrete computation. This paper constitutes a
step toward understanding the complexity of numerically solving structured real polynomial
systems. Our main results are Theorems [[.14], [LT6 and [L.I§ below but we will first need to
give some context for our results.

1.1. How to control accuracy and complexity of numerics in real algebraic geom-
etry? In the numerical linear algebra tradition, going back to von Neumann and Turing,
condition numbers play a central role in the speed of algorithms and the control of accuracy
(see, e.g., [3, 6] for further background). Shub and Smale initiated the use of condition num-
bers for polynomial system solving over the field of complex numbers [37, [38]. Subsequently,
condition numbers played a central role in the solution of Smale’s 17th problem [I11 [6, 26].
The numerics of solving polynomial systems over the real numbers is more subtle than
complex case: small perturbations can cause the solution set to change cardinality. One can
even go from having no real zero to many real zeros by an arbitrarily small change in the
coefficients. This behaviour doesn’t appear over the complex numbers as one has theorems
(such as the Fundemantel Theorem of Algebra) proving that root counts are “generically”
constant. Luckily, a condition number theory that captures these subtleties was developed
by Cucker [12]. Now we set up the notation and present Cucker’s definition.
Definition 1.1 (Bombieri-Weyl Norm). We set z® := " -+ - 28" where o := (aq, ..., ),
and let P = (p1,...,pn_1) be a system of homogenous polynomials with degree pattern
di,...,dn—1. Let c;o denote the coefficient of x* in a p;. We define the Weyl-Bombieri
norms of p; and P to be, respectively,
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and
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The following is Cucker’s condition number definition [12].

Definition 1.2 (Real Condition Number). For a system of homogenous polynomials P =
(1, .-+ Pu1) with degree pattern (dy,...,d,_1), let A,y be the diagonal matriz with entries

Vdi, ..., \/d,_1 and let

DP(2)|p,gn-1 : ToS™"1 — R™

denote the linear map between tangent spaces induced by the Jacobian matriz of the polyno-
mial system P evaluated at the point x € S"~ 1.
The local condition number of P at a point v € S™ ' is

i 1P|
R(P,x) = — il = -
VIDP@) s + [ P()2
and the global condition number is
R(P):= sup R(P,x).

rzesSn—1

An important feature of Cucker’s real condition number is the following geometric fact[I4].

Theorem 1.3 (Real Condition Number Theorem). We use Hp to denote the vector space of
homogenous polynomial systems with degree pattern (di,...,d,_1), and equip this space with
the metric p(.,.) induced by the Bombieri-Weyl norm. We define the set of ill-posed problems

to be: ¥ :={P € Hp : P has a singular zero in S '}. Then we have k(P) = )J(PTHZ"JV).

Cucker’s condition number is used in the design and analysis of a numerical algorithm
for real zero counting [13, [14] T5], in the series of papers for computing homology groups of
semialgebraic sets [16, [7, 8], and more recently in the analysis of a well-known algorithm for
meshing curves and surfaces (the Plantinga-Vegter algorithm) [10].

One important observation is that the complexity of a numerical algorithm over the real
numbers (imagine using bisection for finding real zeros of a given univariate polynomial)
varies depending on the geometry of the input, and not just the bit complexity of its vector
representation. Therefore it is more natural to go beyond worst-case analysis and seek
quantitative bounds for “typical” inputs. We now explain the existing attempts toward
mathematically modeling the intuitive phrase “typical input”.

Random and adverserial random models. Worst-case complexity theory, spearheaded
by the P vs. NP question, has been a driving force behing many algoritmic breaktrhorughs in
the last five decades. However, it has become clear that worst-case complexity theory fails to
capture the practical performance of algorithms. The unreasonable effectiveness of everyday
statistical methods are a case in point: the spotify app on cell phones solves instances of an
NP-Hard problem all the time!

Two dominant paradigms for going beyond the worst-case analysis of algorithms are as
follows: Assume an algorithm T operates on the input z € R*, with the cost of output
T(x) bounded from above by C(x). One then equips the input space R* with a probability
measure 4 and considers the average cost E,.,C(z), or smoothed analysis of the cost with
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parameter § > 0: sup,cps By ,C(z + 0 ||z] y). Clearly, as 6 — 0, smoothed complexity
recovers worst-case complexity, and when § — oo we recover average-case complexity. It is
also clear that to have a realistic complexity analysis, one should have a probability measure
1 that somehow reflects one’s context, and use theorems that allow a broad class of measures
. The idea of smoothed analysis originated in work of Spielman and Teng [39).

1.2. Existing results for average and smoothed analysis. Existing results for the
average analysis of real condition number from [15] can be roughly summarized as follows.

Theorem 1.4 (Cucker, Krick, Malajovich, Wschebor). Suppose

pi(x) == Z WDp i=1,...,n—1
ar1+...+an=d;

are random polynomials where ¢ are centered Gaussian random variables with variances

(ij) Then, for the random polynomial system P = (p1,...,pn_1) and for all t > 1, we have
IP’{/%(P) > ¢ 8d"T“n5/2N1/2} <!

where d = max; d; and N = >0~} ("J“jz_l).

Recall the following smoothed analysis type result from [14]:

Theorem 1.5 (Cucker, Krick, Malajovich, Wschebore). Let Q) be an arbitrary polynomial
system with degree pattern (dy,...,d,_1), let P = (p1,...,pn—1) be a random polynomial
system as defined above. Now for a parameter 0 < § < 1 we define a random perturbation
of Q with (P,9) as follows: G :=Q + 9§ ||Q|ly,, P. Then we have

2 12n-+2
IP{R(G) S BTN d(s N} < %

Remark 1.6. The randomness model considered in these seminal results has the following
restriction: the induced probability measure is invariant under the action of the orthogonal
group O(n) on the space of polynomials. The proof techniques used in the underlying papers
seems to be only applicable when one has this group invariance property. This creates an
obstruction against anaylsis on spaces of structured polynomials; spaces of structured poly-
nomials are not necessarily closed under the action of O(n), and hence do not support an
O(n)-invariant probability measure.

1.3. What about structured polynomials? Let H, be the vector space of homogenous
polynomials with n variables, and let Hp be the vector space of polynomial systems with
degree pattern D = (dy,...,d,1). Let E; C Hy, be linear subspaces for i = 1,...,n — 1,
and let £ = (Fy,..., E, 1) be the corresponding vector space of polynomial systems.

For virtually any application of real root finding algorithms, the user has a polyno-
mial system with a particular structure rather than a generic polynomial system with
N=>., ("Jri?*l) many coefficients. Suppose a user has identified the linear structure
FE that is present in the target equations, and would like to know about how much precision
is expected for round-off errors in the space E. One could induce a probability measure pu
on E and use Ep.,log (R(P)) to determine the expected precision of numerical solutions.
What could go wrong?
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Example 1.7. Let u,v € S" ! be two vectors with ulv, and define the following subspaces:
Ei:={p € Hy, : p(u) = (Vp(u),v) =0}, i=1,....n—1

where Vp(u) denotes the the gradient of p evaluated at w. FE; are codimension 2 linear
subspaces of Hy,. Now consider the space of polynomials E := (Fy, ..., E,_1); any polynomial
system in the space E has a singular real zero at u. Hence, for all P € E the condition number
R(P) is infinite.

The preceding example illustrates that, for certain linear spaces F, the probabilistic analy-
sis of condition numbers is meaningless: It is possible for certain spaces F that all inhabitants
have infinite condition number. We will rule out these degenerate cases as follows.

Definition 1.8 (Non-degenerate linear space). We call a linear space E; C Hg, non-
degenerate if for allv € S™™1, there exists an element p; € E; with p;(v) # 0. In other words,
E; is non-degenerate if there is no base point v € S™t where all the elements of E; vanish
all together. We call a space of polynomial systems E = (E\, ..., E,_1) non-degenerate if all
E; are non-degenerate fori=1,...,n—1.

An easy corollary of Theorem [[LT4] shows that the expected precision is finite for any
non-degenerate space F.

Corollary 1.9. Let E C Hp be a non-degenerate linear space of polynomials. Let p be a
probability measure supported on the space E that satisfies the assumptions listed in section
(LA Then Ep.,log (k(P)) is finite.

This is clearly not the end of the story: a non-degenerate linear structure £ may still be
close to being degenerate, and this would make every element in the space E ill-conditioned.
So we need to somehow quantify the numerical conditioning of a linear structure E. Next, we
introduce the notion of dispersion as a rough measure of conditioning of a linear structure.

1.4. The dispersion constant of a linear space. Suppose a linear subspace F' C Hy is
given for some d > 1 together with an orthonormal basis u;(z) , j = 1,...,m with respect
to Bombieri-Weyl norm. Now suppose for a particular point vy € S™! all the basis elements
satisfy absu;(vg) < € where € > 0 is small. What kind of behavior one would expect from
elements of F' at the point vg? This point vy would behave like a base point (like if all
elements of I vanishes at vy) unless one employs rather high precision. This motivates the
following definition.

Definition 1.10 (Dispersion constant of a linear space of polynomials). Let F' C Hy is given
for some d > 1, and let uj(x) , j = 1,...,m be an orthonormal basis of F' with respect to
Bombieri-Weyl norm. We define the following two quantities

1 l
Tnin(F) = min, (Z u (v ) - Tnaa(F) 1= max, (Z (v )
and the dispersion constant o(F) is their ratio:
Umaz<F)
The quantity 0,4, is introduced to make things scale invariant. We generalize the defini-
tion to polynomial systems in a straight-forward manner.

o(F):=
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Definition 1.11 (Dispersion constant of a linear space of polynomial systems). Let E; C Hy,
be linear spaces fori=1,...,n—1, and let E = (E,...,E,_1). We define the dispersion
constant o(E) as follows: o(F) := max; o(E;).

Our estimates replace the dimension N in earlier results with the (potentially much
smaller) dimension of E, at the expense of involving the new quantity o(E). So if a user has
a fixed structure E with small dimension and tame dispersion constant, then the expected
conditioning on F admits a much better bound than what earlier results suggest. On the
other hand, if one has a sparse but highly sensitive structure, the resulting average-case
conditioning could be a lot worse than the average over the entire space Hp.

How big is the dispersion constant? To better understand the dispersion constant, let
us consider two examples at opposite extremes.

Example 1.12 (A subspace with minimal dispersion constant). Consider subspaces of poly-
nomials F; C P, 24, defined as the span of

u,(;l) = @2+ 225 gy for1 <kl <n
and let F'= (Fy,..., F,). It is easy to show that o(F) = 1.
Example 1.13 (A sparse but highly sensitive structure). Let E C P, 4 be the subspace of

d—1

polynomials spanned by the monomials z¢,. .., x%. Then, we have o(E) =n"z .

One may wonder how big the dispersion constant for a “typical” linear space E is, for
say, I/ of dimension around n?logd. Would a typical low-dimensional space look like the
second example or the first example? We address this question in Appendix A. For our main
theorems, we will allow E to be arbitrary and give bounds depending explicitly on the the
dispersion constant o(E).

1.5. A general model of randomness for structured polynomial systems. In our
precursor paper [19] we obtained probabilistic condition number estimates for general mea-
sures (without any group invariance assumption). In this paper we present probabilistic
results for the same general family of measures, but this time supported on a structured
space F instead of Hp. Note that here the structured space F will be fixed by the user, and
our results will give estimates for a random element from F. First, we introduce our general
model of randomness.
We say a random vector X € R" satisfies the Centering, sub-Gaussian, and Small Ball

properties, with constants K and ¢y, if the following hold true:

1. (Centering) For any 6 € S"~! we have E(X, ) = ofl

2. (Sub-Gaussian) There is a K > 0 such that for every 6 € S*! we have

Prob (|(X,0)| > t) < 2e~*/K* for all t > 0.
3. (Small Ball) There is a ¢g > 0 such that for every vector a € R™ we have
Prob (|{a, X)| < € |lally) < coe for all € > 0.

We note that these three assumptions directly yield a relation between K and ¢y: We in fact
have K¢y > 1 (see [19] just before Section 3.2). Moreover, for a random variable X that
satisfies above assumptions with constants K and c,, and a scalar A > 0, the random varible
AX satisfies the above assumptions with constants AKX and A~'cy,. In other words K¢, is
invariant under scaling, hence one can hope for a universal lower bound of %L.

1Equivalently, EX=0.
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Random vectors that satisfy these three properties form a large family of distributions,
including standard Gaussian vectors and uniform measures on a large family of convex bodies
called Wy-bodies (such as uniform measures on [,-balls for all p > 2). We refer the reader to
the book of Vershynin [45] for more details. Discrete sub-Gaussian distributions, such as the
Bernoulli distribution, also satisfy an inequality similar to the small-ball inequality in our
assumptions. However, the small-ball type inequality satisfied by such discrete distributions
depends not only on the norm of the deterministic vector a but also on the arithmetic
structure of a. It is possible that our methods, combined with the work of Rudelson and
Veshynin on the Littlewood-Offord problem [33], can extend our main results to discrete
distributions such as the Bernoulli distribution. In this work, we will content ourselves with
continuous distributions.

The preceding examples of random vectors do not necessarily have independent coordi-
nates. This provides important extra flexibility. There are also interesting examples of
random vectors with independent coordinates. In particular, if Xy,..., X,, are independent
centered random variables that each satisfy both the sub-Gaussian inequality with constant
K and the Small Ball condition with ¢g, then the random vector X = (Xi,...,X,,) also
satisfies the sub-Gaussian and Small Ball inequalities with constants C'} K and Cscy, where
C7 and Cy are universal constants. This is a relatively new result of Rudelson and Ver-
shynin [35]. The best possible universal constant Cy is discussed in [29] [32]. To create a
random variable satisfying the Small Ball and sub-Gaussian properties one can, for instance,
start by fixing any p > 2 and then considering a random variable with density function
f(t) == c,e '’ for suitably chosen positive c,,.

1.6. Our Results. We present estimates for random structured polynomial systems, where
the randomness model is the one introduced in the preceding section.

Average-case condition number estimates for structured polynomial systems

Theorem 1.14. Let E; C H,, be non-degenerate linear subspaces, and let E = (Fy, ..., FE,_1).
Assume dim(E) > nlog(ed) and n > 3. Let p; € E; be independent random elements of E;
that satisfy the Centering property, the sub-Gaussian property with constant K, and the
Small Ball property with constant co, each with respect to the Bombieri-Weyl inner product.
We set d := max;d; and M := nK+/dim(E)(coCKd?*log(ed)o(E))**~2, where C > 4 is a

universal constant. Then for the random polynomial system P = (p1,...,pn_1), we have
32 Sif 1<t < e2nlog(ed)
Prob(#(P) > tM) < RTINS f nlog (ec
(62 + 1)t 2+4log(ed) ; Zf €2n10g (Ed) S t
Moreover, for 0 < q < % — m, we have E(R(P)Y) < M?(1 + 4qlog(ed)). In particular,

Elog(r(P)) <1+ log M.

Smoothed analysis for structured polynomial systems For smoothed analysis we
need to introduce a slightly stronger assumption on the random input. This slightly stronger
property is called the Anti-Concentration Property and it replaces the Small Ball assumption
in our model of randomness. We will need a bit of terminology to define anti-concentration.

Definition 1.15 (Anti-Concentration Property). For any real-valued random variable Z and
t >0, the concentration function, F(Z,t), is defined as F(Z,t) := max,ecg Prob{|Z —u| < t}.
Let (-,-) denote the standard inner product on R™. We then say a random vector X € R"
satisfies the Anti-Concentration Property with constant ¢q if we have F((X,0),¢) < coe for
allf € S o
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It is easy to check that if the random variable Z has bounded density f then F(Z,t) < || f|loot-
Moreover, the Lebesgue Differentiation theorem states that upper bounds for the function
t~'F(Z,t) for all t imply upper bounds for || f||«. See [34] for the details.

Theorem 1.16. Let E C Hp be a non-degenerate linear subspace for D = (dy,...,d,_1).
Assume dim(FE) > nlog®(ed) and n > 3. Let Q € E be a fived (deterministic) polynomial
system let G € E be a random polynomial system given by the same model of randomness
as in Theorem but with the Small Ball Property replaced by the Anti-Concentration
Property. Set d := max; d;, and

_ nK\/le (c0d2CKlog ed) ( ))2” 2( t %) _

where C' > 4 is a uniwversal constant. Then for the randomly perturbed polynomial system

P =Q+ G, we have
Prob(R(P) > tM) < {

1
2log(ed)’

E(R(P)?) < M1+ 4qlog(ed)).
In particular, Elog(k(P)) <1+ log M.

315_% ,Zfl <t< 62nlog(ed)
(62 + 1)t é+4log(ed) ; Zf eznl()g (ed) S t

Moreover, for 0 < q < % — we have

We would like to consider a corollary to make the result easier to parse.

Corollary 1.17. Let E C Hp be a non-degenerate linear subspace for D = (di,...,d,_1).
Assume dim(E) > nlog(ed)? and n > 3. Let Q € E be a fived (deterministic) polynomial
system, and let G € E be a random polynomial system given by the model of randomness as
in Theorem [L16, but with fired K = 1. Now let 0 < § < 1 be a parameter and consider the
polynomial system

P:=Q+4|Qly G
We set d := max; d;, and

1 2n—1
M := ny/dim(E) (coCd*log(ed s 14—
WEE) (e og(eaio ()81l (14 5o )
where C' > 4 is a universal constant. Then, we have
315_% ,Zfl <t< einog(ed)

A > <
Prob(r(P) > tM) < {(62 + 1)t 3+ Thoatedy s if e2nlos(ed) < ¢

An interesting consequence As a corollary of the smoothed analysis estimate in Theorem
[LI0 we derive the following structural result.

Theorem 1.18. Let E; C Hy, be full linear subspaces, let E = (Ey,...,E, 1), and let
Q € E. Then, for every 0 < ¢ < 1, there is a polynomial system P. € E with the following

properties:
dim(E) )

1P = Qlly < ellQlly (W

and

H(P.) < ny/dim(E) (d Clog(ged)a(E)) _
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for a universal constant C'.

One can view this result as a metric entropy statement as follows: Suppose we are given
a bounded set T C E with suppcr || Py, < 1, and we would like to cover T with balls of
radius 6, i.e., T = |J, B(p;,0). Moreover, suppose we want the ball-centers p; to have a
controlled condition number. We can start with an arbitrary g covering T = J, B(pi, g),

and use Theorem [LI§ with ¢ = #\/E(E) to find a p; with controlled condition number in
m

each one of the balls B(p;,2). Then T = J, B(p;,d) gives a d-covering of T where p; has
controlled condition number.

2. BACKGROUND AND BASIC ESTIMATES
We first present a simple lemma for a single random polynomial.

Lemma 2.1. Let F' C H; be non-degenerate linear subspace of degree d homogenous poly-
nomuals. We equip F' with Bombieri-Weyl norm. Suppose p € F' is a random element that
satisfies centering property, sub-Gaussian property with constant K, and small probability
with constant ¢, each with respect to Bombieri inner product. Then for all w € S™ ! the
following estimates hold:

Prob (|p(w)| > tomax(F)) < exp (1 - %)

Prob (|p(w)| < eomin(F)) < coe.

Proof. Suppose uq, ..., u,, is an orthonormal basis of F' with respect to Bombieri-Weyl inner
product. Let f € F be a polynomial with f(z) = Y, fiu;(z), then for any v € S* 1
clearly f(v) = >, au;(v). In other words, if we set ¢, := >, u;(v)u;(x) then we have
f() = (f,q)w. Also note since w; is an orthonormal basis with respect to Bombieri norm,
1
we have [|guly = (32, ui(v)?)®.
Now let p € E’ be the random element described above. The reasoning in the preceding
paragraph gives us the following estimates for any fixed point v € ™!

t2
Prob (p(0)] > t ) < exp (1~ 7 )

Prob ([p(v)] < € lgullw) < coe.

By the definition of opax(F) and oy, (F) these pointwise estimates yield the desired result.
[ |

The following is the generalization of Lemma 2.1] to systems of polynomials.

Lemma 2.2. Let D = (dy,...,d,1) € N7 For allie{1,...,n — 1} let E; C Hy, be
non-degenerate linear subspaces, and let E := (Fy,..., E, 1). For each i, let p; be chosen
from E; via a distribution satisfying the Centering Property, the Sub-Gaussian Property with
constant K, and the Small Ball Property with constant ¢y (each with respect to the Bombieri-
Weyl inner product). Then, for the random polynomial system P = (p1,...,pn—1), and all
v € St the following estimates hold:

Prob (||P(v)], > tomax(E)Vn — 1) < exp (1 - %)
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and  Prob ([|[P(v)|y < eomm(E)Vn —1) < (ascoe)" ",
where a; and ay are absolute constants.
For the proof of Lemma we need to recall some theorems from probability theory and

some basic tools developed in our earlier work [19]. These basic lemmata will also be used
throughout the paper. We start with a theorem which is reminiscent of Hoeffding’s classical

inequality [20].

Theorem 2.3. [47, Prop. 5.10] There is an absolute constant ¢; > 0 with the following
property: If Xq,..., X, are centered, sub-Gaussian random variables with constant K, a =

(ay,...,a,) € R" and t > 0, then
— et
>t] <2exp —261 5 |-
K2 a3

Prob ( Z aiXi

We will also need the following standard lemma (see, e.g., [33, Lemma 2.2]).

Lemma 2.4. Assume Z,...,Z, are independent random variables that have the property
that F(Z;,t)) < cot for all t > 0. Then for t > 0 we have F(W,t\/n) < (ccot)™, where
W= |(Z1,...,Z,)||a. Moreover, if &, ...,& are independent random variables such that,
for every € > 0, we have Prob (|&;| <€) < coe. Then there is a universal constant ¢ > 0 such

that for every e > 0 we have Prob (x/ff + 4+ < 8\/E> < (écoe)”. M

Now that we have our basic probabilistic tools we proceed to deriving some deterministic
inequalities.

The lemma below was proved in our earlier paper [19], generalizing a classical The-
orem of Kellog [2I]. To state the lemma we need a bit of terminology: For any sys-
tem of homogeneous polynomials P := (py,...,py—1) € (R[z1,...,2,])"" ! define |P| =

SUD,cgn-1 \/ Sy pi(z)2. Let DP(x) denote the Jacobian matrix of the polynomial system

at point z, let DP(x)(u) denote the image of the vector u under the linear operator DP(z),
and set HD(l)PHOO 1= SUp, egn-1 |[DP(x)(u)|,. (Alternatively, the last quantity can be

written sup,, ,cgn-1 \/Z?;11<Vpi($), u)?.)

Lemma 2.5. Let P := (p1,...,pn1) € (Rlxy,...,2,])"" " be a polynomial system with p;
homogeneous of degree d; for each i and set d:=max; d;. Then:
(1) We have HD(l)PHOO < d*||P||, and, for any mutually orthogonal x,y€ S™*, we also
have [[DP(z)(y)ll, < d || Pl
(2) If deg(p;) = d for alli € {1,...,n— 1} then we also have HD(l)PHOO <d|P|,. N

The final lemma we need is a discretization tool for homogenous polynomial systems that
was developed in [19] based on Lemma235l We need a bit of terminology to state the lemma.

Definition 2.6. Let K be a compact set in a metric space (X,d), then a set A C K with
finitely many elements is called a 6-net if for every x € K there existsy € A with d(z,y) <.

For the unit sphere in R", equipped with the standard Euclidean metric, there are known
bounds for the size of a d-net. We recall one such bound below.

Lemma 2.7. Let S"! be the unit sphere in R™ with respect to standard euclidean metric.
Then for every § > 0, there exist a §-net N'C S™™' with size at most 2n(1 + 2)"~ 1.
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Lemma [Z7] is almost folklore: a proof appears in Proposition 2.1 of [34].

Lemma 2.8. Let P = (p1,...,pn_1) be a system of homogenous polynomials p; with n
variables and deg(p;) = d;. Let N be a d-net on S™". Let maxy(P) = sup,e || P(y)l], and
| P, = supyegn ||[P(2)||y. Stmilarly let us define,

(k) _ (k)
max(DUP) = sup |DWP(z)(us, ..., u) ],
and [|[DPP| = sup  |IDPP() (... w),-
T, ,...,up eS8 1
Then
(1) When deg(pi) = d for alli € {1,...,m} we have ||P||, < 222U gpq
k max k+1(D(k)P)
IDOP|, < =5 .
max (P max (D*) P)
(2) When max;{deg(p;)} < d we have ||P||_ < #2(5) and HD(k)pHOO < %. N

Proof of Lemma We begin with the first claim. Using Lemma 2.1l and the fact that
Omax(E) > 0max(E;) for all i, we get the following estimate for any p; € E; and w € S
2
Prob (|p;(w)| > somax(E)) < exp (1 - F) :
Now let a = (a1, ..., an—1) € R*" ! with ||la]|, = 1, and apply Lemma 23 to the sub-Gaussian
i(w)

random variables —** ) and the vector a. We then get

~ 2
Prob ( Zaipi(w) > samaX(E)) < exp (1 — C;(—SQ) .

Observe that |P(w)||, = max,cgn-2|(a, P(w))|. For any fixed point w € S™ ! and a free
variable a € R", we have that (a, P(w)) is a linear polynomial on a. We then use Lemma
2.8 on this linear polynomial, which gives us the following estimate:

$Omax (F) 182
Prob (||P(w)||2 > 1—_5) < |N]exp (1 — ﬁ) :

We then use Lemma 2.7] to control the cardinality of the d-net and get

V] < 2n(1+ %)n—l < onDiton(d),

for some absolute constant ¢. So we set ¢t = 2sy/n—1, § = %, and obtain the following
estimate for some universal constant a;.

Prob (||P(w)]|y > tomax(E)Vn — 1) < exp (1 — %) .

We continue with the proof of the second claim. Using Lemma P and the fact that
Omin(E) < omin(E;) for all ¢, we deduce the following estimate for all p; and for any e > 0:

Prob < pw)

Omin (E)
Using Lemma 2.4l on the random variables

< e) < cpe.

%‘ gives the following estimate:

Prob (|| P(w)]], < eomin(E)Vn — 1) < (é2c0e)" . W
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3. OPERATOR NORM TYPE ESTIMATES

In this section we will estimate the absolute maximum norm of a random polynomial
system on the sphere. Recall that for a homogenous polynomial system P = (p1,...,pn_1)
the sup-norm is defined as || P|| = sup,cga-1 || P(2)|l,- The following lemma is our sup-norm
estimate for a random polynomial system P.

Lemma 3.1. Let D = (dy,...,d,_1) be a vector with positive integer coordinates, let E; C
Hy, be full linear subspaces, and let E = (Ey, ..., E,_1). Let p; € E; be independent random
elements of E; that satisfy the Centering Property, the Sub-Gaussian Property with constant
K, and the Small Ball Property with constant cq, each with respect to Bombuieri- Weyl inner
product. Let N be a §-net on S™*. Then for P = (p1,...,pn_1) we have

t2
Prob (m;; |P@)]l, > tamxwm) < [Vexp (1 -2 ”) ,
xE

K2
where ay is a universal constant. In particular, for d = max; deg(p;), 0 = CllQ, and t =
slog(ed) with s > 1 this gives us the following estimate
2 1 d 2
Prob (||P||, = somax(E)v/nlog(ed)) < exp <1 — agsn}(#)

where as is a universal constant.

Proof. The first statement is proven by just taking a union bound over N and using Lemma
2.2l The second part of the statement immediately follows by using the first part and Lemma
28 m

4. SMALL BALL TYPE ESTIMATES

We define the following quantity for later convenience.

= 18,1 DOP@)(y) 2 + | P)2

It follows directly that

||P|| B .
e = VNP e (P2) 2 + | P@)I = int £(r.v)
ylax
yesn—1
So we set L(P,x) = IIZEI)I% and L(P) = mingegn-1 L(P,x). We then have the following
equalities:
L(P,x)= inf L(x,y), R(P,z)= Pl
9 ny Y 9 ? L(P7 x)
yesn—1
and, finally
oy Pl
R(P) = LiP)"

In this section, we prove a small-ball type estimate to control behavior of the denominator
L(p). We first need to recall a technical lemma from our earlier paper [19], which builds on
an idea of Nguyen [31].
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Lemma 4.1. Let n > 2, let P := (p1,...,pn_1) be a system of m-variate homogenous
polynomials, and assume ||P|| < ~. Let z,y € S be mutually orthogonal vectors with
L(z,y) < a, and let r € [-1,1]. Then for every w with w = x + fry + 3%z for some z € BY,
we have the following inequalities:

(1) If d := max; d; and 0 < B < d~* then ||P(w)||5 < 8(a® + (2 + *) 5*d*?).
(2) If deg(p;) =d for alli € [n— 1] and 0 < B < d~2 then | P(w)|; < 8(a® + (2 + ¢*)%d*?). B

We also need to state and prove the following simple Lemma for the clarity of succeeding
proofs.

Lemma 4.2. Let n > 1 be an integer. Then for 0 < x < % we have (1 + x)™ <1+ 3nzx.

Proof. For every 0 < y < 1 we have 1+3y > e¥. This can be seen by setting f(y) = 14+3y—e?,
observing f'(y) > 0 for all 0 <y < 1 and f(1) > 0, f(0) = 0. With a similar reasoning one
can prove e > 1+ z, and hence €™ > (1 + x)" for all 0 < z < 1. Using y = nx completes
the proof. B

Theorem 4.3. Let D = (di,...,d,_1) be a vector with positive integer coordinates, let
E; C Hy, be full linear subspaces, and let E = (Ey,...,E,_1). Let p; € E; be independent
random elements of F; that satisfy the Centering Property, the Sub-Gaussian Property with
constant K, and the Small Ball Property with constant cq, each with respect to Bombieri-
Weyl inner product. Let v > 1, d := max;d;, and assume o < min{d %, n~'}. Then for
P=(p1,...,pn_1) we have

Prob(L(P) < a) < Prob (|| Pllec > ) + ca%\/ﬁ <M)" 1

= - NGING

where C' is a universal constant.

The proof of Theorem is similar to a proof in our earlier paper [19]. We reproduce the
proof here due to the importance of Theorem in the flow of our current paper.

Proof. We assume the hypotheses of Assertion (1) in Lemma LTt Let a,y > 0 and 8 < d™*.
Let B: ={P | ||P|loc <~} and let
L:={P|L(P) <a} ={P | There exist x,y€S" ! with z L y and L(z,y) < a}.
Let I := 8(a® + (2 + €*)3%d*y?) and let BY denote the unit ¢-ball in R".
Lemma [4.1] implies that if the event B N L occurs then there exists a non-empty set

Vg ={weR" :w=x+Bry+p*z,x Ly |r| <1,z Ly z€ By} \ By

such that ||P(w)||3 < T for every w in this set. Let V := Vol(V,,). Note that for w € V,,
we have ||lw|? = ||x+52z||§ + |Byll> < 1+ 482 Hence we have |wl|, < 1+ 252, Since
Vey C (1+28%) By \ By, we have showed that

BNLC{P[Vol({x € (1+25%)B; \ By | [|[P(x)|[; <T'}) = V}.
Using Markov’s Inequality, Fubini’s Theorem, and Lemma 2.2l we can estimate the proba-
bility of this event. Indeed,
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Prob (Vol({z € (14 2B8*)By \ By : ||P(x)||3 <T}) > V)

< %m({x € (1+26%)By \ By« | P(2)|3 < T})

1
< = Prob (||P(z)|3 <T) dx
V' Jasop2)By\By
Vol((1 + 28%)By \ By
< YOMOFEZIBENDE) o Prob (|P@)2<T).
V ze(1+252)By\By

Now recall that Vol(Bj) = W%fl) Then % < \;—% for some constant ¢ > 0. If we
2

assume that that 4 < -, then Lemma B2 implies (1 +24%)" < 1+ 603, and we obtain

Vol((1+26%) By \ By) _ Vol(By) (1 +26%)" — 1)
v S hr ey VT

for some absolute constant ¢ > 0. Note that here, for a lower bound on V', we used the fact
that V., contains more than half of a cylinder with base having radius 5% and height 20.
Writing 7 := ﬁ for any x # 0 we then obtain, for z ¢ B, that

I3 = Ipi(2) lej Izl = Z\pj =1PE)5-
j=1

This implies, via Lemma 22 that for every we (1 + QBQ)B’; \ BY we have

Prob (|[P(w)||3 < T') < Prob (|P(w)|5 <T) < ( cco %) .

NOmin

n—1
So we conclude that Prob (BN L) < ¢y/nf32" (ccg1 /W) . Since Prob (L(P) < a) <
Prob (||P||, > ) + Prob(B N L) we then have

n—1
r
3—2n _
Prob (L(P) < @) < Prob ([Pl > 9) + eV ( namm@)?)

Recall that T' = 8(a? + (5 +€?) 84d*y?). We set 32 := a. Our choice of 3 and the assumption
that v > 1 then imply that I' < Ca?y2d* for some constant C'. So we obtain

coCad?y \"
Umin(E)\/ﬁ

codva nt
Tmin(E)v/1

Prob(L(P) < ) < Prob (|| Pllxc > 7) + ev/n(a): " (

Prob(L(P) < a) < Prob (P > 7) + evita)’

and our proof is complete. l

5. PROOF oF THEOREM [L.T14]

We first need to estimate Bombieri norm of a random polynomial system. The following
lemma is more or less standard, and it follows from Lemma
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Lemma 5.1. Let D = (dy,...,d,_1) be a vector with positive integer coordinates, let E; C
Hg, be full linear subspaces, and let E = (Fy,...,E,_1). Let p; € E; be random elements of
E; that satisfy the Centering Property and the Sub-Gaussian Property with constant K, each
with respect to Bombieri-Weyl inner product. Then for all t > 1, we have

t2 dirn(Ei))

Prob (szHW >t dim(EZ-)> < exp (1 -

and for the random polynomial system P = (p1,...,pn—1) we have

t* dim(E
Prob (HPHW > dim(E)) < exp (1 _ _IKL?()) m

Now we have all the necessary tools to prove our probabilistic condition number theorem.
We will prove the following statement:

Theorem 5.2. Let D = (dy,...,d,_1) be a vector with positive integer coordinates, let
E; C Hy, be non-degenerate linear subspaces, and let E = (Ey, ..., E,_1). We assume that
dim(E) > nlog(ed) and n > 3. Let p; € E; be independent random elements of E; that
satisfy the Centering Property, the Sub-Gaussian Property with constant K, and the Small
Ball Property with constant cqy, each with respect to the Bombieri-Weyl inner product. We
set d := max; d;, and

M = nK+\/dim(E)(cod*CK log(ed)*c(E))** 2

where C' > 4 is a universal constant. Then for P = (p1,...,pn—1), we have
. \% ,Zf 1<t< e2nlog (ed)
Prob(#(P) = tM) < e2+1 log ¢ 2 . ;£ o2nlog (ed)
vt <2nlog(ed)) 7Zf€ <t

For notational simplictiy we set m = dim(£). To start the proof we observe the following:

Prob (R(P) 2 M) < Prob (|IPlly > sKv/m) + Prob (L(P) < f)

The first probability on the right hand side will be controlled by Lemma [B.1] and the sec-
ond will be controlled by Theorem B3l Theorem states that for any v > 1 and for

sKy/m : -8 ,—1
A <min{d™®,n""}, we have

To have “E¥™ < min{d% n"'} is equivalent to tM min{d=5,n"} > sK/m. We will check
this condition at the end of the proof. Now, for v = uo . (E)y/nlog(ed) K with u > 1, from
Lemma 3] we have Prob (|| P|| . > u0max(E)v/nlog(ed)K) < exp(1 — agu®nlog(ed)?). That

is, for v = uonmax (F)y/nlog(ed) K, we have the following estimate:

Prob <L(P) < f) < exp(1—agun log(ed)?)+ <Sf f) Jn <000“"ma;(mi )(Ef(ed)d% >n_1.
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Since o(E) = 2B and M = ny/nK (coClog(ed)d?K o (E))?"2, we have

Omin (E)

sKy/m 9 S\Z 1
< < — —)
Prob (L(P) <— ) < exp(1 — azunlog(ed)) + <t> u

Using Lemma 5.1l and the assumption that m > nlog(ed) we then obtain
Prob (&(P) > tM) < exp(1 — s*nlog(ed)?) + exp(1 — asunlog(ed)) + <§> Pyt

If t < e?log(ed) then setting s = u = 1 gives the desired inequality. If ¢ > e?"1°8(¢4) then we
set s = u? = —20 __ where g > a3 > 0 is a constant greater than 1. We then obtain

2anlog(ed)’
log(t) \? 1
2nlog(ed) ) /t
Observe that exp (2 — 3 logt) = % So we have Prob (&(P) > tM) < (2711?5;2@) ? ei;%l. To
finalize our proof we need to check if tM min{d—®,n~'} > sK+/m. So we check the following:

Prob (#(P) > tM) < exp (2 = %bg(t)) + (

o oas 1y O log(t)
2 2n—2 8 11 %
tKny/m(coC'log(ed)d*Ko(E)) min{d °,n""} > 5 log(ed)K\/m‘

For n > 3 we have (d?log(ed))?* 2 > d®. Since K¢y > 1, C > 4, and o(E) > 1, we have

(coClog(ed)d* Ko (E))*" % > d°.

Hence, it suffices to check if ¢t > 2711?;5“) , which is clear.
g(ed)

We would like to complete the proof of Theorem [[LT4] as it was stated in the introduction,
for which the following easy observation suffices.

w3

Lemma 5.3. Fort > e2"log(ed) e have ( log(t) ) < { TR

2nlog(ed)

Proof. Let t = ze?™°8(¢d) where 2 > 1. Then

log(t) \? _ (14 log(z) \? < QTR — oA
2nlog(ed) 2nlog(ed) )~

Since = < t, we are done. H

We now state the resulting bounds on the expectation of the condition number.

Corollary 5.4. Under the assumptions of Theorem [0.3, 0 < q < % —
E(k(P)7) < M1+ 4qlog(ed)). In particular, Elog(k(P)) <1+ log M.

Proof. Observe that

m implies that

E(&(P)?) = MY + gM* / N P{#(P) > tM} t7 " dt.

t=1

For t > e?nlogled) e have

P{i(P) > tM}t9~! < ¢ Tostea 2 < ¢~ Thosted
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For t < e?los(ed) we have even stronger tail bounds:

E(r(P)?) < M1 (1 + q/t

[e.e]

=1

11 )
t 4log(ed) dt .

This proves the first claim. The second claim follows by sending ¢ — 0 and using Jensen’s
inequality. Wl

6. PROOF OF THEOREM [L.10]

Let E; C H, be non-degenerate linear spaces, and let E = (Fy,...,E,_1). Suppose
@ € FE is a fixed polynomial system. Let ¢g; € E; be independent random elements of
E; that satisfy the Centering Property, the Sub-Gaussian Property with constant K, and
the Anti-Concentration Property with constant cg, each with respect to the Bombieri-Weyl
inner product. Let G := (g1,...,gn_1) be the corresponding polynomial system. We define
random perturbation of ) as follows: P := () + G. We will use this notation for P, () and
G for the rest of this section.

Lemma 6.1. Let Q € E be a polynomial system, let G be a random polynomial system in
E that satisfies the Centering, sub-Gaussian, and Anti-Concentration hypotheses, and let
P =Q+ G. Then we have

2
Prob (Pl = soumn(EWlog(ed) + Q1) < exp (1 22D

K2
where as is an absolute constant.

Proof. The triangle inequality implies || P||, < [|Q|, + |G|l We complete the proof by
using Lemma BTl for the random system G. W

Lemma 6.2. Let Q € E be a polynomial system, let G be a random polynomial system in
E that satisfies the Centering, sub-Gaussian, and Anti-Concentration hypotheses, and let
P=Q+G. Then, for all e > 0, and for any w € S"! we have

Prob ([|P(w)]|, < eomin(E)Vn — 1) < (ascee)" ™
where as s an absolute constant.
Proof. By the Anti-Concentration Property, for all 1 <i <n — 1, we have
Prob{|g:(w) + ¢:(w)| < cocomin(E;)} < coe
We then use Lemma 24 with the random variables g;(w) + ¢;(w). W

Lemma 6.3. Let Q € E be a polynomial system, let G be a random polynomial system in
E that satisfies the Centering, sub-Gaussian, and Anti-Concentration hypotheses, and let
P=Q+G. Then for allt > 1, we have

Prob (HPHW > tK+/dim(E) + ||QHW) < exp(l — t*m).

Proof. For all 1 < i < n — 1, by triangle inequality ||p;|, < llallw + llgc,
first claim of Lemma 5] gives

Prob <||pz||W > ty/dim(E;) + ||€Iz||w> < exp (1 - K2< ))

Note that || P|lw = max|,—1 abs{w, (p1,...,pn-1). So proceding as in the proof of Lemma
completes the proof. l

w- S0 using the
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Theorem 6.4. Let () € E be a polynomial system, let G be a random polynomial system
in E that satisfies the Centering, sub-Gaussian, and Anti-Concentration hypotheses, and let
P=Q+G. Nowlety>1,d:=max;d;, and assume o < min{d~8,n~'}. Then

1 C()d2’70 o
<a)< > : Tmin(E)/10
Prob(L(P) < a) < Prob (||Pl|ec > 7) + caz/n <gmin(E)\/ﬁ)

where C' is a universal constant.

The proof of Theorem is identical to Theorem 3] so we skip it. Now we are ready to
state main theorem of this section.

Theorem 6.5. Let () € E be a polynomial system, let G be a random polynomial system
in E that satisfies the Centering, sub-Gaussian, and Anti-Concentration hypotheses, and let
P=Q+G. Also let d := max; d;, and set

M = nK\/dim(E) (co®CK log(ed)o(E)) ™" (1 i %) _

where C' > 4 is a universal constant. Assume also that dim(FE) > nlog(ed)? and n > 3.
Then

% ,Zf 1<t< e?nlog (ed)
Prob(R(P) > tM) < § 5\ / 1oer \ 5
G (itleg) e <t

Proof. We need a quick observation before we start our proof: For any Q € £/ and w € S" 1,
2 n—1 2 2
we have [ Q)2 < X0 41y man(E)? < QI3 0ma(E)?. So we have

1@l < 1@l Tmax(E).
Using this upper bound on ||@Q||, and the assumption that dim(E) > nlog(ed)?, we deduce

_ 2n—2
M 2 0 TCE] O og(edio(E)™ ™ (14 e} (14 e o)™

We will use this lower bound on M later in our proof. Now let m = dim(E). We start our
proof with the following observation:

Prob (#(P) > tM) < Prob (| P|l,, > sK+/m + ||Ql,y) + Prob (L(P) < %)
Lemma [6.3] states that
Prob (|P|lyy = sKvm + ||Qlyy) < exp(1 — s*m).

Theorem [6.4] states that for SK‘@%“W < min{d~®,n"'} we have

sK+/m sK+\/m 1 cod? n—1
Prob <L(P) < W) < Prob (|| Plloe > 7) + c(2EYmHQe )3 /7 (%ﬁ) .
We set 7 = u0max(E)y/nlog(ed) K + ||Q|| . From Lemma 6] we have

Prob (|| P, > uomax(E)vnloged) K + [|Q]l ) < exp(1l — azu’nlog(ed)).

We also have

oyC N i eyl BT (o]
(i) = (eomtoriontease)™ (14 e

Using u > 1, s > 1, m > nlog(ed)?, and the lower obtained on M, we obtain

1
2

Prob (&(P) > tM) < exp(1 — s*nlog(ed)) + exp(1 — asunlog(ed)) + (;) u"
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The rest of the proof is identical to the proof of Theorem 5.2 W

7. PROOF OF THEOREM [1.1§]

Define a random polynomial system F. = ) + G where G is Gaussian random polynomial

system with K = \/%”fjgg’gd) and coK = \/%7 Using Lemma 5] with ¢ = 1, we have with

probability at least 1 — exp(1 — dim(E)) that

e[|Qlly dim(E)
Vv/nlog(ed)
For the condition estimate we will use Theorem First note that with K = % and
coK = \/%7, the quantity M in Theorem is the following:
v — EV1/dim(E) (d?Clog(ed)o(E))2”2 (1 N 1)2"1
log(ed) V2m € '
2n—2
So we have M < 2y/ny/dim(E) (%)2n_2 (M> . Using Theorem [6.5 with ¢ = 36

V2r
we deduce that with probability greater than % we have

F(F.) < 2y//dim(E) <d2Clogied)a(E)) " ‘

Since the union of the complement of these two events has measure less than
$ +exp(1 — dim(E)), their intersection has positive measure, and the proof is completed. W
Remark 7.1. The proof of Theorem[0.4] actually works for

M = nk\/dim(E) (cod>CK log(ed)o (E)) ™ (1+Qlly) (1 * \/ﬁlog(!g’}amx@)) R

which is often much more smaller than the M used in the theorem statement. ¢

1 = Qllw = [1Gllw <

8. APPENDIX A

In this part we address the question how big the dispersion constant is for a typical
low-dimensional linear space. Imagine we fixed a dimension m ~ nlog(d) and considered
subspaces of dimension m inside H, (the vector space homogenous polynomials of degree d).
How does the dispersion constant vary among these subspaces? We know that some of these
subspaces will be degenerate and will have infinite dispersion constant. Can we argue this
high dispersion constant behaviour is rare?

What we do in this section is the following: we represent the space of m-dimensional linear
subspaces of Hy by the Grassmannian variety, Gr(m,dim(Hy)), and this space comes with
a Haar measure. We will analyze the measure of the set of subspaces in Gr(m,dim(Hy))
that has high dispersion constant with respect to the Haar measure on Gr(m, dim(H,)) (see
Corollary B4 below).

We need to use the following notion from high-dimensional probability.

Definition 8.1 (Gaussian Complexity). Let X C R" be a set, then the Gaussian complezity
of X denoted by v(X) is defined as follows:

Y(X) == Esup (G, 7)|

zeX
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where G is distributed according to standard normal distribution N(0,1) on R™.

The use of the term complexity in definition might look unorthodox to readers with a
computational complexity theory background. The rationale behind this standard terminol-
ogy in high dimensional probability is that the Gaussian complexity of a set X is known to
control the complexity of stochastic processes indexed on the set X (see for instance [45]).

A corollary of Lemma 2.1] and Lemma is the following.

Corollary 8.2 (Gaussian Complexity of the Veronese Embedding). Let H; be the vector

space of degree d homogenous polynomials in n variables. Let u; i = 1,..., (”+j_1) be an

orthonormal basis for the vector space Hy with respect to the Bombieri- Weyl norm. For every
v € S" 1, we define the following polynomial q,:

g(z) == Z wi(v)u(z)

and the following set created out of q,:
By :={q,:ve s}
Then, we have v(By) < cy/nlog(ed) for a universal constant c.

Proof. We need to consider a Gaussian element GG in the vector space Hy;. Note that for
G ~ N(0,I) in H; we have <G, \/ (i)x"‘> ~ N(0,1) since 4/ (i)xa is an orthonormal
w

basis with respect to the Weyl-Bombieri inner product. This means Gaussian elements of
H, are included in our model of randomness for the special case K = 1. Since 0. (Hy) = 1,
Lemma 2] gives us the following estimate for pointwise evaluations of the Gaussian element

G ~N(0,1) in Hy:

Prob{|G(v)] > t} < exp (1 . g) .

Note that |G|, = max,cgn-1 |G(v)| = maxy,ep, [(G, ¢,)|. So to estimate Gaussian complex-
ity of the Veronese embedding By, we need to estimate E ||G|| . Let N be a d-net on the
sphere S"~!. Using a union bound, we then have

t2
> < — — .
Prob{IglE%( |G(v)] >t} < |Nexp (1 2)

Setting 6 = % and using Lemma 2.8 for ¢t > a;/nlog(ed) then gives the following:

2t2nlog(ed
Prob{]|G||.. > atv/nlog(ed)} < [N exp (1 - %H)

It is known that |N| < exp(agnlogd). So we have

2£2n log(ed
W|exp(1_%og<e>

for some constant as. So Prob{||G||,, > aity/nlog(ed)} < exp(1 — ast?nlog(ed)). Using this
inequality one can routinely derive the estimate for E ||G||_. W

) < exp(1 — ayt*nlog(ed))

Since Talagrand proved his celebrated “majorizing measure theorem” (see [42]) it has
been observed that for a set X and a random k& x n sub-Gaussian matrix A the deviation
sup,cy |||Az|l2 — E||Az||2] is controlled by v(X). There is a series of papers that established
several variants of this fact, mainly in [41], [43] and more recently in [40] and [44]. Vershynin
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has devoted the 9th chapter in his recent book [45] on these results and their applications.
The version that we will used has been established in [43] but not stated explicitly. The
authors devoted the last pages of their paper to present the proof. The following statement
can been found in ([45] pages 221-222).

Theorem 8.3. Let F' be a random m dimensional subspace of R™ drawn from Haar measure
on Gr(m,n), and let Pp be orthogonal projection map on F. Let X C R™ be a set. Then
there is a universal constant C' such that

sup [V | Pr(2)]| = Vm ]| < Cty(X)

with probability greater than 1 — et

Corollary 8.4. Let F be a random m dimensional subspace of Hy drawn from the Haar
measure on Gr(m,dim(Hy)), where m > 16Cnlog(ed)?. Then

vm + Cty/nlog(ed)
o(F) < vm — Cty/nlog(ed)

with probability greater than 1 — e, where C' is the absolute constant from Theorem [83.

Proof. Since ||q||y = 1 for all v € S"!, applying Theorem to the set By implies that

n+d—1
d

sup
r€By

)2 I (@)| = vim| < Ctvitlog(ed)

with probability greater than 1 — e~ for all ¢ > 1. Since oy, (F) = mingep, |Ip(z)|| and
Omaz(F) = max,ep, [|[I1p(z)||, we have

vm — Cty/nlog(ed) < oo (F) < 0w (F) < vm + Cty/nlog(ed)
(e E E )

with probability greater than 1 — e~**. W
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