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In this course we discuss several results on Infinite Combinatorics, and their applications
to Banach space theory.

In the first chapter we present Ramsey’s theorem for infinite subsets of the natural num-
bers. Assume you color all infinite subsequences of the natural numbers N using finitely
many colors. Then, under some mild topological condition on this coloring, Ramsey’s theo-
rem states that you can find a subsequence N of N, so that all further subsequences M of N
have the same color. In Chapter 2 we will apply Ramsey’s theorem to obtain several results
in Banach space theory, for example Haskell Rosenthal’s celebrated £1 Theorem: Every semi
normalized sequence in a Banach space either contains a weak Cauchy subsequence or it
contains a subsequence which is equivalent to the ¢; unit vector basis.

3



4 CONTENTS

In view of Ramsey’s theorem one might ask whether or not there exist versions of it for
Banach spaces of the following kind. Assume you color the vectors of the sphere of a sepa-
rable, infinite dimensional space X using finitely many colors. Is it possible, under certain
conditions on the coloring, to conclude that X has an infinite dimensional Banach space
whose sphere is monochromatic? The answer to this question is for most spaces negative,
and we will present several examples which illustrate this in chapter 3. Nevertheless, parts
of Ramsey’s theorem still hold and we will present the following two examples: Gowers’s
dichotomy theorem, and its application to solve the homogenous Banach space problem,
as well as a combinatorial result, recently obtained by the author in collaboration with
E. Odell, and its application to several universality problems.

In chapter 4 we will give a short introduction to ordinal numbers, the arithmetic on them,
and the principle of transfinite induction and recursion. We will use them to introduce in
chapter 5 several Banach indices, which are isomorphic invariances of Banach spaces and
therefore important tools to classify them.



Chapter 1

The Theorem of Ramsey

1.1 Ramsey’s theorem for finite sequences

We begin with Ramsey’s original theorem [Ra]. He was only 27 when he died in 1929 and
this paper appeared the following year.

Notation. For two sets X and S we denote by X° the set of all functions f : S — X,
or equivalently the set of all families (x;);ces C X. The powerset of X, i.e. the set of all
subsets of X, is denoted by P(X).

Assume « is a cardinal number. At the moment we only worry about the cases a = n €
N, o = w (the countable infinite cardinal, which can be identified with the set of all natural
numbers N) , o = w; (the smallest uncountable cardinal) and o = w, (the continuum). We
denote by [X]“ the set of all subsets of X of cardinality a. [X]<® and [X]=® are the set of
all subsets of X whose cardinality is less than, respectively at most a. In the case X = N or
X C Nor any other well ordered set we will identify [X]" and X with the set of increasing
sequences X.

Similarly X < and X =¢ is the set of all families indexed over cardinalities smaller than
«, respectively smaller then or equal to .
In particular

e X" and X%, is the set of all sequences in X of cardinality n or all infinite sequences,
and X <% the set of all finite sequences in X.

e [X]|" and [X]“, the set of all subsets of cardinality n, respectively w or the set of all
increasing sequences of cardinality n or w, respectively.

Theorem 1.1.1. [Ra] Let k € N and A C [N]¥. Then there exists M € [N]* so that either
Mk C A or [ MFNA=0.

Remark. Note that the case k = 1 is simply the Pigeon hole Principle.

Proof of Theorem 1.1.1. We give first the proof for k = 2. Let ny = 1. Choose M; € [N]¥
with 1 < min(M;) so that

a) either (n1,n) € A for all n € M, or
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b) or (ni,n) & A for all n € M.

Let ny = min M; and choose My € [M;]* so that ny < My and either
a) (ng,n) € A for all n € My, or
b) (ne,n) & A for all n € M.

Let ng = min Ms and continue in this manner. The alternative a) or b) must occur infinitely
many times. Suppose M = {n; : a) holds for n;} is infinite. Then [M]? C A. Otherwise
M = {n; : b) holds for n;} satisfies [M]> N A = 0.
Assume now the claim of our theorem to be true for & — 1, k > 2, and let A C [N]*.
Using our induction hypothesis we can choose by induction on £ € N numbers n; < ns <
in N and sets N= My D My D M>..., so that for all f € N

ny = min My;_1 and ny, < min M,
Either(Case 1) :  ¥(mi,ma...my) € [Mg)*™1 (ng,my,ma,...my_1) € A
Or(Case 2) © Y(my,ma...mg) € [MFY (ng,ma,ma, . omy_1) €A

Then take infinite subsequence (ny,) so that for all i € N the same case happens and choose
M={ng,:ieN}ieN O

Definition 1.1.2. By an r-coloring of a set A we mean a partition (A4;);_, of A into r

subsets. In that case we call B C A monochromatic if for some i <r, B C A;.

Corollary 1.1.3. For any r € N and any r coloring of [N]* there is an M € [N]* so that
[M]F is monochromatic.

Using the Compactness Principle we can deduce the following strengthening of Theorem
1.1.1.

Corollary 1.1.4. Given k and m in N there is an n = n(k,m) > m so that the following
holds. Assume that A C [{1,2,3...,n}]* then there exists M C {1,2,3...,n} with #M =
m so that

Bither [M]* ¢ A or [M]* 0 A = 0.

Remark. For k£ = 2 Corollary 1.1.3 means the following: Given any number m there is a
number n > m so that: If ones invites any n people there at at least m of them who either
know each other or who do not know each other.

Proof of Corollary 1.1.4. Assume that for some k and m in N our claim is wrong. Thus,
assume that for any n € N, n > m there is an A, C [{1,2,...n}]* so that

(%) vM c [{1,2...n}]™ [M]* ¢ A, and [M]* N A, # 0.

By induction choose n1 < ng < ... and infinite sets N = Ny D N1 D Ny D ... so that for
{eN

ny = min Ny_1 < min Ny
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Vn,n' € Ny A, N [{n1,n2,...n}F = Aw 0 [{n1,n9, .. .ng}]*

In order to choose N, we can use the Pigeonhole Principle since for any n € Ny_; the set
An N [{n1,na,...n,}F is an element of the (finite) set P([{n1, na,...n }k).
Then put N = {n; : i € N} and let

A=

(@

An,.

(=1

Note that for A € [N]*
Ac A < FecN AcA, < VWecNmaxA<n AcA,,

and, thus, for £ € N it follows that AN [ny,... 0~ = A,,.
By Theorem 1.1.1 we can now choose an L € [N]¥ so that [L]* C A or [L]* N A. Write
L as

L= {ngl,nb, - .},
then note that either

[{me, s 1y, - - ,ngm}]k CcAN[{L2,...,... ,’I?,gm}]k = Ay,
or
Hneun@v cee 7n€m}]k NA= [{nfun@w cee 7n€m}]k N ‘Anzm - @
which is a contradiction to our assumption. O

Exercise 1.1.5. For m € N let R(m) (sometimes also denoted by R(2,m)) be the min-
imum of all n € N so that the conclusion of Corollary 1.1.3 holds, i.e so that for all
AC[{1,2,3...,n}]" there exists M C {1,2,3...,n} with #M = m so that either [M]* C
Aor [M]¥ N A= (. Show that R(3) = 6.

Remark. R(4) = 18 (hard, possible only by using computer), R(5) is unknown. It is only
known that R(5) € [43,49].

Erdos: “If Aliens land on earth and threaten the to eliminate all human beings if they do
not provide R(5), then, probably combining all the avialable computing power, we probably
would be able to compute R(5). If they want to know R(6) we can as well start preying”
(This was about 30 years ago, maybe nowadays we have enough computing power to find
R(6)
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1.2 Infinite Games

Let X be a non empty set and let A C X we consider the following game G(A, X).
Player I: chooses z; € X
Player II: chooses x3 € X
Player I: chooses z3 € X

Player I has won if the resulting sequence (z,) is in 4. Otherwise Player II is declared
winner.

Remark. We will use above setup in the case where Player II chooses in his/her moves
certain subsets, say S7, Sy etc. of S (like infinite subsets of N,or closed infinite dimensional
subspaces of a Banach space X) and Player II chooses elements s; out of the set S; (for
example N, or a Banach space). Player I has won if he can assure that the resulting sequence
(s;) lies in some set A C S¥.

In order to reduce that game to the above described game we simply put

X =S x P, where P C P(X) are the allowed choices for Player I
/Nl = {(Sl,Sl) e X¥: (SQi) c Aand VieN s9; € 521;1}.

Exercise 1.2.1. Assume S is a set and A C S is closed with respect to the product of
the discrete topology. Let P C P(X)
Then show that A, as defined above is closed in the product topology of (S x P)%.

Let A C X“, X some non empty set. For Player I having a winning strategy for G(.A, X)
means informally that

drieX VagseX drzeX VayueX... (1‘1)6.,4

Given that this is an infinite phrase one might want to be careful.
This is the formal definition:

Definition 1.2.2. Let A C [X]¥, X # (. We say that Player I has a winning strategy for

G(A, X) if

(Wr(A, X)) There is a sequence of functions (f,)02, with f, : X” = X (fo € X) so
that for any sequence (z,)5; the sequence (x,) defined by

Ton—1 = fn-1(21, 22, ..2n—1) and x9, = 2z, whenever n € N

is in A.
We say that Player II has a winning strategy for G(A, X) if
(Wrr(A, X))  There is a sequence of functions (g,)52; with g, : X™ — X so that for any
sequence (zp,)2%  the sequence (z,,) defined by

Ton—1 = zn and xoy, = fr(21, 22, ... 2z,) whenever n € N

is not in A.
In the case that (Wr(A, X)) or (Wrr(A, X)) holds we call (f,,)0, respectively (gn)0 4
a winning strategy for Player I, respectively Player II.
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Remark. It is easy to see that (W(A, X)) and (W;s(A, X)) cannot both hold. Indeed,
assuming that maps f, : X" - X, n € Ny, and g, : X" — X, n € N, existed as in
(Wr(A, X)) and (Wyr(A, X)), we could choose by induction a sequence (x,,) as follows

x1 = fo and z2 = g1 (1)

assuming 1, xs, ... T2, have been chosen for some n € N, we put

Ton4+1 = fn(ZL'Q, Lhyeooy .%'Qn) and Ton+2 = gn(.%'l, I3y... >$2n+1)-

Then (z,,) satisfies the conditions in (W;(A, X)) and as well as in (Wy;(A, X)) which leads
to a contradiction since that would imply that (z,,) € A as well as (z,,) € A.

It is not clear whether either (W;(A, X)) or (Wrr(A, X)) have to hold, i.e. whether or
not the game is determined.

In the case that the game has finitely many steps, i.e. if there is an n € N, say n even,
so that A C X" then (Wj(A, X)) is equivalent to

drieX VeeeX drx3eX VoyeX...3z,1€X Vz,cX (i), € A
and (Wyr(A, X)) is equivalent to
Vei€X droeX VzzeX VreX... Vrp,1€X dr,eX (x5)ieq & A.

Since the negation can be pulled through finitely many quantifiers (replacing 3 by V and
vice versa) we deduce that

- (Wr(A4, X)) = (Wr(A X)) - (Wir(A, X)) = (Wr(A X))

and, thus, that games of finite length are determined. In the case of infinite games the
situation is different: one cannot always pull the negation sign through an infinite phrase.
A good analogue to this problem in Logic is the fact known from Calculus that infinite sums
g and ) do not always commute. The determinacy of infinite games will follow under some
topological assumption on the set A.

Notation. For A C X“ and = = (21,22, ...,T,) € X<¥ we write:
Az, 29,...2,) = {(ZZ) € XY : (x1,22,...Tpn,21,22,...) € A}.
We consider on X“ the product topology of the discrete topology on X.

Proposition 1.2.3. Assume A C X¥. Then

Ais open — JACX<Y A= U {(z1,22,...20)} X X“.

(wl,xg,...a}n)eﬂ

A is closed <= V(z;)e X [VnEN Az, 29, ... 2n) #0 = (1) € .A].
Theorem 1.2.4. [Ma] If A C X% is a Borel set then the game G(A, X) is determined,
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Proof. We will show Theorem 1.2.4 only in the case that A is either closed or open. The fol-
lowing observations are intuitively clear and can easily be shown using the formal definitions
of (Wr(A, X)) and (Wyr(A, X)). For A C X¥

(1.1) (WA, X)) < Joze XVyeX (W;i(A(z,y),X))

(1.2) (Wir(A X)) < Voe XdyeX (Wir(A(z,y), X))

Secondly,

(1.3) (Wir(A, X)) < Jze XVyeX —-(Wir(A(z,y),X))
—JreXVyeX A(zx,y)#0

(1.4) “(Wi(A, X)) <= Vee XTFyeX —-(Wi(A(z,y),X))

—JreXvVyeX Alx,y)#0

Assume that =(W7(A, X)) holds. By induction on n € Ny we can choose f,, : X" — X so
that

(1.5) Y(21,22, - - - Zn, Zng1) € X
(Wrr(A(fo, 21, f1(21), 22, fa(21, 22)5 - -5 [n(21,2, .. 20, 2ng1), X))

For n = 0 this follows from the assumption —=(Wj;(A, X). Assuming fo, f1,... fn—1 have
been chosen, we can apply for a given (z1, 22, . ..2,) € X" our induction hypothesis to the
game

G(A(fo, 21, f1(21), 22, f2(21,22), - - - 2n), X)
and then apply (1.3) to the set

A(fo, 21, fi(21), 22, .. fa—1(21, 22, . . Zn—1), 2n)

in order to get a y, which we define to be f,,(z1,...z,), so that,

(Wrir(A(fo, 21, fi(21), 22, fo(21,22)s - -5 fr(21, 225 - - - 20y Zng1), X)) for all 2,41 € X

This finishes the induction step.

We claim that if A is closed (fy,) is a winning strategy for Player 1. Indeed, let (z;) €
X“. From (1.3) (second implication) and (1.5) we deduce that for all n € N the set
A(fo, 21, f1(21), 22, - . . Zn41) is not empty. Proposition (1.2.3) yields that the infinite se-
quence (fo, z1, f1(21), 22, f2(21, 22), 23, ...) is in A.

If A is open we will assume that -(W;(A, X)) and prove in a similar way that (W;;(A, X))

(see Exercise 1.2.5)
O

Exercise 1.2.5. Let A C X“ be open. Show that =(W;(A, X)) implies (W;r(A, X)).
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1.3 Ramsey’s theorem for infinite sequences

Proposition 1.3.1. Let X be a Polish space (completely metrizable and separable). For
A C X the following statements are equivalent.

a) A is the image of a Borel set B C X x X wunder the projection onto, say, the first
coordinate.

b) There is a Polish space Y so that A is the image of a Borel set B C X XY under the
projection onto the first coordinate.

c) There is a continuous map f : NY — X (using the product of the discrete topology)
whose image is A.

d) A is the image of a Borel set B C X xN“ under the projection onto the first coordinate.

e) For every uncountable Polish space Y there is a Gs-set (intersection of countably many
open sets) B € X XY so that A is the image of B under the projection onto X.

We call a set which satisfies above conditions analytic and we call the complement of an
analytic set co-analytic.

Remark. The set of analytic subsets of a Polish space is not closed under complementation,
in particular it is not a o-algebra. Nevertheless it is easy to see that analytic sets are closed
under countable unions.

We identify P(N) with the product {0,1}* by

lifne N

N € [N]¥ +— (e,), where &, = )
0ifn ¢ N.

Therefore P(N) can be endowed with the product topology of the discrete topology on
{0,1}, which makes it a compact metric, and thus, Polish space, and we note that

U={{FUN:N e P(N),maxF <minN or N =0} : F € [N]**}
={{(ei) c{0,1}:e;=1ifie€ Fandg; =0if i <max F and i ¢ F}F € [N]<¥}

is a basis of the topology on P(N).
For N,,, n <w, and N in P(N),

Np —nosoo N <= VEeNIngeNVR>ny Non{1,2,3...k}=Nn{1,2,3...k}.

On [N]¥ we consider the relative topology. [N]“ is actually a dense Gs set in P(N), and
therefore it is a Polish space itself.

Exercise 1.3.2. For B € [N]<* and N € P(N) we say that N extends B if
B=Nn{l,2,...max B}.
Show that A C [N]“ is clopen if and only if there is a k € N and a B C [N]* so that

A={N€e[N“:3B€B N extends B}.
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We can now state the Ramsey theorem for subsets of [N]*.

Theorem 1.3.3. Assume that A C [N]* is analytic (with respect to the product topology on
[N]* ={0,1}).
Then there is an N € [N]“ so that either [N]¥ C A or [N]* N A = 0.

Remark. Note that from Exercise 1.3.2 it follows that Ramsey’s theorem for finite sets,
i.e. Theorem 1.1.1, coincides with the statement of Theorem 1.3.3 for clopen sets A C [N]“.

Theorem 1.3.3 was shown by Ellentuck in 1974 [El]. For Borel sets it was proved by
Galvin and Prikry in 1973 [GP].

We will prove Theorem 1.3.3 first in the special case that A C [N]“ is closed and then
for all Borel sets.

Theorem 1.3.4. Assume A C [N]¥ is closed.
If there is an N € [N]|* so that [M]* N A # 0, for all M € [N]¥, then there is an N' € [N]¥
so that [N']* C A.

It is clear that Theorem 1.3.4 implies Theorem 1.3.3 in the case that A is closed. For
the proof we will need the following Lemma. Similar to the previous section we define for
F € [N]*¥ and A C [N¥

A(F)={N € [N]Y :maxF <minN and FUN € A}.

Lemma 1.3.5. Let A C [N]¥ and N € [N]* and assume that for all M € [N]* it follows
that AN [M]“ # 0.

Then for all N' € [N]¥ there exists an L € [N']* so that A({¢})N[M]“ # O for all ¢ € L
and all M € [L]“.

Proof. Assume our claim were not true for some N’ € [N]¥. Then we could inductively
choose Lo = N' D Ly D Ly... and ¢; < {5 < ... so that f; < minLy, ¢, € Lj_1
and A({¢x}) N [Lg]¥ = 0 for all £ € N. But this would imply that AN [M]¥ = 0 for
M = {l1,0s,...}. O

Proof of Theorem 1.3.4. Assume that that there is an N € [N]* so that for all M € [N]“
there is an L € AN [M]“. We need to show that there is an N’ € [N]¥ so that [N']* C A.
We will chose recursively Ngo = N D Ny D No D ... and ny < ne < ... with ng € Ni_q, if
k > 1, and so that for all £k > 0, all M € [Ni]* and all F C {ny,...nx} (if k=0only F =0
is posssible)

A(F) N [M]“ # 0.

For k = 0, this is exactly our assumption. Assume that we have chosen n; < ng < ..ng
and Ni. We order all subsets of {ni,...ng} into F1, Fy,...Fy and apply Lemma 1.3.5
successively to B = A(F;), i = 1,2...2% in order to get Lo = N, D Ly D Lo... Lot so that
for all i < 2¥ and all £ € L; and all M € [L;]* the set (A(F;))({£})N[M]* = (A(F; U {£}))N
[M]¥ is not empty. Finally we choose ngi1 = min Lox and Nyy1 = Lok \ {ng+1}, which
finishes our induction step.

Putting now N’ = {ny, ng,...} it follows that for all finite F' C N’ the set A(F) is not
empty. Since A is closed we deduce from Proposition 1.2.3 that [N']* C A. O
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Later we want to extend results similar to Theorems 1.3.3 and 1.3.4 to Banach spaces
and their closed subspaces. Unfortunately only part of the reasonings are transferable. We
want therefor reinterpret the statements of Theorems 1.3.3 and 1.3.4.

We consider the following two person game of infinite length. Let A C [N]* be closed.

Player I : chooses N; € [N]¥

Player II: chooses ny € Ny

Player I : chooses Ny € [N

Player II: chooses no € No

Player I wins if {ni,ns,...} € A

It follows from Theorem 1.2.4 that if A Borel, then the game is determined i.e. one of
the Players has a winning strategy.

We call above game G(A). If N € [N]* and we demand that Player I can only choose
subsets of N we call it the restriction of the G(A) to N and denote it by G(A, N)

Write W (A, N) (Wr(A) if N = N) if Player I has a winning strategy for the restriction
of A to N and we write Wrr(A,N) (Wrr(A) if N =N) if Player II has a winning strategy
(which means that {ny,ns,...} € A).

Remark. Using the formal definition (or our intuition) of W(A, N) and Wir(A, N) for
N € [N]“, it is clear that W;(.A, N) implies AN[N]“ # () and W;r(A, N) implies A°N[N]* #
0.

Therefore Theorem yields the following
Corollary 1.3.6. Let A C [N]¥ be closed.

a) Fither A satisfies the condition
N € [N*VM € [N]* Wi(A, M),

then it follows
IN'e[N]¥ [N']¥ c A.

b) Or A satisfies
VN € [N]J¥3IM € [N]* Wi(A,M)

which implies

YN € [NJ*3M € [N]*  AN[M]* = 9.

Remark. Note that the first part of Corollary 1.3.6 means the following: If Player I has
a winning strategy he/she has actually a very simple strategy: at step k Player I chooses
N'Nn{ng_1+1,nk_1+2,...}, where ni_; was the choice of Player II at step k — 1.

The second part can be interpreted as follows. If for all N € [N]* there is an M so that
Player II has a winning strategy for the (A, M)-game, then for any N € [N]* Player II can
find an M € [N]¥ so that in the (A, M)-game he can each step choose any element out of
the set Player I suggests, and win the game.



14 CHAPTER 1. THE THEOREM OF RAMSEY

Proof of Corollary 1.3.6. (a) follows immediately from Theorem 1.3.4 and above mentioned
remark.
(b) can be deduced as follows:

VNe[N“3IMe[N]¥ Wi(A M) = VNe[N*3IMe[N]* A°N[M]¥ #0
< ~(3NeN]” [N]¥CA)
= -(ANeN*VMe[N]* [M]*NA#D)
[Using Theorem 1.3.4]
< VNe[N*3IMe[N]*” [M]*NnA=0.

O]

We now want to show that the conclusion of Theorem 1.3.3 holds for all Borel sets in
[N]».

Definition 1.3.7. We call a set A C [N]¥ Ramsey if

(R) M €N¥ [M]*Cc Aor [M]*NA=0.

We say that A is hereditary Ramsey

(RH) VN e[NJYVF e [NJ<¥3IM €[N]¥ [M]¥ C A(F) or [M]“NA(F) = 0.

Remark. If A is closed, N € [N|* and F' € [N|<“ then it follows that A(F) N [N]* is also
closed in [N]¥ and therefore it follows from Theorem 1.3.4 that A is hereditary Ramsey.

Theorem 1.3.8. The set of all subsets of [N|* which are hereditary Ramsey forms a o
algebra. In particular, using above remark, all Borel sets on [N| are hereditary Ramsey.

Proof of Theorem 1.5.8. Let R}, be the subsets of [N]“ which are hereditary Ramsey. It is
clear that Ry, is closed under taking complements. In order to show that it is closed under
finite intersections let A and B be in Ry, and let N € [N]“ and F € [N]<“. Then, by using
(RH) for A, there is an M’ € [N]“ so that [M']* C A(F) orA(F) N [M']“ = (. Secondly
we apply (RH) to B and M’ instead of N and find and M € [M']“ so that [M]“ C B(F) or
B(F)N[M]“ = (). Note that M still satisfies the same alternative with respect to A(F') as M’
did. If M satisfies the first alternative with respect to A(F') as well as B(F') then, of course
[M]¥ c A(F)NB(F) = (ANB)(F). In all the other cases we deduce [M]“N(ANB)(F) = 0.
This shows that Rj, is an algebra and we deduce that in particular all open sets in [N]“ are
hereditary Ramsey.

Therefore it is left to show that Ry is closed under taking countable intersections.

Assume A,, € Ry, for n € N, and let F' € [N|<% and N € [N]*. We need to show that
there is an M € [N]* so that [M]Y C (,enAn(F) or [M]* N (,en An(F) = 0. We can
assume that A; D Ay ..., otherwise replace A; by (., A;. We also can assume that F' = (),
other wise replace A; by A;(F).

Using our assumption that A, € R we can choose by induction k1 < ko < ... and
infinite sets N = Lo D L1 D Ly O ... so that forallmn € N, k, = min L,,_1

Jj<i

VF C{ki, kg, ... ky} either [L,]* C A, (F) or [L,]Y N Ap(F) = 0.
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Define K = {ki,ka,...}. Since the A,’s are decreasing we deduce that for each
F € [K]<¥, one and only one of the following alternatives can hold (let i € N so that
k; = max F'):

Either: (A1) Vn>i [L,]Y C An(F)
Or: (A2) In(F)>iVn>n(F) [L,)* NA.(F)=0.

We pass to a further subsequence L = {ky,, ky,, ...} of K so that the following holds:
(1.6) VneN lpi > 1+max{n(F): F C {ky, ke,,... ke, }, Fis (A2)}
We define F to be all F' € [L]<“ for which (A1) holds and put

B = U {FUM : M € [N]¥ with min N > max F'}.
Fe[L]<@\F

B is open in [N]* and therefore we can choose an M € [L]“ so that either [M]¥ C B or
M]*NB=0.

In the first case we can write any M’ € [M]¥

as

and since M’ € B we find an initial segment F of M’  ie. either F = () or F =
{ki(ys i) - - - > ki) } for some n € N, so that F' ¢ F and, thus, by (1.6) [Lip41)-1]“ N
Aitng1)—1(F) = 0 which implies (recall that M’ \ F' € [L;(,4.1y-1]) that M' &, A,. Since
M’ € [M]“ was arbitrary we deduce that [M]“ N, A, = 0.

In the second case, let M’ € [M]“ and write again M’ as

M = {ki(l)a k:z-(Q), cop, with i(1) < d(2) <i(3)... in {l1,02,...}.

Let n € N be arbitrary. We want to show that M’ € A,,. In order to do so choose j € N
minimal so that i(j) > n, and let F' = {k;1), ki2), - - -, ki(j—1)} (F could be empty). Since
M' ¢ B every initial segment of M’ has to be in F, in particular F' € F, which implies that
M'\ F € [L,)* C A,(F), and thus M’ € A,,. Since M’ € [M]¥ and n € N were arbitrary
we deduce that [M]¥ C () Ay. O

Remark. An example by Dan Freeman shows that the set R of subsets of [N]* which are
Ramsey is not closed under taking finitely many intersections:
Let A C [N]¥ which is not Ramsey (in Example we will show that such an A exists). Then
take: By = [2N]“ U A and By = [2N + 1]* U A, then clearly B; and Bz are Ramsey, but
A = B1 N By is not.

The Author of these notes does not no whether or not the set of all A which satisfies
the following weak hereditary Ramsey property (RWH) is a o-algebra. A is said to be weak
hereditary Ramsey if

(RWH) VNN IMe[M]* [M]* C Aor [M]NA=0.
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The next example shows that some conditions on A C [N]* are needed in order to derive
the conclusion in Ramsey’s Theorem for infinite sets. We will need tranfinite recursion to do
so. We denote the cardinal number of the continuum by w, and we consider on w, an order
< which has the property that for a € w, the set {8 < a} is of strictly smaller cardinality
than w.. Often instead of a € w, we write @ < w, Simply extend the wellorder of w, to
we U {w.} and put and exten the well order onto w, U {w.} by demanding that o < w, for
all a € we.

Remark. Let S be any set and let « be the cardinality of S. Then one can think of a well
ordering of S as being a bijective map o — S, or equivalently as a family (sg)g<q with
sg # sy for f <y <a,and S = {sg: [ < a}.

Example 1.3.9. Let (My)a<w, be a well-ordering of [N]“. By transfinite induction we will
choose for each o < w, a partition of M, into to sets Mc(yl) and Mc(f) so that

MO, MP g (MY MP g < al.

Indeed, assuming we have chosen M él) and M éz) for all 8 < «, it follows that the
cardinality of {M (1)’Mé2) : B < a} is strictly less than w., while the cardinality of all
partitions of M, is we.

Then we let

A:={MVY :a<w.}.

Let M € [N]“, say M = M,, a < w.. Since, by choice, Mo(éz) ¢ A it follows that
[M]“ ¢ A. Since MY € A it also follows that [M]“N.A#0.



Chapter 2

Application of Ramsey’s theorem
to Banach spaces

2.1 Bases of Banach spaces

Convention: All of our Banach spaces are considered to be vector spaces over R.

Notation. If X is a Banach space with norm || - ||.

Bx ={z € X : ||| < 1}unit ball of X
Sx ={x € X : ||z|| = 1}sphere of X
X*={f:X — R: fis linear and bounded}dual space of X

For A C X we denote the linear span of A by span(A) and the closed linear span by span(A).
If Y is a closed linear subspace of a Banach space X we write Y — X.
Special spaces:

For1 <p<

oo 00 /
b= {o=(€) CR: Yl < oo} with [, = (Y 1eP) ",

i=1 i=1
loo = {2 = (&) CR: [|Jz]oc = sup &},
neN
coz{x:(f)eﬁm:ggngoénZO},

For a measure space (w, 3, i)
1/p

Lp(p) = {f : @ — R measurable ]/|f]pdu < oo} with [|f], = </|f|pdu) ,

Loo(u) = {f + @ — R mble [[[f]less sup = sup{r > 0: u({|f| = r}) > 0} < oo},
For a compact space K

C(K)={f: K — R continuous}, with ||f|lec = sup |f(£)|.
£eK

17
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Definition 2.1.1. (Schauder basis)
Let X be a Banach space over . A sequence (z;) is called (Schauder) basis of X if for every
x € X there is a unique sequence (a;) C R so that © = > "7, a;x;.

We call (z;) C X basic sequence if it is a basis of its closed linear span.

Proposition 2.1.2. For (xz;) C X be a Schauder basis. Define for n € N
zy: X > R, xzzaiwiHai

(we call the x}, the coordinate functionals with respect to (x,)). and define
n n
P X—X zw— (sz ®xj)(:c) = sz ® x;(x).
i=1 i=1

Then it follows
a) z;, € X* for alln € N.
) Cy = suppen | Pall < oc.
C' is called the basis constant of (z;). We call (x,) a monotone basis if C' = 1.

Sketch of Proof: For x =3, ya;x; € X define

n
llalll = sup | > aia,
neN T

Using the Principle of Uniform Boundedness it follows that ||| - ||| is an equivalent norm on
X.
We the observe that
sup || Pl < oo = sup |||z]|| < oo.

neN rEBx

The converse of Proposition 2.1.2:

Proposition 2.1.3. Assume that (x;) C X is linear independent an let f; the linear (but
not necessarily bounded) coordinate functionals defined on the vector space span(z; : i € N).
Forn e N put

n n
P, = ZIZ ® fi : span(x; i € N) — span(x; i <n), z— Zzl ® fi(z).
=1 =1

If P, is a bounded operator for every n and C = sup ||P,|| < oo, then (x;) is a basic
sequence.

Remark. Enflo [En] showed that there are separable infinite dimensional Banach spaces
without a Schauder basis nevertheless we the following result is easy to show
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Proposition 2.1.4. If X is an infinite dimensional Banach space. Then X contains a basic
sequence () and if (yn) is a given normalized weakly null sequence (x,) can be chosen to
be a subsequence of a given weakly null sequence.

Moreover, in both cases, (x,,) can be chosen so that the basis constant is arbitrary close
to 1.

Definition 2.1.5. We denote the vector space of all sequences (a;) C which eventually
vanish by cpp. We denote its usual unit vector space-basis by (e;),i.e.

e; = (0,0,...,0,1,0,0,...).
———
(i—1) times

For z = > a;e; € cop we call

supp(z) = {i € N:qa; # 0}
the support of x.

Remark. Assume that (x;) is a basis of X then it is easy to see that its normalization (e;)
with e; = z;/||x;||, for i € N, is also a basis. Let e the coordinate functionals to (e;).

For x = ) aje; € X it follows that lim; , a; = 0 an thus we can think of X being the
completion of the vector space cgp under some norm || - ||.

Definition 2.1.6. Let (x,) be a basis of a Banach space X. We call

o)
rr = Zaia:i € Bx},
=1

the projection constant, and note that C), < 2Cj. We call (x,,) bimonotone if Cp = 1.
Note that by putting

n
Cp = sup || Py, — Ppl| = sup {H Z a;x;
m<n m<n i=mt1

]| = sup [[(Pn = ) (2)]],
m<n

we can always renorm X equivalently so that (z;) becomes a a bimonotone basis.

Definition 2.1.7. Let (z,) and (yy) be two basic sequences and C' > 1. We say that (z,)
C-dominates (yy,) or that (y,) is C-dominated by (x,) if

H Zaiyi < CH Zail‘i

We say that (x,) and (y,) are C-equivalent if (z,) C-dominates (y,) and (y,) C-
dominates (x,,) i.e. if

3w | Senl <o

Proposition 2.1.8. For a sequence (zp) in a Banach space Z and z € Z the following are
equivalent:

for all (al) € Coo-

for all (a;) € coo.

a) Thereis az € Z so that for alle > 0 there is a finite F C N so that ||z=)_, cpr znl| < €
whenever F' C N is finite with F C F'.
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b) There is a z so that for every bijection m : N — N the series Y o=, Tr(;) converges to
z€ .
¢) For every (0;) € {—1,1}“ the series Y .o, d;x; converges.
d) For every N C [N]“ the series ) ;. 6ix; converges.

Definition 2.1.9. A basic sequence (z,) is called unconditional basisif for all x = >, a;z;
the series is unconditionally converging.

Proposition 2.1.10. Let (x,) be a linearly independent sequence in a Banach space X and
(x) its coordinate functionals defined on span(x;). For A C N finite define:

n

Py : span(z; : i € N) — span(x; i € A) > Zaixi > Z a;T;.
€N i€EA

For o = (0;)i € N € {—1,1}¥ define:

Ty : span(x; 1 i € N) — span(z; : 1 € N) > Zaixi — Zaiaixi.
ieN ieN

The following are equivalent:

a) (xn) is an unconditional basic sequence,
b) Cy = SUPse=(0;)ieNe{—1,1}» 175l < o0

¢) Cu = sup ge(nj<e || Pall = sup scinj<w SUPLespan(assien) o) <1 [[Pa(z)]| < 00
We say that a basic sequence is c-unconditional if C, < ¢ and suppression c-unconditional
if Cy <c
Exercise 2.1.11. Show that always C’u <Oy, < 2C'u.

Definition 2.1.12. Let (z,) be a basic sequence. A Block basis of (xz,) is a sequence
(yn) € X \ {0} of the form:

kn
Yn= Y amwi, with0=Fky <k <ky<... anda; €R, fori=1,2,. ...
i=kn—1+1

A subspace spanned by a block basis is called block subspace.

Remark. Note that every normalized block basis of the unit vector basis of £,, 1 < p < 0o
or co is isometrically equivalent to the unit vector basis of £,.

M. Zippin [Z2] proved that a normalized basic sequence (x,) which is equivalent to all
of its normalized block bases must be equivalent to the unit vector basis of £, for some
1 <p<oo,orc

Exercise 2.1.13. Show that block bases of bases are basic sequences.
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Proposition 2.1.14. Let X be an infinite dimensional Banach space with a basis (xy) and
Y an infinite dimensional subspace. Given any seqeunce (gy,) C (0,1) there is a normalized
block sequence (yn) of (z) and a sequence (§,) C Y of so that ||y, — Un|| < en for any
n € N.

Exercise 2.1.15. If (e;) is a basis of X and the sequence of (e}) its coordinate functionals
is also a basic sequence (but not necessarily a basis of X* which could for example be non
separable) and (e}) is unconditional if and only if (e;) is.

Definition 2.1.16. A basic sequence (¢;) is called shrinking if the sequence of its coordinate
) is a basis of X*, and (e;) is called boundedly complete if the series ) a;e;

functionals (e]
converges whenever sup,,cy || > i €il|-

The proofs of the following results on shrinking and boundedly complete bases can be
found in [FHHMPZ]

Proposition 2.1.17. For basis (e;) of X the following are equivalent
a) (e;) is shrinking
b) For any x* € X* it follows that limy, o0 [|7*|span(e;:i>nll = O

Proposition 2.1.18. For basis (e;) of X and (e}) be the coordinate functionals. Then
following are equivalent

a) (e;) is boundedly complete

b) Let y = span(e} : i € N) then the (canonical) map

T:X—Y" z— {y = Zbief — Zbief(x)},
18 an isometry onto Y*. In particular X is a dual space.

Theorem 2.1.19. ( [Ja2], see also [FHHMPZ, Theorem 6.11]) Let X be a Banach space
with basis (e;). Then X is reflexive if and only if (e;) is shrinking and boundedly complete.

Remark. Note that the unit vector basis of ¢y is shrinking but not bouncecly complete,
and that the unit vector basis of ¢ is boundedly complete but not shrinking.

Definition 2.1.20. Let X be a Banach space. A closed Y «— X is called cimplemented in

X and we write Y <5 X if there is a bounded projection from X onto Y, i.e. a bounded
map P: X — Y with P(y) =y forally e Y.

Remark. If (e;) is basis of a Banch space and Y be a subspace which is spanned by a
subsequence of (e;) then Y does not need to be complemented in X (see Exercise 2.1.22
below). Nevertheless, if (e;) unconditional then it is easy to see that all closed subspaces
spanned by subsequences are complemented.

Exercise 2.1.21. Show that every finite dimensional and every cofinite dimensional closed
subspace of a Banach space X is complemented in X.
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Exercise 2.1.22. Let J be James’ space, and (e;) its standard shrinking basis (c.f [FHHMPZ,
Page 185]) Then Y = span(e; : i € N, 0dd) is not complemented in J.

Exercise 2.1.23. For a closed subspace Y of X the following statements are equivalent.
a) Y < X

b) There is a closed subspace Z of X so that X is linearly isomorphic to the topological
sum
Y& Z={(y,z):yeY,z€ Z}
with the product topology (which is induced by a norm, for example by ||(y, )| :=
Iyl + ll=]]).-
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2.2 Spreading models

The theory of spreading models is due to Brunel and Sucheston in the 70’s [BS]. A conse-
quence is that a normalized weakly null sequence admits a subsequence which is “asymp-
totically unconditional.”

Let us first state a Corollary of Theorem 1.1.1 which is often called the Ramsey Theorem
for Analysts. Tt shows that Ramsey’s theorem can be seen as a generalization of the fact
that in a compact metrizable space every sequence has a convergent subsequence.

Theorem 2.2.1. Let (M,d) be a compact metric space, k € N,
For any map F : [NJ¥ — M and any sequence (g;) there is an N = {ny,ns,...} € [N]*,
with np < ng < ..., and an mg € M so that

d(F(ni,, Ny, ...y, ), mo) < €5 whenever j < iy < iy < ...i.

In particular,

'lirn .lim N llim F(il,iQ, - Zk) = my.

11 —>00 12— 00 1 —>00
Proof. For 5 € N choose a finite covering (Ue(j ))eLi ; of M so that, the diameter of each
Ug(j) does not exceed ¢;/2, and so that for any j € N, j > 2, and 1 < ¢ < L; there is an
1 < < Lj_; so that Ue(j) C Ug(,j_l).

Choose a sequence N = Ny O N; D N»... by induction as follows. If j € N and N;_;

has been chosen, let (§Z)£:1 be finite €;-net of M, then apply Corollary 1.1.3 to the sets

Ay C [Nj—1]%, where
Ay ={(n1,na,...n) C [Nj_l]k : F(ny,ne,...ng) € Ug(j), for{=1,2...L,

in order to get an infinite N; C N;_1 and an ¢; so that [Nj]k C Ay,

It follows that mg € ﬂj Ug(j ) is unique and that the claim follows if we let N be a
diagonal sequence of the Nj’s. O

Theorem 2.2.2. Let (z,) be a normalized basic sequence in X and let €, | 0. There
exists a subsequence (yp) of (zn) and a normalized basis (e,) for a Banach space E with
the following property. If n € N and (a;)?_; € [-1,1]" then

n n
(2.1) |H > aiyr, || - H > aie;
i=1 i=1

Exercise 2.2.3. Proof Theorem 2.2.2
Hint: Use the fact that

< g, whenevern <k <---<k,

M, = {|| ][ :R™ = [0,00) : || - || is @ norm on R"™ and |le1]| = |le2|| = ... |len|| = 1},

with the metric

9

dn(ll - I, [l2) = sup ’II£||1—||€||2
fE[—l,l]n

is a compact space.
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Definition 2.2.4. Let (z,,) be a basic normalized sequence in Banach space X. A Banach
space F with a basis (e;) and norm denoted by || - ||g is called the spreading model of (x,,)
if for every k € N and every (a;)¥_, € RF

k
> aies
i=1

Remark. Note that Theorem 2.2.2 implies that every basic sequence in a Banach space has
a subsequence which has a spreading model, and that, moreover, one can pass to a further
subsequence for which the stronger statement, more quantitative, (2.1) holds.

E n1]—00 Ng—>00 ng—>00

k
= lim lim ... lim HZaixm
=1

Theorem 2.2.5. Assume the space E with a normalized basis (e;) is the spreading model
of a normalized weakly null sequence (x,,) in the Banach space X .
Then (e;) is suppression-1-unconditional.

We will first prove the following

Lemma 2.2.6. Let (x;) be a weakly null sequence.
Then for any € > 0, m € N there exists ann € N, n > m so that

(2.2) Vz*€ Bx-Ji€ (m,n] |z%(x;)] <e.

Proof. Assume our claim were not true then we could choose for any n € N an z}, € Bx+
so that |z, (7;)| > € for all i € (m,n]. We can pass to a subsequence z;, which converges
in w* to some z* € Bx«. This means that for all n € (m, c0)

|x* ()] = lim |x;‘lk (xn)] > e.
k—ro0
But this contradicts the assumption that (z,) is weakly null. O

Iterating Lemma 2.2.6 yields

Corollary 2.2.7. If (z,) is a weakly null sequence in X and (e¢) C (0,1) there is an
increasing subsequence (ng) C N so that for all for all £ (put ng =0)

(2.3) Va* € By« Ji€ (ng_1,ne]  |x™(x;)] < &g

Proof of Theorem ??. Let (¢,) C (0,1) decrease to 0. According to Theorem 2.2.2 we can
assume, after passing to an appropriate subsequence of (x,), that

k k
(2.4) ‘H ;aiiﬂm — H ;aiei

whenever k € N, (a;) C [-1,1]" and k < nj < ng < ng.
Let k € N, (a;)%, € [-1,1], and ip € {1,2...n}. It is enough to show that

H Z a;e; SH;M&

i=1,i#ig

< €k
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Choose (n;) like in Corollary 2.2.7, then we deduce for any m € N

k k
H E a;e; §€m+H E a; Ty,

i=1,iio i=1,i40
[By (2.4)]
where él S (nm+i_1, nm+,-] for all 7 € {1, 2, R k} \ {20}

k
=&m+ Z a;x* (xy,)
i=1,i#ig

[For appropriate x* € Sx+ by Hahn Banach]

k
<2em+ Z aiﬂ?*(l'(i)
i=1

[For appropriate £;; € (Nm4ig—1,Mm-+ig), by Corollary 2.2.7 ]

k
< 22 + || ase |
=1

k
< 3em + H Zaiei
i=1

[By (2.4)]

O

The following example shows that the spreading model can be quite different from the
underlying basis.

Example 2.2.8. The Schreier space
Define first the Schreier sets S; C [N]<“ as

S ={E € [N¥:#F <minE}.

For example {3,7,1000} € &1 but {3,7,17,20} ¢ S;. Then define for = = (z;) € cgo:
Ills = max > |z
i€ER

Let S be the completion of ¢op under || - ||s.
It follows for any & € N and any (a;)¥_; that

k
S:Z\ai\-
=1

Thus, the spreading model of (e;) in S is the ¢; unit vector basis.
On the other hand S is hereditarily ¢y (see next exercise).

k
lim lim ... lim H E a;en,
n]y—0o0 N2—00 N —r00 —1

1=
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Exercise 2.2.9. Show that every block subspace of S has a further block which is equivalent
to the ¢g unit vector basis.
Hint: let (z;) be a normalized block in S, say:

TNy .
T; = Z ag.z)ej, with0=ng <ni <no <....
Jj=ni—1+1
Then we distinguish between two cases:
If we have ,
liminf ||zi||cc = liminf max |a@| = 0.
i—00 i—00 jE(ni—1,mi
then one can find a subsequence which is (1 + ¢)-equivalent to the co-unit basis for any
e>0.
Other wise one can find a normalized block of x; for which the first case applies.

Remark. Rosenthal’s ¢; Theorem (Theorem 2.3.1 below) yields that every X contains
either an isomorph of ¢; or a normalized weakly null sequence. Thus every X always
admits an unconditional spreading model. There are a number of known results and open
problems concerning spreading models. They take on one of two forms. Given X, perhaps
with certain properties, what can one say about the class of spreading models S(X) of X.
Or given specific information about S(X) what can one say about X? For example it can be
shown that X is not reflexive if X admits a spreading model that is not unconditional. On
the other hand care must be taken since there exists a reflexive space T' (Tsirelson’s space)
all of whose spreading models are isomorphic to ¢;. Other known results are as follows. If
X CL, (1 <p< o0)and all spreading models of X are isomorphic to £, then X embeds
into ¢,. There exists a space X so that no spreading model contains an isomorph of cq or
l, (1 < p < o0). It is not known if for every X there exists n and a chain of successive
spreading models X1,..., X, with X,, isomorphic to ¢y or ¢y for some 1 < p < oco. In
[S2] it was shown that if S(X) admits two quite different spreading models of weakly null
sequences then one can construct a “nontrivial” operator T : W C X — X (T # A + K,
where K is a compact operator, and I the inclusion operator). Recent results and more
questions on spreading models can be found in [AOST].

Let us meantion some interesting problems. We denote the set of all spreading models
generated by normalized weakly null sequences in X by SP,(X). We identify sequences in
SP,(X) which are equivalent.

We say SP,(X) is stabilized if SP,,(Y) = SP,(X) for all infinite-dimensional subspaces
Y of X.

Question. Does every reflexive Banach space X have an infinite-dimensional subspace Z
for which SP,(Z) is stabilized?

It is easy to see that if SP,(X) is countable, then the answer is positive. It is also
not hard to see that one can always stabilize with respect to cardinality, to wit, there is an
infinite-dimensional subspace Z such that cardSP,(Z) = cardSP,(Y) for every infinite-
dimensional subspace Y of Z. But very little is known about which values cardSP,,(Z) can
assume in this case.
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Question. Assume that SP,(X) is stabilized with respect to cardinality. What are the
possible values for cardSP,,(X)?

In the case in which cardSP,,(X) = 1 the following question is open.

Question. Assume that cardSP,(X) = 1, i.e. that all spreading models are equivalent.
Does it follow that the spreading models are equivalent to the ¢, unit-vector basis for some
p, 1 < p < oo, or to the unit basis in ¢y 7

Remark. In [AOST] it shown show that the last question has a positive answer provided
there is a constant C' > 1 so that all spreading models are C-equivalent.

Of course cardSP,(¢,) = 1. For the space S constructed by the author in [S1] we
find that cardSP,(S) = we, the cardinality of the continuum. No other possible values for
cardSP,(X) are known (assuming of course that cardSP,,(X) is stabilized). On the other
hand, it is not known if any cardinality between 1 and w,. can be excluded from being the
stabilized cardinality of SP,,(X) for some reflexive space X. For example, it is not known if
there is a reflexive space X for which SP,(X) is stabilized and for which cardSP,,(X) = 2.

We finish the section with an example by Maurey and Rosenthal [MR] exhibits a weakly
null basic sequence none of whose subsequences are unconditional. It is one of the building
stones towards constructing a Banach space which does not have a subspace with uncondi-
tional basis Gowers and Maurey [GM1].

We start with an exercise

Exercise 2.2.10. In ¢g let s, = > " ;e; = (1,1,...,1,0,0,...). Show that (s,) is a
monotone basis for ¢y which is conditional (i.e., not unconditional).
(spn) is called the summing basis for cy.

Example 2.2.11. [MR] We will construct a certain family F C ¢ of real sequences and
define a norm || - || 7 on cop by setting

llz||7 = sup{|(f,x)| : f € F} whenever = € ¢y,

where we put for f = (f;) € ¢p and = = (x;) € o

We then let X7 be the completion of (coo, || - ||7). Note, for example, that ¢, could be
defined this way by taking F = By, M cop where % + % =1.

If E,F € [N]<¥ we write “F < F” if maxE < min F. Let (m;) be a certain lacunary
subsequence of N (we will specify what we mean later), with m; = 1. Let

F={F)}: neNF <F<..F,andF € [N< for i € N}

Let ¢ : F' — {m;}2°, be one-to-one (¢ is called a coding). We define

= g,
F={r=% ;E By < By < ... #Ey = 1and #E,11 = 6(E,..., E) |
i=1 t
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Note that if #E = m;, #F = m; and, say ¢ < j, then

< 1g 1r > m; \/ﬁi<€'
V#E' H#HF 7

N

where €; | 0 rapidly can be chosen in advance, which determines how (m;) is chosen.
Claim 1: (ep) is a normalized monotone basis for X r.
(Exercise)
Claim 2: (e,) is weakly null.
We think of F being a subset of the compact space [0,1]“ and can therefore think of X
being (isometrically) a subspace of C(K) where K = F.

Then note that in fact

(2.5) K:{I[Ln]f:neNandfG}'}U}".

Indeed, let f € F for k € N, say

o 1.m
E'L
fru = § =
i=1 \/#E;

We can assume also that fy # fi/, for k # k' in N.
By passing to a subsequence, we can assume that there is an £ > 1 so that

EW = Ei(k/) =: F; whenever i < £, and k, k' € N

(2

Elgk) # Eé’” whenever k # k' are N
)

Secondly we can, after passing to a subsequence assume that Eék an be written as a union

Eék) =AU Eék), with min E’ék) — 0.
and, thus, f,, converges pointwise to

14

/—1
_ 1Ei
= ; VEE: " Vo(Er, By, .. Ei)

which shows (2.5).

In order to finish the proof of claim 1, we simply observe that for any f € K we have
en(f) = 0 for n — oo and recall the fact that in a C'(K)-space, where K a compact, weak
convergence and point wise convergence of sequences are equivalent.

Claim 3: Every subsequence of (e;) has a block which is equivalent to the summing basis
of Co.

Let M € [N]*. Then there exists (F;) so that f = >3°(1g,/\/|Ei|]) € F for all and
suppf C M.

We claim that (15,/+/]Ei] )32, € X is equivalent to the summing basis.
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Indeed, it suffices to show that for (a;)7* C R

sup ‘ Z a;

n<m

n
<H2a2 *\E “S?)sup‘zl:ai .

n<m

The left hand estimate is easy. To see the right hand estimate let f = 7" \}% € F. Let
iop = max{i : F; = E;}. Then

(3o =[S

(i £ )

|Flo+1 i=ig+1 |E

+ |ai] < ﬁ
J %21 %1 Z

i)

We estimate the second term as follows.
(e $ate)
i —
|Eo+1| 1 |El|
1F’i 1 1Ei 41 1Fi +1 1g,
< \a¢0+1\’ ot = ‘ + ‘ — —— ‘
\/|Fi0+1| \/‘Ei0+1| V ‘Fio-i-1| 12%2 ’E1|

<laigr1l + Y lailei.
i=ig+2

The third term can be esitmated as follows

T
j%—?z zz();—l ‘F ‘E
Z Z ’ai‘gmax(i,j)

j=io+1i=ip+1
[Note that for i € N #E; = m; for some i’ > 4. Similar observation holds for #F;.
Also note that #E; # #F; whenever i =i9+1,2,... and j =1i9+ 2,79+ 3.. ]

We deduce the claim, assuming we have chosen ¢; fast enough decreasing to 0.
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2.3 Rosenthal’s /; theorem

One of the prettiest theorems in Banach space theory, Rosenthal’s {1 theorem [Ro], can also
be proved using Ramsey theory at a certain point. Let us place the theorem in context.
In the search for a “nice” infinite dimensional subspace of a given Banach space X, one
conjecture was: Every Banach space X contains a subspace Y which is either reflexive or
isomorphic to ¢y or to ¢;. (This was ultimately shown to be false by W.T. Gowers [Gol].)
Now if X is not reflexive then By is not weakly compact and so by the Eberlein-Smulian
theorem there exists (z,) C Sx with no weakly convergent subsequence. This splits into
two cases:

(I) (zy,) has no weak Cauchy subsequence: for all (y,) C (z,) there exists z* € X* with
(*(yn))n being divergent.
(n)
fo

(IT)

x,) has a weak Cauchy subsequence (y,,) but there isnoy € X so that *(y,) — x*(y)
r all z* (X is not weakly sequentially complete).

H. Rosenthal proved that (I) yields ¢; — X.

Theorem 2.3.1. [Ro|] Let (z,,) be normalized with no weak Cauchy subsequence. Then
there exists (ypn) C (x5,) which is equivalent to the unit basis of ¢7.

Definition 2.3.2. A sequence of pairs of sets (A,, By) is called Boolean independent if for
any finite and disjoint subsets I; and I, of N

() Ann () Ba#0
nel; nels

The following Lemma is easy:

Lemma 2.3.3. Let S be a set and let fr, : S — [—1,1] and let A, = {fn, =1}, By, ={fn =
—1} then (An,B )22, are Boolean 1ndependent

Then || Zl a; filloo = Zl ;| for all k and (a;)¥ C R, i.e. f;) as sequence in £ (S) is
isometrically equivalent to the f1-unit vector basis.

The following is an isomorphic version of Lemma 2.3.3.

Lemma234 Let S be a set, fp,: S — [-1,1], r € R, 6 >0, A, = {fn > r+ 3} and
B, = {fn <r}. Assume that (A, B ) >, are Boolean independent. Then (f,) C loo(S) is
equivalent to the unit vector basis of £1.

Proof. Let (a;)¥ C R. Tt suffices to show that there exists s € S with
k 5 k
’ Z aifi = Z az’~
1 1
Let [y ={i:a; >0}and Iy = {i: a; < 0}. Let 51 € ﬂh AmﬂI2 B;and sy € ﬂ[z Amﬂh B

then it follows that i
Zaz fz 51 fl(SQ)) 252|al’7
=1 =1

[\)
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and, thus,
k k 5 k
max (‘ > ai(fi(s1))), Zai(fi(SQ))D 23 > .
=1 i=1 el
[Note that by choice of s; and sg it follows that a;(fi(s1) — f(s2)) > |ai|d] u

Definition 2.3.5. A sequence of pairs of disjoint sets (A, By,) is said to have no convergent
subsequence if for all M € [N]* there exists s € S so that s belongs to infinitely many A,,’s,
n € M and to infinitely many B,’s, n € M.

Lemma 2.3.6. Let A,NB, =0, A,,B, CS, forn €N and assume that (A, B,) has no
convergent subsequence.
Then there is a subsequence of (An, By) which is Boolean independent.

Proof. Let

k k
A= {L — ()21 € NP : () Aty N[ Bey # 0 for all k € N}}.

i=1 =1

Since

k k
A= {L = (£)321 € [N () Agg_y N (1) Bey, # 0 for all k € N with €y, < z},
keN i=1 i=1

A is closed in [N]“ and therefore we can apply Ramsey’s Theorem 1.3.3. From the assump-
tion that (A,, By) has no convergent subsequence it follows that there is an L € [N]* with
[L]“ C A. Finally take M = ({2, 04, lg, . . .). O

Prove of Theorem 2.3.1. Let (x,) C Bx have no w-convergent subsequence. Let S = Bx«
and regard x,, as functions in Ly (S).
For r € [-1,1] § > 0 and n € N we put

Ap(r,0) ={se€ S :x,(s) >r+0} and B(r,0) ={se€ S :z,(s) <r}

and claim that for some choice of r € [—1,1] and § > O there is an infinite M so that
(A (7r,9), By (r,0))menr has no convergent subsequence. Indeed, if this were not true,
let (74,0;)5°, be dense in [—1,1] x (0,1] and inductively choose M;;1 € [M;]¥ so that
(A (74, 0:), Bn(7,0i))nen, “converges” (every s belongs to at most finitely many of the
Ap’s or of the B),’s). If M is a diagonal of the M;’s then (x,)s is point wise convergent on
S.

The claim of the Theorem follows now by applying Lemmas 2.3.3, 2.3.4 and 2.3.6. [
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2.4 Partial Unconditionality

Given a weakly null, normalized sequence in a Banach space X, can we pass to a subsequence
that is a a basic sequence and is in some sense close to being unconditional (recall that
Example 2.2.11 shows that not every weakly null sequence may have an unconditional
subsequence)?

There are various ways in which one can make this vague question precise, and in many
situations one has a positive answer. There are important cases, however, for which the
corresponding question is still open. In this section we want to present some of the known
results.

The following result of John Elton uses the idea of preserving the positive ¢; mass,
> y*(yi)T, on an arbitrary set I to obtain a weakened form of unconditionality.

Theorem 2.4.1. For each § > 0 there exists K(0) < oo with the following property.
Let (x,,) be a normalized weakly null sequence in a Banach space. There exists a subse-
quence (yn) of (zy) such that if (a;);2, C [=1,1] and I C {i : |a;| > 6} then || D ; aiyil| <
KOS, aiill

Remark. It is an open problem whether or not K in Theorem 2.4.1 could be chosen
independly of § > 0. At first sight this might seem like trying to prove that every weakly
null sequence has a subsequence which is unconditional (which is contradicted by Example
2.2.11). But note that we still would have to choose the subsequence (y,) depending on
the given §. For example in [DKK] it was shown that K ~ 3 if we assume that (x;) does
not have a spreading model which is equivalent to the cp-unit vector basis. More about this
problem as well as further partial answers can be found in [DOSZ].

Proof. We first note that we are trying to bound

inf Sup{HZIaiyiH la;] <1 foralliand I C{i:|a;| > 5}}
(i) C () 122 aiyll

independently of the original sequence (z;). Let z* € Bx» with
ZE*(Z aiy;) = || Z a;yil|
I I
then split I into 4 sets I+, I+—, I_4, I__ where for example
I._={iel:a;>0and z*(y;) <O0}.

We see that for at least one of these sets, say I, we have |32, az™(y)| = || Xo; aiwill/4-
It follows (e.g. replace x* by —x™* in this case) that we can find z* € Bx+ so that

H D ai|| <4> afat ()t =4 a*(yi)
I i

L+
(where bt = bV 0 for b € R).
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Let us suppose that, given € > 0, we can find (y,) C (z5) so that in this case there
exists y* € Bx+ with

(26) Y vt > D a"(y)—¢ and Yo Wl <ed vt
Iyt el {i:¢¢I++ or y*(y;)<0} T4

Then we can easily derive our claim. Indeed, we then deduce that

H Z aiyi| =y ( Z az‘.%’)
> —¢ Z Y (yi)" + Z ay*(yi)"

Iy Iy
>3- 2) Sy )
Iy
> (5—e) Y a*(y:) -
I++
Ty

[where C' is the projection constant of (y;)]

a — 1y; |

Since (z,,) is weakly null we can assume, after dropping to a subsequence if necessary,
that the basis constant of (x,) is close to 1, and, thus, projection constant is close to
2. We therefore obatin the result is with K(d) < 8/d. Thus, it will suffice to prove the

following. O
Lemma 2.4.2. Let B > 0 and e > 0. There exists a subsequence (y;) of (x;) so that for all
A
Jz* € Bx+ with Zx*(yj)+ >B
JjEA
= Jy* € Bx- with Zy*(yj)+ > B —¢ and Z ly*(y;)] < e.

JjEA JEN\J or
JEA, y*(y;)<0

Proof. Let (g;) C (0,1) so that > e; < . By induction we choose n; < ng < ns < ... and
N=Ny>N; DN3D...s0that for ke N

a) n, = min(Ng_1) and ng < min Ny,
b) For all F C {ni,na,...ng}, all L ={ly,l1,03,...} C Ny and all m € N

(%) Jz* € Bx+ x with Z z*(z;)" > B
jEFU{fl,fg,...@m}
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— Jy*€Bx-* with Z v (y))t >B—¢
FEFU{L1, L2, }
ly*(x;)| < e for j =n; € {n1,n9,...nk} \ F
ly*(x;)| < e or j =n; € F with y*(x;) <0
and [y (wgy| < €py1

Assume that n1 < ng < ...ng_1 and N = Ny D N; D ...N,_1 have been chosen. Let
ng = min(Ng_1) and fix an F' C {n1,ng,...n;} and an N € [Ny_1]“. Define

Ap ={L = {lo,01,...} € [N]* :¥m € N(x) holds }.

Since

Ap = ﬂ-AF,m, where

.AF,m = {L = {60,61, .. } S [Nkfl]w : (*) holds },

and containance of an L in Af,, only depends on the first m + 1 elements of L it follows
that we can apply the Theorem of Ramsey 1.3.3.

We claim that we are in Case 1 of Theorem 1.3.3 (meaning that we can choose an
Lp € [N]“ so that [L]* C A). Indeed, assume that there is an L € [N]¥ so that for all
[L]w NA= @, say L = {61,62,53 .. .}, U < by < l3 <.

Fix an n € N and define for i = 1,2, ...

LY = {; lyy1, bnya, bnys -}

Since L) ¢ A we can find for i = 1,2,...n, a number m; € N, and an x; € Bx~ so that

(2.7) > xi(z;)T > B
JEFU{lnt1,bny2, Lt }
(2.8) Vy* € Bx+ with Z Yy (y;)" >B—e¢

JEFU{tnt1 bny2slrnim;}
one of the following does not hold
ly*(z;)| < & for j =n; € {n1,n9,...nx} \ F
ly*(z;)| < e for j =n; € F with y*(z;) <0
and [y (z2,)| < 241

For each i € {1,...n} an y € B% we define

j(i) =min{0 < j <k :Vj'.jn; € F and z(z;) > 0},

and put yf = zf if j(i) = 0. Other wise we apply our induction hypothesis to F' =

{17 2, N nj(z)_l} N F and to L = {TL](%), Nj(l')+1, PN ,nk7£n+1, €n+27 . } C N](l)—l to find a
y; so that

(2.9) > yi ()" > B«
jeFU{£n+17£n+27~--en+mi}
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lyi (z;)| < & for j =n; € {n1,n9,...nk} \ F
lyi (z;)| < & for j =n; € F with y; (x;) <O0.

Note that (2.9) is also satisfied if j(i) = 0. From (2.8) we deduce therefore for each i =
1,2...n that

i (2¢,)] 2 €1

Letting m = max;<, m; and choosing ig < n so that m;, = m

(2.10) > yi(z))t >B—¢
jEFU{€n+1ven+27---€n+m}
Iy%(xj)] < €&; for ] =n; € {nl,ng, .. nk} \ F
i, (x5)| < & for j = n; € F with y*(z;) <O0.

which implies that for all i € {1,2...n}

(2.11) |yi, (T, | > epy1-

We ended up proving the following: for any n € N there is a z} € Bx+ (namely 2z} = i
from (2.11)) so that 2 (zs,) > k41 for all @ < n. Let z* be an accumulation point of the
sequence (z) then it follows that z*(z;) > ¢j for all i € N. But this is a contradiction of
the assumption that (z;) is a weak null sequence, and finishes our claim.

Write P({ni1,...ni}) as {Fi1, Fa, ... For) we can apply our proven claim to all F' = F;
successively and get Ny_; D L1 D Ly D ...Lgk so that [L;]* C Ap,. Finally we chose
N}, = Lo which finishes our induction step.

The claim of our Lemma now follows if we take the subsequence (y;) = (xn,). O

A second type of partial unconditionality is the following result due to E. Odell. We
first need the following Definition

Theorem 2.4.3. [02](Schreier Unconditionality) Let (z;) be a normalized weakly null se-
quence in a Banach space X and let € > 0.

Then there exists a basic subsequence (y;) of (z;) which is (2+¢€) Schreier unconditional,
which means the projections:

Py : span(y;) 3 Zaiyi > Zaiyia

i€A

are of norm not exceeding 2 + ¢ provided A € Sy. Si denotes the Schreier sets in [N]<¥
introduced in Example 2.2.8.

The proof is sketched in the following Exercise.
Exercise 2.4.4. Let (z;) be a normalized weakly null sequence in X

a) Let e > 0, k € N and Iy, s, ... I; be subintervals of [—1,1]. Show that there is a
subsequence (y;) of (z;) so that
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(x) If there exists an «* € Bx, so that *(ypm,) € I;, for i = 1,2. ..k, for some choice
of mi < mg < ...my in N then there is also a y* €€ Bx., so that y*(ym,) € I,

fori=1,2...k, and 3 ;e fmy o mgd 1Y (Ums)| < e
Hint: Let (¢,,) C (0,1), with ) &, < e. By induction choose n; < ny < ... and
N = Ny D Ny D N5 so that for all m € N
Ny = minN,,_1 and
forall L = {fo,fl,gz .. } C Ny, all k' <kandall FF = {fl, fo... fk/} - {nl,ng, ... nm}
the following implication holds:

Ja* € Bx-

(a*(xg,), % (xg,), .. 2™ (2, ), 2" (ey), 2% (wgy) .. a™ (g, ) €L X Ty X ... I,
=

Jy* € By~

(y*(a:fl),y*(:cfz), ey (@, )y (o), vt (20y) - ..y*(a:gkik/)) €l xIyx... I}
|y (zn,)| < €i if ni € {n1,n2,...ny} \ F and |y*(z4,)| < emt1

b) Let £ € N and ¢ > 0. Show that there is a subsequence (y;) of (x;) so that for all
(ai) C coo and all I C N, with #1 < k:

H D awil| <1+ 5)H > i
i€l

c¢) Prove Theorem 2.4.3.
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Distortion of Banach spaces

3.1 Introduction

We are interested in the following type of problem:

Let X be an infinite dimensional and separable Banach space and let (A4;)]_; be an
r-coloring of the sphere Sy. Can we choose an infinite dimensional subspace Y so
that Sy is monochromatic?

As stated above it is easy to find a counterexamplee:

Example 3.1.1. Let X be a space with a normalized basis (z;) and (z}) the corresponding

coordinate functionals. For each x = )2, 7 (x)z; € Sx let i9(z) € N be the minimum of

all i’s in N for which |z} (z)| = max;ey 2] ().
Then let

A={z € Sx 12} (,y(x) > 0} and B = {z € Sx : zj(,y () < 0}.

Then X does not contain an infinite dimensional (actually not even a one dimensional)
subspace which is monochromatic with respect to the coloring (A, B).

As usual in Analysis, one has to allow arbitrary small perturbations in order to come to
the right question.

Problem 3.1.2. Let X be Banach space and let (A;);_, be a coloring of Sx. Does there
exist for any € > 0 an infinite dimensional subspace Y and an i < r so that

Sy C (Aj)e == {x € Sx : dist(z, 4;) < e}?

Definition 3.1.3. Let f : Sx — R. We say that f stabilizes on infinite dimensional
subspaces if for all infinite dimensional Y < X and ¢ > 0 there exists an infinite dimensional
Z — 'Y so that

osc(f,Sz) =sup{f(z1) — f(22) : 21,20 € Sz} < e .

Closely connected to the the notion of stabilization is the notion of distortion of norms.

37
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Definition 3.1.4. Let X be an infinite dimensional and separable Banach space and Let
A > 1. X is A-distortable if there exists an equivalent norm || on X so that for all Y C X

sup { |y1| Y1,Y2 € S(Ya||‘||)} > A
|2
In that case we call ||| - ||| a A-distortion.
X is distortable if X is A-distortable for some A > 1. X is arbitrarily distortable if X is
A-distortable for all A > 1.

Exercise 3.1.5. Let the Banach space X have a basis (z,,) and let f : Sx — R be Lipschitz
continuous.

Prove that f stabilizes if and only if for every block subspace Y of X and for every
e > 0. there is a blocksubspace Z of Y so that osc(f,Sz) < e.

Hint: Proposition 2.1.14

Exercise 3.1.6. Define for x = (§;) € 2

/
el = (X 1&l?) " + max el

Show that ||| - ||| is an equivalent norm on /2, but not a distortion of the usual norm.

Proposition 3.1.7. For a separable Banach space X the following are equivalent.

a) Every Lipschitz function f: Sx — R stabilizes.

b) Every symmetric Lipschitz function f: Sx — R (f(x) = f(—=z) for x € Sx ) stabilizes.
¢) For any r-coloring (A;)i_y, any infinite dimensional Y — X and any € > 0 there is an

infinite dimensional Z <Y and an i < r so that Sy C (A;)e

d) For any covering (A;)i_, with symmetric sets of Sx any infinite dimensional Y — X and

any € > 0 there is an infinite dimensional Z —'Y and an i < r so that Sy C (4;)..

Proof. (a)=-(b) clear.
(b)=(a) Note that a Lipschitz function f: Sx — R can be written as

f =3 (f@) + F(-2) + 5 (F(@) — f(-)).

If (b) holds then £ (f(z)+ f(—x)) as well |3(f(z)— f(—=z))| stabilizes. But |3 (f(z)— f(—2))|
can only stabilize at 0, i.e. for all infinite dimensional subspaces ¥ — X and all € > 0
there exists an infinite dimensional Z < Y so that |3(f(z) — f(—2))| < € and we can find
a further infinite dimensional U < Z so that osc(3(f(z) + f(—x)), Su) < &, which yields
that

oself, Su) < osc( (/@) + f(=2), Sur) + 0se(5 (/&) = (~)), Su) < 2.

(a)= (c) Let (A;);_,, and apply (a) to the Lipschitz functions f;(z) = dist(A4;, ) and note
that min f; = 0.
(c)=(d) clear
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(d)=-(b) Let f: Sx — [0, 1] (range of f is bounded) be symmetric and Lipschitz and £ > 0
and apply (d) to the sets

A =[i — 1e,ig],fori =1,2... [5

O]

Definition 3.1.8. A Banach space is called uniformly conver if for all & there exists a
0 = 6(e) so that

Ve,yeSx |z —y|| >e= HQCT-WH <1-24.

In that case we call

r+y
2

Sx : (0,1) = (0,1), dx(e) = inf{l - H H t2,y € Sx, |z —yl > g},

the modulus of uniform convexity of X.

Lemma 3.1.9. Assume that X is uniform convex. Then there exists for every 0 <e <1 a
n =n(e) so that for any x € Sx

dist(z, co(Bx \ Be(x)) = n(e),
where co(A) for A C X denotes the convex hull A, i.e. the set
co(A) = {Zaim cx; € Ao > O,Zai = 1} = ﬂ{C’ C X : C conver and A C C’}.
=1

Proof. Assume our claim is not true for some £ > 0. Then we can find sequences (x,) and
(zn) With z, € co(B:(xy))), for n € N, so that lim,_,« ||zn — 25| = 0. Write each z, as

% %

kn
Zp = Zagn)ygn), with &k, € N, az(n) >0, Za(n) =1, and y(n) € Bx \ B:(z),
i=1
and choose for n € N z¥ € Sx- with = (z,) = 1. It follows that
N () 1 ()
Jm > e =1

and thus we can choose for n € N an i, € {1,2, ...k} so that

lim x;(y(n)) =1.

n—o00 in

But this is a contradiction to the assumed uniform convexity since on one hand ||z, —yl(:) | >
¢ for each n € N and on the other hand

lim sup ||z, + yz(:) | > limsup ), (z,, + yz(:)) = 2.
neN neN
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Proposition 3.1.10. If there is a Lipschitz function f on Sx which does not stabilize, then
there is a distortion on an infinite dimensional subspace Y of X.

Proof. By Proposition 3.1.7. there is a symmetric set A C Sx, an infinite dimensional
subspace Y of X and an 0 < £ < 1/4 so that for every infinite dimensional subspace Z of Y’

(3.1) ANSz #0 and Sz \ Ac # 0.
Now define B to be the closed convex hull of AU §Bx | and let ||| - ||| be the Minkowski
functional with respect to ||| - |||, i.e.

||z|]| = inf {r: x € rB} for z € X .

Since A is symmetric it follows that ||| - ||| is a norm and, since %BX,M C B C By it
follows for any = € X,
]l < {ll2[l < 4.

We claim that |||-||| is a distortion on the space Y. Indeed, let Z < Y be infinite dimensional.
By the first part of (3.1) there is an z; € SzN A, and thus |||21]|| = ||21]| = 1. By the second
part of (3.1) there is an 2o € Sz \ Ac. It follows that (let n(e) chosen as in Lemma

||z2]|| = inf{r : 20 € rB} for v € X
> inf{r: zg € rco(Bx \ Be(22))} for z € X
[Since AU 1Bx C Bx \ B:(#2))]

1
>1+ 577(5)

[Otherwise 25 € (1 + 3n(g))co(Bx \ B:(22)])
and, thus, dist (22, co(Bx \ B:(22))) < n(e)].

It follows that ||| - ||| is a (1 + n(e)) distortion. O
Theorem 3.1.11. [Ja2] ¢; and ¢y are not distortable.

Proof. We first consider ¢; and denote the usual norm on ¢; by || - ||.

Let ||| - ||| be an equivalent norm on /5.
Put
r= lim r, with r, = inf {|||z]|| : # € span(e; : i > n): ||z]| =1} for n € N,
n—oo

and let 0 < ¢ < r/10. Then choose n € N so that r —e/2 < r, < r and then choose a block
basis (z;) of (€;)i>n which is normalized with respect to ||| and so that r—e < |||a;||| < r+e,
Then it follows for any (a;) € cop with > |a;| = 1, by the triangular inequality

H‘Zaixi ‘ < S Jaillllailll < 7 +e.

On the other hand

[

’ Zinf{mxm cx €span(e; 11 >n): x| = 1} =r,>r—e¢/2,



3.1. INTRODUCTION 41

thus for all y1,y2 € span(z; : i € N), |ly1|| = [|y2]| = 1 it follows that

llll _ 7+
lalll = 7 =272

which can be made arbitrary close to 1 providing we choose € > 0 small enough.
Secondly we consider the space ¢g and denote its usual norm by || - ||

Let ||| - ||| be an equivalent norm on ¢, define
r =limry, with r, = sup {|||z]|| : # € span(e; : i > n): ||z]| =1} for n €N,
and let € > 0.
Choose n € N large enough so that » < r, < r + ¢, and choose (z;) to be a block
sequence of (€;)i>p, which is normalized with respect to || - ||, so that

r—e <|||zll| < <r+e.
Let (a;)coo with 1 = |a;,| = max |a;|. Then

|32 ez

‘Srnﬁr+5:(r+s)HZaixi

On the other hand

[

||| 32 @ — s || 2 2lllwiolll = 200 =),
PET

and thus

[

Since € > 0 is arbitrary small O

‘ >2(r—e¢)— H) Zaixi—aiomo
iio

‘ >r—3e=(r—3)| > amil.

Exercise 3.1.12. Show the following finite version of James’ Theorem for /;.

Let n,k € N and C > 1 and assume that ( fi)?:kl is a normalized sequence which is C-
equivalent to the unit vector basis of E’fk. Show that there is a normalized block of ( fi)?:kl
of length n which is C''/*-equivalent to the unit vector basis of £}.

The following consequence of Dvoretzky’s Theorem is due to Milman and Schechtman.

Theorem 3.1.13. (see [MS, p.6]) For every ¢ > 0 and any k € N there is an n = n(e, k)
so that if B is an n dimensional f : Sx — R is Lipschitz with constant 1, there is a k
dimensional subspace F — E so that osc(f,Sp) < e

Let us finish this section by giving giving a short overview about the history of distortion:
(1964) James [Ja2] showed that ¢; and ¢y are not distortable.
(1971) At this time it was not yet known whether or not there existed an infinite
dimesnional Banach space which does not contain /£, for some 1 < p < oo,
or ¢g. Milman [M] showed:
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(1974)

(1974)

(1990)

(1991)
(1991)

(1993)
(1994)

(1995)
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An infinite dimensional Banach space X which does not contain ¢, for
some 1 < p < oo, must have a distortable infinite dimensional subspace.
Tsirelson [T] constructed the first known space not containing ¢, for some
1 <p< oo, orc.

Figiel and Johnson [FJ] discription of the dual of Tsirelson’s space and
construction of a uniform convex space not containing /¢, for some 1 < p <
00.

Haydon, Odell, Rosenthal and Schlumprecht (see [OS3]) proved the follow-
ing refinement of Milman’s result: If X is a separable space not containing
¢, or cp, then there exists a z € Z so that the following norm |||-||, distorts
an infinite dimensional subspace:

111l = X = [0,00), @ = |ll2]]]: := [|zllzll + 2| + ||l 2] — 2.

Gowers [Gol] showed that all Lipschitz functions on the sphere of ¢y sta-
bilize.

First arbitrarily distortable Banach space was constructed by author of
these notes [S1]

Gowers and Maurey: space without any unconditional basic sequence.

By Odell and the author of these notes [OS1] it was shown that all ¢,’s,
1 < p < oo are arbitrarily distortable.

Maurey [Mau] showed that every asymptotic ¢, space has an arbitrarily
distortable subspace.

Still Open: Is Tsirelson space arbitrarily distortable? More generally, is every distortable
space arbitrarily distortable?
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3.2 Spaces not containing ¢, or

In 1974 Tsirelson [T] constructed the first known Banach space which did not contain any
subspace isomorphic to £,, 1 < p < 00, or ¢p in this notes we will the dual of Tsirelson’s
original construction, a space which constructed by Figiel and Johnson [FJ], and which does
not contain copies £, 1 < p < 00, or co, either.

Notation. For A, B € [N]<¥ we will write A < B if max A < min B. For n € N we write
n<Aifn<minA.

We introduce the convention that min() = co and max () = 0, which implies that ) < A
and A > () for any A € [N]<%.

For x = Y .2, aje; € coo and E € [N]<¥ we write

E(x) = Z a;e;.

el
Definition 3.2.1. Recall the Schreier sets
S1:={AC[N]*¥:#A <minA}.

A finite sequence (E;)"; C [N|<“ is called S;-admissible if By < Ey < ... < E, and if
{minFE; :i=1,2,...n} € &1, i.e. if n < min Fj.

Definition 3.2.2. For each n € Ny we define by induction a norm | - |, on cgp.

|z|o = ||z]|eo for € coo

and assuming | - |,—1 has been defined for some n € N

1 n
[aln = max (|olpr, - omax o 2; Bi(@)ln-1)-
1=

(E;)P_ Si-admissible

Note that for any x € cgg the sequence (|z|,) is increaing and must become constant, and
we put
||| = max |z|,.
n

T (sometimes also denoted by Tj5) is then the completion of under the norm || - ||.
First some easy observations.
Proposition 3.2.3. The unit vector basis is a 1-unconditional basis (e;) of T

Proposition 3.2.4. The norm on T satisfies the following implicit equation. For x =

(&) eT

(3.2) ol = max (2]l sup 1)

neN,(E;)7_ S1-admissible < ;]

(if x € coo then above “sup” can be replaced by “max”).
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Proof. We only need to show the claim for = € cqog since for general z € T it follows by
density of cgg in T'.

Let o € cpo. If ||z]| = ||z]|o then clearly the right side of (3.2) is at least as large as the
right side. Otherwise there is an k£ € N, and an § — 1-admissible collection (E;)! ; C [N]<¥

so that
2|l = |z]» = 5 ZIE k-1 < 5 ZHE

To show the converse let (E;)!"_; be 81 admissible. We can choose appropriate k1, ko, . . . ky,
so that

fZHE =3 Z\E |k_2Z\E masicn i) < 1211 emas,cti) < Nl

The following is an alternate way of constructing 7', via normalising functionals

Proposition 3.2.5. Define by induction on n=0,1... the following sets A, C cgo:
Ag = {+e; : i € N},

and assuming An_1 has been defined for some n € N we put

k
1
A, =A, 1 U {5 Z fi:keN, f,e A,_1, fori<n, (supp(fi))le is Sl-admissible}
i=1

Finally put A =\JA;. Let || - || be the norm on T then

(3-3) ||| = sup(f, z).
feA

Proof. First we proof by induction that A, C Bp+. For n = 0 this is clear and, assuming
A,,_1 C Bp« and

k
1
i=1

then for x € T
(f, )] = Z firx) Z Isupp(£:) ()| < [l])-
=1

Thus, we showed for x € cgo. that [[z[| > supse4 [(f, 7)]

The proof of < will be shown by induction on the cardinality of supp(z). For k =
#supp(z) = 1 the claim is trivial.

If our claim is true for k and if € ¢y with supp(z) = k + 1 then either ||z| = |||,
in which case we are done. Other wise we find sets F1, Es,... E, in [N]<¥ with n < F; <
FEs ... E, so that

1 n
loll =5 > |||
=1
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[By induction for appropriate f1,... f, € A, and, since (e;) is 1-unconditional basis we can
assume that n < supp(fi) < ...supp(f2)]

< f(=)
with £ = 2 3" £l
=1

Proposition 3.2.6. For any normalized block basis (z;) in T it follows that

n

|32

=1

>

n
R

In particular, T cannot contain any copy of £,, with 1 < p < oo, or cp.
Theorem 3.2.7. For every A < 2 the space T is \-distortable.

Remark. It is not known whether or not T is A-distortable for some A\ > 2.

Proof. For k € N define

1 J
| le:T—[0,00): x> sup 52”&(@«)”.
(Es)I_, is Si-admissible, and 1<j<k “ ;=1

It is clear that

1
(3-4) Szl <l < flz]| and

(3.5) ||| = max (||]|o, sup [|z[|x) for all k € N and z € cgo.
keN

We will show that || - || is a Ag-distortion of T', with limy_, oo A\ = 2.

Step 1: {4y is finitely block represented in every blocks pace of T. This means that for any
normalized block (z;), any € > 0 and any n € N there is a normalized block (y;)i, of (z;)
so that (y;)"_, is (1 4 €)-equivalent to the ¢}-unit vector basis.

This follows from the fact that any block sequence (y;)¢_,, with ¢ < supp(y1), is 2-
equivalent to the ¢]- unit vector basis and then we can choose k so that 2k < 146, 0=nk
and apply exercise 3.1.12.

For e > 0 and n € N we will call z € T an e-£7-average if

n
1
ZZ*E Z3
n <

=1

where (z;) is a normalized block in T" which is (1 4 €)-equivalent to the ¢} unit vector basis.
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Note that in particular it follows for an e-f}-average z that ||z| > = +
Step 2: For n,k € N and any normalized block (z;)?

e’

1n+k‘
_2 n

(3.6) H* e

Indeed write z = %Z?zl zi,let m < kand m < Ey < By < ...E, in [N]<¥ so that

1 m
lelle = 5 > I1B5(2)
j=1

For j =1,2,...m put ¢; = max{l < i < n : minsupp(z;) < max E;} (putting max() = 0)
and put o = 1. Since (z;)]~, is a block basis it follows

{i € {1,2. . n} : supp(zl-) NE; % @} C [Ej_l,éj],
since the unit vector basis in 7" is 1-unconditional we deduce that

1 & n+m _n+k
< — 0: — 0 1) = <
—nZ(J j—1 7+ ) > s

n n

which implies our claim.
Step 3: Let ¢ > and £. We call a block (yi)le a e-rapidly increasing sequence of length £
(RIS) if for each i = 1,... ¢ y; is a e-(]" average with (n;) C N satisfying:

(3.7) 0 <eny
(3.8) ! < min(supp(y1) and maxsupp(y;—1) < n; and n;,_; < en; for i =2,3,...n¢

Let ¢ > 0 and let £ € N, ¢ > 1. If (y;)‘_, is e-rapidly increasing sequence of length ¢
then

(3.9) I3 Zyz

Indeed let & € N for y = § 30 i [yl = llyllx (note that [ly]l # [[yllec).
If k < en; we deduce from (3.6) that

< (1+¢)

y4 J4
1 1 nz—f—k‘ 1nyi+k1
.1 < = ille < = —(1
(310) e < 5 3l < 35700 < 550+

Choose I < kand | < Fy < Ey < ... Ej, so that

!
1
Iyl = llylle = 5 > 1 Ei(w)
j=1

Put ng1q := oo and ng := |eni], ngy1 := +oo and choose iy € {0,1,2...} so that k €
(n4g, Mig+1]. Then for it follows for i = 1,2,...,i9 — 1 and j = 1,2...k (note that by (3.8)
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max(supp(z;)) < ni, < k < Ey) Ej(y;) =0. For i =i9+2,,i0+3,...¢ it follows from (3.6)
and (3.8) that

1n; +k 1ni—|—nio+1 1

< — < = —
ol < 57 < 57 (1+e),

and thus we deduce in this case that

Il < EZHyzuk HER 3 luille] <

1=10 i=10+2

\)

(1+e),

N\l\')
l\D\H

which implies our claim of Step 3.

We will show that for £ € N the equivalent norm || - || is an £ +];0 distortion, which will
finish the proof of our theorem.

Let Y be an arbitrary block subspace. If n > k? and if z; is an %—E’f average we deduce
for z; = x1/||x1]| that

1 1 INnn+k 1 1\2
- el <11 f) <7<1 f)
il = ol < 51+, <51+

If we let and choose a
Ty = %Z y; and (y;) is a %—rapidly increasing sequence of length k and we put

22 = xa/||72|

Then, obviously,

1 11 1
|22/l > llyill >
|22 IZkZ ' 2||:1?2H + 3
and (3.9) of Step 3 yields that
2 1 1 1 5
1 f) - 7(1 f).
|| za]| < zts (+k LG
Thus
lall > — 5 —
z )
and
1B 1 1 2k

= > .
2alle = (1 +£)21+2 7 k+20

Since by James’ theorem 3.1.11 ¢; is not distortable deduce the following

Corollary 3.2.8. T does not contain a copy of ¢1.

Remark. In the definition (see Definition 3.2.2) of the norms |- |, one can replace replace %

by some v € (0,1), and put || - ||, = max|-|, and denote the completion of copp with respect
to || - ||y by Ty. Using the same arguments as in the proof of Theorem 3.2.7 one shows that
T, is %—distortable. The next construction is a space which is arbitrarily distortable.
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Definition 3.2.9. [S1] For s € [1,00) define f(s) = logy(s+1). For n € Ny and = € ¢go
define by induction as follows.

|zlo = [Jloo

and, assuming that |z|,—1 has been defined for all = € ¢pp we put

¢
1
|2l = max (’x’n_l’éeN,Efg%);<...E f(0) Z; )l 1)

Then put for z € ¢gg

lz] = sup |z[o.
neNp
|| - || is @ norm on cgp and we denote the completion of cpg with respect to || - || by S.

The following observations can be shown easily.

Proposition 3.2.10.  a) The unit vector basis is a 1-subsymmetric basis of S
b) The norm || - || on S satisfies the following implicit equation:
1 l
(3.11) Joll = max (2o, sup -S| Ei(a)
>2,B1<Ez<...55 J (£) =

whenever x € S.

¢) For every normalized block (y;)i_, in S and any (a;)f_; C R

¢ Lt
Hzaiyi > ZZ’CM\
i=1 =1

d) ¢y is finitely block represented in every block subspace of S.
(Use (c) and the finite version of James’ Theorem, Exercise 3.1.12).

d) The norm on S can also be obtained by discribing its mormalizing functionals in the
following way.
Define Ag = {%e; : i € N} and assuming A, —1 has been defined for some n € N we put

{ Zfz CeN, (f)S i=1 C Ap—1 is block sequence} UAd,_1.

Let A =J72 1 An Then it follows for x € S that

[l]| = sup(f, z).
feA
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Similar to the space T we define the following equivalent norms || - ||, for ¢ € N. For
x € S define
(3.12) e = — > I8
: zllp=——=  sup

f( )E1<E2< E[Z 1

Clearly,
1
3.13 — ||zl < ||z|le < || - || and
(3.13) ﬂ@HH lzlle <[ -l
(3.14) Iz} = max ([|z]|o, sup |Wﬂz)
EN,(>2

Theorem 3.2.11. For every ¢ € N the norm || - ||¢ is an cf(¢)-distortion of S for some
fixed constant c

Proof. For € > 0 and n € N use definition for -/} averages introduced in Step 1 of the
proof of Theorem 3.2.7 and note that by Proposition 3.2.10 (d) every block subspace of S
contains for any € > 0 and n € N an e-/7 average.

Following similar arguments one can show that if z is an e-f"-average in S, and thus

2|l > m, and ¢ € N it follows that

1 7
(3.15) Il < S

which is close to 7 f) if n>> /.

In order to show that for any ¢ € N there are vectors in each block subspace for which
the || - ||, and || - || norm are approximately the same we have to redefine what we mean by
a rapidly increasing sequence in S.

We call a sequence (y;)*_, a a rapidly increasing sequence (RIS) if there are e; > 0 and
neN for for ¢ = 1,...k so that

k
(3.16) dei<t
=1

(3.17) y; is an g; — (] average
(3.18) ni > 2k
(3.19) f(n;) > maxsupp(y;—1) and izl g fori=2,3,4,...k

i
and we will show that there is a constant C' > 1 so that if (yi)le is a rapidly increasing
sequence it follows that

(3.20) | i yi
=1

Since clearly (use for the second < inequality (3.15) )

k k
Hizlyi 7 Zuym G
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it follows together with (3.15) that || - ||x is a %—distortion.
In order to proof (3.20) we first need a little Calculus lemma

Lemma 3.2.12. For { € N and D > { it follows that

max {

(i.e. mazimum is achieved when & =& = ... =& = D/{)

~

E):fizlfor,izl,...fand Z&:D}:W.

Proof. [1,00) 3 & — f(E) is convex. O

Continuation of Proof of Theorem 3.2.11. We are choosing C > 1 large enough to satisfy
the following conditions

f (k) f(k)

3.21 C>5and C >2 if k> 2 (note that lim =1
(3:21) s = iy 22 P2~
(3.22) C>2 f(k/OF(0) whenever ¢,k € N with 2 </ <k/2

— FOFk/O = k)
For the fulfilment of (3.22) note that for k¥ € N, k > 4 that the function

gk [2,k/2) 5 R,z f(k)

f(@) f(k/x)’
achieves its maximal value at each of the endpoints and note that
f(k) 4
sup gx(2) =sup = <1,
i, ) = ) ) T F 27 @)
Thus FIO(E )
sup K/ (0) = sup — < .

verasicra TOFED = FB)  renaeranss 1 — 20 -

We will show by induction on k € N that (3.15) hold, or equivalently that for a rapidly
increasing sequence (yi)le of length k and for all £ > 2 we have

k
3.23 H .
(3.23) ;y .

For k = 1 the claim is trivial. Assume that the claim is true for all 1 < k' < k, let
(yi)le be rapidly increasing sequence of length k, put y = Zle y; and let £ € N.

We consider three different cases.
Case 1: £ € [2,%] (in particular k > 4). Choose Ey < Ey < ... E so that

1 &
lylle = f—g
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Using the 1-unconditionality of the unit vector basis of (e;) in S we can assume that (Ej)§:1
is a partition of the the interval [minsupp(y;), maxsupp(y)] into ¢ intervals and choose for

j=1,2,...¢ choose i(j) € {1,2,...k} such that
max [; € (max suppy;(j)—1, Max suppy;(;))-

(with yo = 0 and maxsupp(0) = 0). We observe that (for the first inequality it is recom-
mended to draw a picture)

k
i=1

1 ¢ i(4)
0 S j‘"(ﬁ){;u (Z) 1%

i=1(j—1)+

0 J4
+ 30D 1B i ]

j=1s=1

[If ;1 = i(j) — 1 the first Z vanishes, and let ¢(0) = 0]

1 i) —i(j—1)—1 0 ny+20
2 =i =D " O ™

[For first part note that subsequences of rapidly increasing sequence are

0
rapidly increasing and use induction hypothesis, and let 0 = 0]

[For second part use (3.15)]
k N 20
(O f(k/€) — f(£)
[By Lemma 3.2.12 and by (3.18)]
e B SN (U TR}
FOFEN - f0)  FR/OFE)
[Using (3.22)]
_ k k- fOfkO - k) _ o Kk
=lamwn 1w swor )=

[The function [1,00) 3 x +— f(x)/x is increasing]

C
=7

Case 2: k/2 <1 < mnj.
In this case we use (3.15) and observe that

k k
H Zyz . < Z l[yille
i=1 i=1

i+ 4
L

Dﬂ;

Si

1
f(0)

i=1

2k 2k Ck
< 70 < F/2) < 0 [By (3.19) and (3.21)]

Case 3: £ > nj Choose ig € {1,2...k} so that £ € (ni,, niy+1], with ng4q := oo.
Then we deduce that

k
i=1

-
Il

k
£+2+'ZQH3/1‘H€

1=10+

io—1
, < H Zl Yi
1=
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max supp(yi, — 1) 2

R EREIC

[By (3.15), (3.16) and (3.19) (part 2)]
Ck

<5< W[By (3.19) (part 1) and (3.21)]

which handles the third case and finishes the proof of the induction step. O

Remark. With more careful estimation one can actually proof that the constant C' in the
proof of Theorem 3.2.11 is 1. It was actually shown in [S1] that if (y;) is a sequence of
increasing ¢;-averages (i.e. for some e > y; is an € — ¢]"-average for i € N and n; /* c0)
then (y;) has a subsequence (g;) whose spreading model is isometrically equivalent to the
unit vector basis (e;) in S.

This implies that

|3z

where the last equality follows easily from Lemma 3.2.12 by induction on k£ € N. This
implies, using the arguments of the proof of 3.2.11 that || - ||, is a f(¢)-distortion.

In [AS] a stronger result was shown: Using a strong enough definition of what rapidly
increasing sequences are (but so that nevertheless every block subspace contains such se-
quences) it was shown that rapidly increasing sequences are equivalent to the unit vector
basis. From that it was deduced that S is complementably minimal, every infinite dimen-
sional subspace of S has a further subspace which is isomorphic to S. It is unknown whether
or not S is prime, i.e. whether or not every infinite dimensional complemented subspace of
S is isomorphic to S.

1m —
NE>Np_1>...11—>00 ynl f

Remark. From our arguments in the proof of Theorem 3.2.11 we can deduce the following
observations which will be important for the constrauction of the space of Gowers and
Maurey.

Let (y;)¥_, be an RIS of length k and £ € N.
If ¢ < k/2 we have shown (third inequality of handling case 1) that

k) < f(k) ¢ f(k)
HT ;%‘He <SR Fa)

This implies for some constant C (using that f is a logarithmic function) that
f k
Hi Z H < s ifes Vv,

and

B

kaz_: H <O<O it Vi <l<Kk
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If k2 < ¢ < ny we deduce from the computation done in Cases 2 that

k
3 <clt)

and if £ > nq we deduce from our inequalities in case Case 3 that

5, < oL

k
So combining all these inequalities we finally get for some universal constant C’ and all
k,¢ € N that

k
(3.24) Hf(:) j;yjHé < ¢’ min (M,max (@ f(k:)>> _

Mpr

]:

f(k) 0" k
From Remark 3.2 we deduce the following:

Corollary 3.2.13. Let e > 0 For m € N define:

B f(m) - (N
A, = {T Zyz  (yi)iy is an RIS of length m}

{ Zyz (yi)ixy is a block in Ss*}

Note that Ay, C CBg and that A}, C Bg. and that for and x € A, there is a x* € A}, so
that x*(x) > 1/2 (note that ||y;|| > 1/2 for all elements of an RIS (y;)). Also note that

|Z|lm = sup |z*(x)| for all z € S.
T*eA¥,

Lete; 0. Using Remark 3.2, we can find a lacunary enough sequence M = (m;) € [N
So that

(3.25) Vi,jENVE € A, 2™ € Ay (27, 2)] < emingij)-

Definition 3.2.14. A Banach space X is biorthogonally distortable If there is a sequence
of subsets (B,) of Bx and a sequence of subsets (B}:) of Bx, so that

a) For all n € N the set B, is asymptotic, i.e. for all infinite dimensional subspaces
Y C X, dist(Y, B,) = 0.

b) There is a ¢ > 0 so that for all n € N and all z € B,, there is an z* € B} so that
x*(x) > c.

c¢) There is a sequence &, /0 so that for all n # m in N

<B:17 Bn> = sup ’x*(l‘)‘ < Emin(m,n)-
x*eB}, ,xeBy

In this case we call (B, B}') nearly biorthoganl sequences in X.
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Exercise 3.2.15. Assume X separable and has a normalized l-uncondtional basis (e;)
(so we assume it is the completion of cog under the norm || - ||) and assume that X is
biorthogonally distortable. Let (By,) and (B};) be given as in Definition 3.2.14 after passing
to subsequences we can assume that (£,), as given in ¢), is summable and Y 2 e, < 1. We
can also assume that for n € N B,, C cpo and that B} is countable and B} C span(e}) = cgo
(pass to a perturbation of a subset for which (b) is still satisfied, with ¢/2 instead of ¢). Let
B* =UB} and let 0 : B*<“ — N be injective. For £ € N define

V4
T, = {Zfi . fieB*, for1<i</fand f; € B;(fhf%__ﬁ?l)},
i=1

and for x € cyg
[z][le = [lz[| + sup |f(z)].
S

Show that [||-]||¢ is an equivalent norm on X, and that there is a sequence (\¢) with A\, 7 0o,

so that (Use the arguments in the construction of Maurey and Rosenthal in Example 2.2.11).

We can also construct a Banach space which does not contain any unconditional basic
sequence

Definition 3.2.16. (The space of Gowers and Maurey, slightly modified)
We first consider a set @ C coo N [—1, 1] with the following properties:

a) coo N ([-1,1]NQ)* C @,

b) If (z1,29,...2¢) C Q is a finite block sequence then

1 <& 1 &
YN Ty, g S Q
f(0) ; V) ;

¢) @ is countable.

Let (e,) C (0,1) summable such that

(3.26) i%i <Jf@2) -1
=1

Let M C N be subset which is lacunary enough satisfying the following condition:

(3.27) fff) < e whenever k, ¢ € M and k < /.
Let 0 : Q< = {(2){_, : £ €N, 27 € Q for i < ¢} — M be injective.
By induction on n € Ny we define a set F,, C cog as follows:

For n = 0 we put as usual Fy = {£e;i € N} and assume that F,,_1, has been defined for
some n € N. The define for £ € N,

k
1 * *\k .
U(n, k) = {W E‘lj 2 keN, (295, ¢ F,_y finite block}
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and put U, = > Ug=1(n, k). Then define for £ € N,

14
1
C(n,t) = { ZZZ* (2, C U, block and zf € U(n,o(2},...2; 1), if i > 1}.

f) =
Then let
F, = {[m,n](z*): 2* € U C(n,?).
leN
For = € cgp we finally define
lzllear = sup  [(f, z)|.

z*elJ Fn
And we let GM be the completion of cop under || - ||gas-
Theorem 3.2.17. [GM1] GM does not contain any unconditional basis sequence.

Sketch of a proof. An application of the finite version of James’ Theorem, Exercise 3.1.12)
shows that every infinite dimensional blockspace space contains ¢; finitely block represented,
this implies every infinite dimensional block space contains Rapidely increasing sequences
defined as in the space S.

For k € N we put U(k) = ,en U(n, k) and C(k) = |J,cn C(n, k), and define as in S:

l|z||x = sup [|z"(x)| for z € coo.
z*elJ Uy

Let ()", C GM be a normalized block in GM and & > 0. We call (z;); ¢{™ average

1 n
Hn;*’“

We define RIS as in S, using Ef averages.
We call a sequence (y;)¥_, a a rapidly increasing sequence (RIS) in GM if there are
g; > 0 and neN for for ¢ = 1,... k so that

if
1
1+e¢

>

k
(3.28) dei<t
=1

(3.29) y; is an g; — ™ average

(3.30) ny > 2k

3.31 f(n;) > maxsupp(y;—1) and fti-l <g fori=23,4,...k
Y

Step 1: There is a constant C' > 0 so that for any (y;) be an RIS and any ¢ € N

kSCmin(f(é) @>

10 5
(3:32) Hz;y *) 70
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(3.33) Hf(f) i:yi
=1

We show this claim by induction on £ for the C chosen as in Theorem 3.2.11. For ¢ = 1 this
is trivial and assuming our claim is true for £ — 1 and let

1 ¢
V=T v

By following the same arguments as in the proof of Theorem 3.2.11 we deduce (3.32). In
order to show (3.33) we still need to show that for any ¢ > 2 and z* € C(¢) it follows that
|z*(y)| < C. But this follows from (3.32), the condition (3.27), and from the lacunarity
condition (3.27) on M

Note: If m << k and if (y;)™% is an RIS of length mk. Define for i = 1,2,...m

k
sz; Yjt+(i—1)m

Then ||z;]| ~ 1, for i =1,...,m and
m
k
[0 = 5
i=1

Thus f(k; Flomy S yi is close to an £ average.

Fk) km

k  f(km)

i

Step 2: GM has no unconditional basic sequence.

Let Y be a block subspace let & € N We define by induction on ¢ € {1,2,...k} the
following elements n¢ € N, xy € C' By, with supp(z,—1) < supp(zy), if £ > 1, and 2* € U,,.
ny =1, z1 € BxNego arbitrary, and z* € Uy with *(z) > 1/2 (note that U; is normalizing).

Assume ny_j, x¢—1 and z;_;, have been chosen, we put n, = o(z7,...2;_;) and we
choose xy, with supp(xy) > supp(z,—1) to be of the form

1 &
Ty = Yi,
f(ne) ; Z

where (y;) is an RIS with supp(y1) > supp(z¢—1). Then we choose z; € U*(n;) with
supp(z;) > supp(xj_,) with xj(z,) > 1/2.

Also note: At the moment we choose x}ll we have infinitely many choices (i.e. arbitrary
small perturbations of x7) this means we can, asure that ney1 = o(27,25,...,2}) can be
made arbitrarily large, depending on our previous choice. This implies together with the
note after step 1, we can assure that (a:i)le can be assumed to be an RIS itself.

From our construction it follows that for

Z:E € Cyp C Bay=.

F
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and, thus,

Using the same arguments as in Example 2.2.11 (Maurey-Rosenthal) we can show that there
< ot

is a constant C’ so that ,
(—1)'
1> 70

Since Y was an arbitrary block space this implies that GM cannot contain an uncondtitional
basic sequence. ]
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3.3 Hilbert space is arbitrarily distortable

The main goal of this section is to show the following
Theorem 3.3.1. [OS1] 4,. 1 < p < oo is biorthogonally distortable.

We will achieve the distortion of £, by “transporting” the nearly biorthogonal sequences
of sets (A,) and (A};) from the space S and S* to sequences of sets (B,) and (B;) in ¢,
and £;. This will be done via the generalized Mazur map which might be of independent
interest.

Exercise 3.3.2. Let 1 < p < co. Then the mapping
My S, — Si,, (&)ien — (sign(&)[&]YP)sen.
Is a uniform hoemomorphism from Sy, onto Sy, .

Definition 3.3.3. The generalizations is as follows. Let X have a 1-unconditional normal-
ized basis (e;) By the positive cone of X we mean the set

X+:{Z§iei:ex;gizo, forieN}.

We put S§ =Sy N X' and Bf, = ByNnXT.
If o =(0;) C{-1,1}¥

X7 = {Zfiei € X0 >0, fori € N}.

is the cone for o in X.
The entropy function E is defined by

E:ly x X = [~00,00), ((hi),(&)) = Z |hi| log &,
=1

with the convention that 0loglog0O =0

Remark. If h = (h;) € ¢{ with ||h]ls, = 1 on can think of (h) being a probability on N,
and for x € X E(h,z) would then be the entropy of the random variable .

Proposition 3.3.4. Let h = (h;) € ¢1 Ncoo and put B = supp(h). Then there exists a
unique x = (&;) € Sx so that

a) E(h,z) = maxyecs, E(h,y),
b) supph = suppx = B
c) sign(&;) = sign(h;) for i € B.

This unique x is then denoted by Fx(h) and we call Fx : Sy, — Sx the generalized Mazur
map from Sg, to Sx. Moreover we put Ex(h) = E(h, Fx(h)) = maxyes, E(h,y).
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Proof. For h € {1 Ncoy, B = supp(h) we consider the restriction
E(h,-) : {z € S% : supp(z) C B} — [—o0,0].

Then E(h,-) is continuous taking real values for = € S}E with supp(xz) = B and taking the
value —oo if supp(z) C B , and thus there is an & = (§;) € S¥, with supp(#) = B for which

E(h,z) = max {E(h, z) : 2 € S% : supp(z) C B}.

From the strict monotonicity and strict concavity of the log(-) we deduce that for z1, 2z € S5,

1 E(h E(h
E(h,7Z1+22 ) ZE(h,*(Zl—i-ZQ)) > ( ’Zl)+ ( 7Z2),
21 + 22| 2 2
and thus that the # is unique. By letting = = (&) with & = sign(h;)& we satisfy (a), (b)
and (c). O

¢

Exercise 3.3.5. Justify the name
X =14,

‘ generalized Mazur map” and show that Fx = M, if

For the next result we need to define the following mapping ¥ : (0,1) — (0,1). First
not that the function

1
g:(0,00) = (0,00), a*—>a+a,

has a minimum at a = 1, is strictly decreasing on (0,1) and strictly increasing on (1, 00).
Therefore we put

(3.34) n:(0,1) — (0,1), n(s)zsinf{log (%(ﬁ—i— ;ﬁ)) ta—1] >z~:},
(3.35) v:(0,1) = (0,1), ¥(e)=cen(e)
and note that U(e) > 0 for € > 0 and ¥(e) \ 0 if € \, 0.

Proposition 3.3.6. Let X have a 1-unconditional basis (e;).

a) Let h € SZ Necgg, v € B;;, and € > 0 so that
E(h,v) = Ex(h) — ¥(e),

i.e. E(h,v) is close to its mazimum E(h,?) of over all v € BY, and let u = Fx(v).
Then, there is an A C supp(h) so that

(3.36) |AR|| > 1—¢€ and (1 —e)u; < v; < (1 +e)u; fori € A.
b) Let hi, hs € SZCOQ with ||h1 — he|| < and let u; = Fx(h;), i = 1,2. Then
1
|50+ w2)| 2 1= /oy = o]

(Recall that if X is uniform convex this means that the closer the value of
|3 (u1 +u2)|| is to 1 the closer uy and uy are to each other).
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Proof. We have B := supp(h) = supp(u) and if E(h,v) > Fx(h) — ¥(¢) we must have
supp(v) C B. After passing to © = B(v) we might assume that supp(v) = B.
We observe that

U(e) > Ex(h) — E(h,v)
> B(5(u+v)) ~ E(hv)
[Maximality of Ex (h)]
= Z hi[log (4 (u; 4 v;)) — logv;)

1€EB
=Y hi[logu; + 3 log vi + log (4 (u; +v;)) — log /uzv; — log v;]
i€B

vl ul Vi Uq
th (log u; — logv;) +Zlog 1/ Zlog ,/u—i+,/;i)
i€EB i€EB i€B
Yi 4 }
u;

First note that i € A <= (1 —e)u; < v; < (1 +¢)u;, and by (3.34) if ¢ ¢ A then

Uz
uz
Thus we conclude that
S s Y h ol (5 1) < ¥
uZ ()
i€B\A i€B\A

In order to show (b) let hy, hy € SZOCOO and u; = Fx(h;) and define € > 0 by H%(u1+u2)H =
1 —2e. W.lo.g we assume that ¢ > 0. Let u; = w1 + eus and g = uo + euy. Thus
supp (1) = supp(iiz) = supphy U suppha, ||3(i + @2)|| < 1 — € and, thus,

Define
A= {z € B:

E(hy, 1) > E(hy,u1)
U1 + Ug
Elh
( 1 (1 _ ))
[Maximality of E(hy,u1)]
U1 + Uo
2

1 . 1 -
= E(hh ) +[log(l — )| 2 S E(hy, i) + S E(hy, t2) + |log(1 — €]

and, thus,
1 B 1 B
|log(1 —¢)| < §E(h1,ul) - §E(hlvu2)

and similarly we can show

1 N 1 -
]log(l — 8)‘ S §E(h2,’u,2) — iE(hQ,’LLl).
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Since for j € supp(Z1)

T1j5 + €T

< |loge
x27j+m17j>’ < [logel,

|log Z1,; — log Zo ;| = ’log <

we obtain

e < |10g(1 — 6)| < (E(hl,al) - E(hl,ag) — E(hg,’[tl) + E(hg,fz)

> (hy = haj)(log i —log & 5)

j€supp(Z1)

AN
[N N S

1 1 _
S;ﬂml—hﬂVJkgﬁlﬁgﬂhl—hﬂuﬁ Y

and, thus, € < %|/h1 — ha|*/2, hence

|22 = 1 - 20 > 1 — a2

O

Remark. Proposition 3.3.6 implies that if X is uniform convex the map Flx is uniformly
continuous on S;; and thus on any cone of X. More over the modulus of uniform continuity
only depends on the modulus of uniform convexity.

Indeed, recall that the modulus of uniform convexity:

dx(e) = mf{l - H

So, if hy,hy € SZCO() with ||hy — ha|| < 62%(¢) then it follows from Proposition 3.3.6 that
1-— HMH < 0(g) which implies that ||Fx(h1) — Fx(h2)|| < e.

r+y

|l =yl =<}

In our next step we extend that remark to all of Sx

Proposition 3.3.7. Let X be a uniform convex Banach space with a 1-unconditional basis.
The map Fx : S¢, Ncogp — S(X) is uniformly continuous and the modulus of uniform
continuity solely depends on the modulus of uniform convexity of X.

Proof. Let g(e) be the modulus of uniform continuity of Fx| st We first note that if h € S, A
and u = Fx(h) and I C supp(h) so that > .., h; < e, then H Z uZeZH < g(2¢). Indeed,

<Zh ez>/HZh €;
<HZheZ (;hiei)/“;hiei

Since the coordinates in I of the vector u = Fx(h) and the vector

~Ex((Xme) /| Xher, )
igl iel

el el

< 2¢

£y 114y
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coincide it follows that

|5

i€l

< g(2¢).

41

Fx(h) — Fx ((Zhiei)/H S hies >
igl igl

Let hi,ho € Sp, and u; = Fx(h;), for i = 1,2 and put € = ||h1 — ho|| Then sign(u; ;) =
sign(h; ;) for i = 1,2 and j € supp(h;). Letting
I = {j € supp(hi) Usupp(hi) : sign(z ;) # sign(za;)}
and h; = (hij)jen € ¢1, and, similarly, |u;| = Fx (|hi|) = (uij)jen € X T, for i = 1,2.

= gl < [[lual = fual | + | Dl gl + uzg e
jel

< g(llnal = Ihalll,_y) + || - lungles| + || D luaesl|| < gte) + 29(2).
jel jel

[Note that Z |hij| < ||h1 — he|| = ¢, for i =1, 2]
jel
O

Definition 3.3.8. A Banach space X is uniformly smooth If for each x € Sx there is a
unique z* € Sx+ so that *(z) = 1 and if the mapping ® : Sx — Sx=,  — z* is uniformly
contiunous.

The map ® is called support map.

Proposition 3.3.9. Let X be uniform smooth. Extend the support homogenuously map
(1) : Sx = Sx= to a map (-)*X — X*, i.e forx € X \ {0}, 2* = ||z|| - (”%H)
Then the norm function is differentiable on X \ {0} with
0

- llzll = Vljz| = 27,

oz
Proof. We will show that for z,y € Sx, and A > 0

2+ Ayl = [zl _ (= +Ay)*(y)

a(y) < 3 SR
which implies our claim after letting A \, 0.
] r(Ny) otz 4+ Ay) -1
ey =— = 3
_ Nl 2l — =]
- A
_ e Ayl — ] -l + Ayl
Allz + Ayl
< @A) (@4 hy) — (2 + Ay)*(2)
B Allz + Ayl
_ @) (\y) (M) ()
Allz + Xy [z + Ayll
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Theorem 3.3.10. (Pisier) Every uniformly conver Banach space admits an equivalent norm
which is also uniformly smooth and every uniformly smooth Banach space admits an equiv-
alent morm which is also uniform convex.

Proposition 3.3.11. Let X be a unifrom smooth and uniform convexr Banach space with
a 1-unconditional basis (e;) Then Fx : Sy, — Sx is invertible and F~1 s also uniformly
continuous, with the modulus of continuity solely on the modulus of uniform smoothness of
X.

Moreover
oo o0
Fgl :Sx = f1, = g Tie; — E sign(z;)x;x] e,
i=1 i=1

where x* = Y7 x¥e; normalizes x.

Proof. The biorthogonal functionals (e}) are a l-unconditional basis for X* andthusu we
can express for x € Sx, z* as
¥ = Z zie; <

i€supp(z)

with sign(z}) = sign(z;) and z* oz := (2] - x;) € SZ.
Let G(z) = |z*| o z. We claim that G : Sx — Sy, is uniform continuous. Indeed, for
z,y € Sx and u = G(z) and v = G(y) we deduce that

lu—vlley = [[la*] oz — |y o y]|

< |[le*To (z =)l + lla" =" o W] < llz =yl + =" = »"]I,

which proves that G is uniform continuous and that the modulus of uniform continuity
solely depends on the modulus of uniform continuity of the map Sx 2z — z* € Sx+.

It remains to show that G = F~'X. Since G(z) = sign(z) o G(|z|), and Fx(x) =
sign(z) o F(|z|) it is enough to show that for h € SZ Necgo and © € Sy N ey we have
G(F(h) = h and F(G(x)) = x.

Ifh e SZ Ncop and x = F'(h) then, by the Lagrange multiplier method, for some A > 0

(hi/ﬂfi)iesupph =V, E(h,z) = AV] - | (z) = 27,

Thus h = Az o 2* = AG(z). It follows (take norm on both sides) that A = 1 and that
G(F(h) = G(z) = h.

In order to show that F(G(x)) = z, it is enough to show that G injective. So assume
that 2,y € S§ and h = 2* o |z| = y* o |y|. Let U = {u € X+ : supp(u) = supp(h)} and for
u € U put f(u) := |ju|| — E(h,u). f is strictly convex on U, and therefore there is at most
one point z € U for which V f(z) = 0. But

hi
Vi) =0 < 2"— Y = =0« h=z02"

) Zi
i€supp(h)
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Now we will sketch how to show that ¢5 is biorthogonally distortable. We consider the
nearly biorthogonal sets (A,,) and (A;‘ in S and S*, respectively, as constructed in Corollary
3.2.13

Am:{@

VT

@
Il
,_.

yi ¢ (yi)itq is an RIS of length m}

kﬂ
3|3 3
NE

Al = { yi ¢ (yi)i%, is a block in SS*}

s
Il
—

Let e, N\, 0. As we have shown in Corollary 3.2.13 we can pass to subsequence (B,,, B};,) of
(Am, A3,) so that for some constant C:

(3.37) VmeNVze B, xz* € B}, |z"(x)| > (1 —en), 1 < ||z]| < C,
(3.38) Vm#k, m,keNVr € By, 2 € By, |27(2)| < mingm,k
(3.39) VmeNVY < X, dim(Y) = oo dist(Bp,Y) = 0.

Since (e;) is an unconditional and subsymmetric basis of S, it follows also that

(3.40) VYmeN B, and B;, are unconditional and spreading

(A C Xunconditionall and spreading means that if z = )" a;e; € A then )" 0;a;ep, € A, for
and (0;) C {+1,—1} and increasing (n;) C N).

Theorem 3.3.12. For m € N define
Crm = {z* o |z|, with 2* € B}, x € By, and z*(x) > 1/2}.
and for 1 < p,q < o0 with%—i—%:l we put

CWP) = M,(Cy,) = {(sign|a;|Y/P) : z € Cp} and CEP) = M, (Cpy) = {(sign|z|/9) : 2 € Cpy}

Then (C’T(f:))andd (C':l(p)) are nearly biorthogonal in ¢,,.

Lemma 3.3.13. [OS1][Lemma 3.5] Let Y be a block subspace of {1 and € >0 and m € N.
Then there is a vector u € S which is an (1 + €)-47" average and a u* € Sg« so that
u*(u) > 1 —¢ and dist(u* o ul,Y) < e.

We skip the quite technical proof of Lemma 3.3.13 which makes use of Proposition 3.3.6

(a).

Proof of Theorem 3.3.12. We will show our claim for p = 2, and put D,, = C’,(g) (note
con? = o).

Step 1: For m € N C,, is asymptotic in £;. Indeed, let Y be a block subspace of ¢;. Then
we can use Lemma 3.3.13 to find an RIS (z;)!"; in S and (z}) C Sg= so that z}(x;) >1—¢
and dist(|z;| o 2},Y) then choose

fm) oL S
y= z; € Ap and y* = x; € A™m,
m oS fm) =
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and

1 m
dist(y*oly|) Y) < — E dist(z] o |x;]) < e.
m
i=1

Step 2: If A C ¢; is asymptotic then My(A) is asymptotic in ¢5. This follows from the fact
that if Y C ¢ is a block subspace then Ms(Y N Sy) is also a sphere of a block subspace of
ls.

Step 3: (C),) is nearly biorthogonal (to itself). Let k # ¢, and v € C, and w € Cy. We

write
v = (v;), with v; = sign(z;)y/|zi| - |2}| and z € By, z" € By,
w = (w;), with w; = sign(y;)\/|vi| - [yf| and y € By, y" € By,
Then

(v, w)| < Joi] - |l

€N

= > (el - a1 Il - |y D2
/ /
< (Sl Jorl) (il tal) " < i

(Since By and By, are unconditional)
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Chapter 4

Versions of Ramsey’s theorem in
Banach spaces

4.1 Gowers’ game on blocks and the dichotomy theorem

In this section we present a special case of Gowers’ Ramsey theorem on block spaces of a
Banach space with a basis. Throughout this section let X be a separable Banach space
with a normalized and bimonotone basis (e;). The assumed bimonotonicity of (e;) is not
really necessary but will simplify the arguments.

As usual we think of X being the completion of cyg under some norm. For z,y € cog we
write z < y if maxsupp(z) < minsupp(y). We adopt the convention that 0 < z and 0 > =
for any x € cqo.

If Y, Z are block subspaces of X we write Y < Z or Z > Y if Y is a block subspace of
Z.Forzecpand Y < X wewritez <Y ifz<yforallyeY. of Z.

We also assume that our space satisfies the following technical condition:

() For all x € cop there is an € = e(supp(z)) so that for all y € coo, with x > y it follows
that

[l +yll > =] + ellyll-

Exercise 4.1.1. In order to show that condition (x) holds for an arbitrary small pertur-
bation of a norm we define the following norm on cgp. Let ¢ > 1. For = = (z;) € ¢
put

[e.e]
]| = sup { Zc*ixm tng <mp <na<...}.
i=0

Show that || - || is an equivalent norm on ¢y which satisfies ()

Let B> be the set of all infinite normalized block sequences in X and B/ the set of all
finite normalized block sequences in X. We also consider () to be an element of B/ (block of
length 0). For Y < X we denote the set of all normalized infinite or finite block sequences
in Y (these are exactly the normalized block of the block basis generating Y) by B>*(Y)
and BY(Y).

67
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If 7 = (z1,72,...70m) € B and § = (y1,22,...ym) € B/ or § = (y;) € B® we write

T <y if x,, < y1 and in this case we denote the concatenation of x and y by (z,y), i.e

(3}‘ y): (xtha"'7$m7ylay2a--'yn) lnyBf
(T1,22 oy Ty Y1, Y2y - - -) if y € B*.

We denote the length of T by |Z|.

Definition 4.1.2. We consider on B*° the product topology of the discrete topology on
Sx Moo, ie. if g™ = (yl( )) ©, € B® forn € Nand g = (y;)32, € B® then 7™ converges
to 7 if and only if for any m € N there is an ng € N so that for all n > ng

(n)

y, = = y; whenever n > ng and i =1,2...m

For A C Booiwe denote the closure in the product topology of the discrete topology on
Sx Necgy by A.
For € = (g;) C [0,00) and A C B> we define the € fattening of A C B> by

(4.1) Az = {(z)€B>® : Hwj) € A ||wj—2zi| <e; for i=1,2..}.
If € = (e;)]~; is a finite sequence we understand by Az the set Asy with
7= (e1,€2,...€0,0,0,0,...).
For A € B*® and Y < X we consider now the following infinite game between two

players

Player I : chooses Y1 XY
Player II: chooses y1 € Sy, N coo
Player I : chooses Yo <Y
Player II: chooses y2 € Sy, N coo

Player I wins if the resulting sequence (y1,ys,...) lies in A.

It follows from Theorem 1.2.4 that the game is determined if A is Borel with respect
to the product of the discrete topology on Sy, i.e. that one of the Players has a winning
strategy.

Write W;(A,Y) if Player I has a winning strategy for the (A,Y)-game and we write
Wir(A,Y) if Player II has a winning strategy.

The main result of this section is the following.

Theorem 4.1.3. [Go3]. Assume A C B> is closed. Then the following are equivalent.
1. For allz = (g;) C(0,1] and for all Y < X it follows Wi(Az,Y)

2. For allg = (g;) C(0,1] and for allY = X there exists Z <Y so that every normalized
block sequence (zy,) in Z is in Az.

Remark. In [Go3] above result was proved for coanlytic sets A C B>
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Proof. Needs to be rewritten.
O

Theorem 4.1.3 was a central part for Gowers to prove his dichotmomy result which lead
to the solution of the homogeneous Banch space problem.

The Homogeneous Banach space problem.
Let X be an infinite dimensional separable Banach space which is isomorphic to all of its
infinite dimensional closed subspace (we call such a space homogenuous).

Does it follow that X is isomorphic to Hilbert space?

In order to outline the solution we need Gowers’ dichotomy Theorem.

Definition 4.1.4. Hereditary Indecomposable Spaces.
An infinite dimensional Banach space X is called indecomposable if it is not isomorphic the
complemented sum of two infinite dimnsional Banach spaces Z; and Zs.

X is called hereditary indecomposable (HI) if no infinite dimensional closed subspace is
decomposable.

Remark. Note that an (HI) space cannot contain an unconditional basic sequence. The
existence of (HI) spaces was shown in [GM1] and [GM2].
Assume that Y and Z are two closed subspaces of a Banach space X in order for

Y+Z={y+z:ye€Y and z € Z}

to be the complemented sum of Y and Z it is necessary and sufficinet that the map
YxZ—=y+Z, (y,2) (y+2)

is an isomorphism Here Y x Z is the topolical product of Y and Z which can be endowed
for example with the norm ||(y, 2)|| = |ly|l + ||z]|-

Thus, for Y + Z not being the complemented sum of Y and Z, it is necessary and
equivalent that there are sequences (y,) C Sy and (z,) C Sz for which lim,, o ||yn — zn|| =
0. Therefore we observed the following proposition.

Proposition 4.1.5. For space X the following are equivalent
a) X is (HI)

b) dist(Sy,Sz) = infyesy zes, [ly — z|| = 0 for any two infinite dimensional subspaces
Y, Z < X.

Theorem 4.1.6. Gowers’ Dichotomy [Go3]
If X is an infinite dimensional Banach space. Then either it contains an unconditional
basic sequence or it has a subspace which is (HI).

Proof. W.l.o.g. X has a normalized basis (e;) and let C' > 1.
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Note that a normalized block sequence (z,) is C-unconditional if and only if for all
normalized blocks (y,,), all n € N, and all ()\;) € [0, 1]"

HZ VA <C’HZ)\xZ

Let X be a Banach space with normalized basis (e;). For a fixed C' > 1 we define

4© (z,) normalized block of (e;) }

{(x") “Yne NY(A)L, C[0,1] H S (—1)iaa| < CH S A

J

Note that A(©) is closed in the product topology of the discrete topology, and that therefore
the A(©)-game is determined and that Theorem 4.1.3 applies.

Let € > 0. Now, either Player I has a winning strategy for (A(C))(z—ng) c AlC+e) on
every closed Y — X. Then we deduce from Theorem 4.1.3 that there is a normalized
blocksequence (y,,) all of its normalized blocks are in AC+¢) and it follows that (y,) is
(C + e)-unconditional. Or Player I has a winning strategy on some closed block subspace
Y of X. He in particular has a winning strategy if Player I chooses Z1, Zs, Z1, Zo, ... for
any given block subspaces Z; and Zs of Y. Therefore Player II can choose a normalized
block (z;) in Y so that 29,1 € Z; and z9; € Zs for which there is an n € N and a sequence
(Ai)q in [—1,1] So that

= ﬂ {(xn) C Sx block : Z )\ iTi

neN, (X)), C[0,1]

<0HZM

||Z )‘Zz

> O ZAZZ

We choose

n
= g A2i—122i—1
i—1
n
Y2 = E A2; 29
i—1

and assume w.l.o.g that |ly1|| = 1 (otherwise divide y; and y2 by |ly1]|) and that ||y2| < [|y1]|
(otherwise swap the roles of y; and y2).
It follows that

1 2 —
1> >1— Sl —lyp—wpl| >1— = =2 =
> flyall = 1= llys +3ell > 1= Zllyn = gell = 1— 2

and thus y O_9 4
Jon+ gl = o e #1021 - =) < &

It follows that for any two infinite dimensional subspaces Z; and Z; of Y dist(Sz,Sz,) <

Qler
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It follows that ] 5
< |y — < Z
lyr + 2| < C||y1 yoll < C

which yields dist(Zy, Z;) < 2.

Now we consider the a sequence C,, * oo and apply the argument successively for each
C,. We will get block spaces X = Yy > Y7 > Y5 so that either for some n Y,, has a C), 4+ 1-
unconditional subsequence or for all n and all closed subspaces Z1, Zo C Y,, it follows that
diSt(SZl;S’ZQ) S %n

In the second case we take Z to be a diagonal space of the Y,,’s (i.e. Z = span(z;) with
21 <29 <...and z, € Y, for n € N) and deduce that Z is (HI). O

Theorem 4.1.7. [GM2] A hereditary indecomposable space is not isomorphic to any proper
subspaces.

In particular Theorems 4.1.6 and 4.1.7 yield that if X is an infinite dimensional Banach
space which is isomorphic to all of its subspaces, it must contain an unconditional basic
sequence and, thus, have an unconditional basis and all its infinite dimensional subspaces
have unconditional bases.

But this only happens in Hilbert space as the following result by Komorowski and
Tomczak-Jaegermann shows.

Theorem 4.1.8. [KT] Let X be a homogenous Banach space not containing . Then X
has an infinite dimensional closed subspace without unconditional basis.
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4.2 'Trees and Branches in Banach spaces and embedding
theorems

In this section we present a second version of Ramsey like theorems in Banach space and
consider a similar game to the one introduced in Section 4.1. But this time Player I will
only be able to choose cofinite dimensional subspaces of a given space.

We first introduce some notation.

Definition 4.2.1. Let Z be a Banach space and F = (F,) be a sequence of finite di-
mensional subspaces of Z. We call (E,) a finite dimensional decomposition of Z , and
we abbreviate it by FDD, if for every x € X there is a unique sequence (x,) C X, with
zy € Ep, forn € N, so that x =) 07 | @y,.

Note that FDD’s can be thought of as a generalization of bases. Indeed, if dim(E,,) = 1,
for all n € N for an FDD (E,,) then (x,), where z,, € E,, \ {0} for n € N, is a basis. Many
basic observations on bases can be extended to FDDs.

Let Z be a Banach space with an FDD E = (E,). For n € N we denote the n- th
coordinate projection by PF ie. PF .7 — E, Y z + z,. For finite A C N we put
P =34 PE. As in the case of bases one can show that the projection constant of (E,)
(in Z)

K = K(E,Z) = sup | P |
m<n
is finite.

As in the case of bases we call (E;) bimonotone (in Z) if K = 1. By passing to the

equivalent norm
-1 Z R, 2o sup [|PE ()]
m<n

we can always renorm Z so that K = 1.
(E;) is called a C-unconditional FDD of Z if for all (x;)]"  C Z, with x; € E;, for i € N,

it follows that
n n
i=1 i=1

and it is called a suppression C-unconditional FDD of Z if

n
[ ] < [ X
i€A i=1

As in the case of bases, C-unconditionality implies suppression C-unconditionality, and
suppression C-unconditionality implies C-unconditionality. We call (E;) unconditional or
suppression unconditional if there is a C' > 1 for which (F;) unconditional or suppression
unconditional, respectively.

In important example are the £,-sums of finite dimesnional spaces (E;).

for all (e;) C {+1,—1},

forall A C {1,2,...,n}.

(B2 Ei)e, = {(x:) s x5 € Ej, for i € N, and Y ||z||P < oo},
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(D21 Ei)eo = {(zi) : 7 € E;, for i € N, and lim ||z;]| = 0}.
1—00
For a sequence (Ej;) of finite dimensional spaces we define the vector space
coo(Bi2  Ei) = {(zz) : 2 € E;, fori € N, and {i € N: z; # 0} is finite} ,

which is dense in each Banach space for which (E,) is an FDD. For A C N we denote by
@ica E; the linear subspace of coo(®F;) generated by the elements of (E;);c 4 and we denote
its closure in Z by (®E;)z. As usual we denote the vector space of sequences in R which
are eventually zero by ¢y and its unit vector basis by (e;).

The vector space coo(B52; E;), where E is the dual space of E;, for i € N, is a w*-dense
subspace of Z*. (More precisely EY is the subspace of Z* generated by all elements z*
for which 2*|g, = 0 if n # i. E} is uniformly isomorphic to the dual space of E; and is
isometric to it if K(E,Z) = 1.) We denote the norm closure of coo(®2, E;) in Z* by Z™).
Z® is w*-dense in Z*, the unit ball B,y norms Z and (E}) is an FDD of Z®) having a
projection constant not exceeding K (F,Z). If K(E,Z) = 1 then By is 1-norming and
AQIG

For z € coo(DE;) we define the E-support of z by

suppp(z) = {i € N: PE(2) # 0} .
A non-zero sequence (finite or infinite) (z;) C coo(®E;) is called a block sequence of (E;) if
max suppg(zn) < minsuppg(2n+1), whenever n € N (or n <length(z;)),
and it is called a skipped block sequence of (E;) if 1 < minsuppg(z1) and
max suppg(2z,) < minsuppg(zn+1) — 1, whenever n € N (or n < length(z;)).

Let 6 = (6,) C (0,1]. A (finite or infinite) sequence (z;) C Sz = {z € Z : ||z|| = 1} is called
a d-block sequence of (Ey,) or a J-skipped block sequence of (E,) if there are 1 < kj < {1 <
ko < ¥f9 < --- in N so that

|l zn — P[Emen}(zn)H < Op, Or |25, — P(imgn](zn)H < 0p, respectively,

for all n € N (or n < length(z;)). Of course one could generalize the notion of -block and
d-skipped block sequences to more general sequences, but we prefer to introduce this notion
only for normalized sequences. It is important to note that in the definition of J-skipped
block sequences k1 > 1, and that therefore the Ej-coordinate of z; is small (depending on
01).

A sequence of finite-dimensional spaces (Gy,) is called a blocking of (E) if there are
0=k <ki <ky<-- inNsothat G, =&, B forn=12,...

1=kp—1

Definition 4.2.2. An FDD (FE;) of a Banach space is called shrinking if the sequence of
its coordinate functionals (E}) is an FDD of X*, and (E;) is called boundedly complete if
the series Y z;, x; € Ej, for i € N converges whenever sup,,y || Y i @il|-

(F}) is called an unconditional finite dimensional decomposition (UFDD), if for all x € X,
the representation as @ = > ;7 x;, with z; € E;, for i € N, converges unconditionally.
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Let A C 8% and B =[[;2, B;, where B, C Sz for n € N.
We consider the following (A, B)-game between two players: Assume that E = (E;) is
an FDD for Z.

Player I chooses n; € N |
Player II chooses 21 € coo( ®2,,, 41 Ei) N By,
Player I chooses ny € N |
Player II chooses 23 € coo( ®52,,,41 Ei) N By,

Player 1 wins the (A, B)-game if the resulting sequence (z,) lies in A. If Player I has a
winning strategy (forcing the sequence (z;) to be in A) we will write Wi (A, B) and if Player
IT has a winning strategy (being able to choose (z;) outside of A) we write Wy (A, B). If
A is a Borel set with respect to the product of the discrete topology on S% (note that B is
always closed in the product of the discrete topology on S%), it follows from Theorem 1.2.4
that the game is determined, i.e., either W (A, B) or Wii(A, B).

Let us define Wry(A, B) slightly differently from the definition provided in Section 1.1
and use trees in Banach spaces.

We define

Too = U {(m,ng,...,ng) inyp < ng < ---ny are inN} .
leN

If « = (my,ma,...,my) € Too, we call ¢ the length of @ and denote it by |a|, and § =
(n1,ng,...,ng) € Tx is called an extension of a, or « is called a restriction of 5, if k > ¢
and n; = my, for i =1,2,...,¢. We then write o < 8 and with this order (T, <) is a tree.

In this section trees in a Banach space X are families in X indexed by T, thus they
are countable infinitely branching trees of countably infinite length.

For a tree (x4)acr,, in a Banach space X, and o = (ny,na,...,ny) € To, U {0} we
call the sequences of the form (2(4n))n>n, nodes of (Ta)aer,,- The sequences (yn), with
Yi = T(nyna,.n)» f0r i € N, for some strictly increasing sequence (n;) C N, are called
branches of (Ta)aet,,- Thus, branches of a tree (z4)aer,, are sequences of the form (xz,,,)
where (ay,) is a maximal linearly ordered (with respect to extension) subset of T.

If (za)aer,, 18 a tree in X and if 7" C T is closed under taking restrictions so that for
each a € T"U {0} infinitely many direct successors of « are also in T” then we call (24)qer
a full subtree of (zq)aer,, . Note that (z4)aer could then be relabeled to a family indexed
by T and note that the branches of (z4)ae7” are branches of (z4)aer,, and that the nodes
of (zq)aer are subsequences of certain nodes of (4 )aer,, -

We call a tree (zq4)aer,, in a Banach space X normalized if ||z,| = 1, for all & € T
and weakly null if every node is weakly null. More generally if T is a topology on X and
a tree (Zq)aer,, in a Banach space X is called T-null if every node converges to 0 with
respect to 7.

If (£o)aeT,, is a tree in a Banach space Z which has an FDD (E,,) we call it a block tree
of (E,) if every node is a block sequence of (E,,).
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We will also need to consider trees of finite length. For ¢/ € N we call a family
(-Ta)aeToo,\a|§€ in X a tree of length £. Note that the notions nodes, branches, 7 -null
and block trees can be defined analogously for trees of finite length.

Remark. Assume that (x,,) is a sequence in X. We can define the associated tree as follows:
For (n1,n2,...1nk) € Teo We DUt T(y; ny,..my) = Tny,-

Note that then every subsequence of (x,) is a branch of (z4)aer,, and vice versa, and
that (zq)aer,, is normalized, weakly null or a block tree, if (x,) is a normalized, weakly
null or a block sequence.

Using the formal definition of winningstrategies as introduced in chapter 1 we can easily
derive the following Proposition.

Proposition 4.2.3. Assume that Z is a Banach space with an FDD (E;), A C S% and
B =112, Bi, with B; C Sy fori e N.
Then Player II has a winning strategy for the (A, B)-game if and onlfy if
Wrr(A,B)) There exists a block tree (vo)act,, of (Ei) in Sz all of whose branches are
in B but none of its branches are in A.
In case that the (A, B)-game is determined Wi(A,B) can be therefore stated as follows.
Wi(A,B)) Every block tree (xq)act., of (Ei) in Sx, all of whose branches are in B,
has a branch in A.

The proof of the following Proposition is easy.

Proposition 4.2.4. Let AN,/l C 8¢, B=11;2, Bi, with B; C Sz for i € N. Assume that
the (A, B)-game and the (A, B)-game are determined.

a) If AC A, then

Wi(A,B) = Wi(A,B) and Wi (A,B) = Wi (A,B) .

b) W[(A, B) <= dneNVzxe ( @;ﬁn_ﬂ Ez) N By W](A(%),HiQ Bl)

¢) If ¢ €N, & = (&), C[0,00) and x;,y; € B; with ||x; —yi|| < & fori=1,2,....¢
then

WI(A($17$27-~-7x€)7 ﬁ Bi) =>W1(u4€(y17y2,---7y4)7 ﬁ Bi) :
i=0+1 i=0+1

Here A(x1,22,...,2y), for x1,...x, € Sz, and Az, the -fattening of A, was defined
in (4.1) of Section 4.1

Now we can state one of our main combinatorial principles.

Theorem 4.2.5. Let Z have an FDD (E;) and let B; C Sz, fori = 1,2,.... Put B =
[[;2, Bi and let A C S%.

Assume that for all € = (g;) C (0,1] we have Wi ( Az, B).

Then for all € = (g;) C (0,1] there exists a blocking (G;) of (E;) so that every skipped
block sequence (z;) of (G;), with z; € By, fori € N, is in Az.
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Proof. Let € = (g;) C (0,1] be given. W.Lo.g assume that W; (A, B) (otherwise replace A
by Az /o z/2 and € by £/2).
For k=0,1,2,... put e = (¥ with ¢® = £;(1 — 2-1-#) for i € N,

7

For / € N we erte BO =TI “¢41 Bi-

By induction we choose for k € N numbers ny € N so that 0 =ng <n; <ng < ---, and
so that for any k € N, if G, = @?:’“nk_IHEi,
(4.2) (Ze(k) (0,x), B(ZH)) for any 0 < £ < k and any normalized skipped block

l
o= (x1,29,...,2¢) € HBi of (G} (0 =0if £=0)

and any x € S@ﬁnk+1Ei N Byyq

(4.3) W](zg(k) (o), B(g)) for any 0 < ¢ < k and any normalized skipped block
0
= (w1,22,...,2¢) € [ Bi of (Gi)i,y

For k = 1 we deduce from Proposition 4.2.4 (b), the fact that and the hypothesis that there
is an ny € N so that Wy ( A_q) (z), BY) for any x € S@E’inIHE’i N B;. This implies (4.2) and
(4.3) (note that for £ =1 o can only be chosen to be §) in (4.2) and (4.3)).

Assume nj < ng < ---ny have been chosen for some k € N. We will first choose ng1 so
that (4.2) is satisfied. In the case that £ = 1 we simply choose ny = n1+1 and note that (4.2)
for k = 2 follows from (4.2) for k£ = 1 since in both cases o = () is the only choice. If k > 1 we
can use the compactness of the sphere of a finite dimensional space and choose a finite set
F of normalized skipped blocks (z1,x2,...,2¢) € Hl 1 Bi, of (G;)%_, so that for any ¢ < k
and any normalized skipped block with length 0, 0= (x1, acg, s, @y) € HZ | Bi of (Gi)k_4,
there is a o/ = (2],25,...,2)) € F with ||z; — z}|| < &2 2 for i =1,2,...,¢. Then,
using the induction hypothesis (4.3) for k, and Proposition 4. 2.4 (b), we choose ngt+1 € N
large enough so that Wj(ﬁg(k) (a,a:),B(ZH)) for any o € F and x € S@?inkHHEi N Byyq.

From Proposition 4.2.4 (c) and our choice of F we deduce W;( A ki1 (o, ac) B for

any 0 < ¢ < k, any normalized skipped block o of (G;)¥_, of length ¢ in [['_; B; and any
T € Sgoo B N Byy1, and, thus, (using the induction hypothesis for o = (}) we deduce
i=n +

(4.2) for k + 1.

In order to verify (4.3) let 0 = (x1,22,...,2¢) € Hle B; be a normalized Skipped
block of (G;)¥! (the case ¢ = 0 follows from the induction hypothesis). Then o' =
(x1,x9,...,2¢—1) is empty or a normalized skipped block sequence of (G; )l [ in Hf 11B
In the second case Wi ( Aws))(0), BO) = Wi ( Aisn)(0’, 2¢), BO) follows from (4.2) for
k and from Proposition 4.2.4 (a). This finishes the recursive definition of the ny’s and Gy’s.

Let (z,) any normalized skipped block sequence of (G;) which lies in B. For any n € N

it follows from (4.3) for 0 = (2;)j-; that Wi(Az/s(0), B), and, thus, Az(c) # 0, which

means that o is extendable to a sequence in Az (note that lim,,_ 5( ) g;). Thus, any
normalized skipped block sequence which is element of B lies in Az. O

Now let X be a closed subspace of Z having an FDD (E;) and A C S%. We consider
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the following game

Player I chooses n; € N |
Player II chooses z1 € (@52, 41 Ei)Z NX, ||z =1,
Player I chooses ny € N |
Player II chooses x5 € (@j’imﬂ Ei)Z NX, [|z2f| =1,

As before, Player I wins if (z;) € A. Since the game does not only depend on .4 but on the
superspace Z in which X is embedded and its FDD (FE;) we call this the (A, Z)-game.

Definition 4.2.6. Assume that X is a subspace of a space Z which has an FDD (E;) and
that A C S%. Define for n € N

Xop=XN (02,1 E),={reX: Vel Ef z'(x)=0}),

a closed subspace of finite codimension in X.
We say that Player II has a winning strategy in the (A, Z)-game if

Wii(A, Z) there is a tree (Zq)aer,, In Sx so that for any a = (n1,...,ny) € T U
T(an) € Xn Whenever n > ny, and so that no branch lies in A.

In the case that the (A, Z)-game is determined Player I has a winning strategy in the
(A, Z)-game if the negation of Wrr(A, Z) is true and thus

Wi(A, Z) for any tree (z4)aer,, in Sx so that for any o = (ny,...,np) € Too UD
T(an) € Xn whenever n > ny, there is branch in A.

For A C S% C S and a sequence € = (g;) in [0, 0co) we understand by Az the e-fattening
of A as a subset of S%. In case we want to restrict ourselves to Sx we write .A? , l.e.

AX = AN S ={(z:) €S%:3()EA |wi— il <eiforalli € N}

Since S% is closed in S% with respect to the product of the discrete topology, we deduce
that A~ = AX for A C SY.
The following Proposition reduces the (A, Z)-game to a game we treated before. In

order to be able to do so we need some technical assumption on the embedding of X into
Z (see condition (4.4) below).

Proposition 4.2.7. Let X C Z, a space with an FDD (E;). Assume the following condition
on X, Z and the embedding of X into Z is satisfied:

(4.4) There is a C>0 so that for all meN and >0 there is an n=n(e,m)>m
2] x/x,, < C[HP[{J’”} (z)|| + €] whenever x € Sx .

Assume that A C 8% and that for all null sequences € C (0, 1] we have WI(E, 7).
_ Then it follows for all null sequences € = (&;) C (0, 1] that Wi(Az, (5%)5) holds, where
0 = (6;) with 0; = €;/28CK for i € N, with C satisfying (4.4) and K being the projection

constant of (F;) in Z.
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Question. (open) Is the technical condition (4.4) necessary to derive the conclusion of
Proposition 4.2.7

Proof. Let A C S% and assume that WI(T%, Z) is satisfied for all null sequences 77 =

(ni) C (0,1]. For a null sequence € = (g;) C (0,1] we need to verify Wi(Ag, (S%)5) (with
0; = ¢;/28KC for i € N) and so we let (24)aer,, be a block tree of (E;) in Sz all of whose
branches lie in (S%)5 = {(z) € S% : dist(z;, Sx) < 6; for i = 1,2,...}.

After passing to a full subtree of (z,) we can assume that for any o = (mq,...,my) in
T
(45) Ra € @?il—&—n(ég,mg)Ej
(where n(e, m) is chosen as in (4.4)).

For o = (my,ma,...,my) € T we choose y, € Sx with ||ya — 24| < 2d¢ and, thus, by
(4.5)

Hp[in((sg,mz)] (Ya)ll = ”P[]in(ae,me)} (Yo — 2a)|| < 2K0; .

Using (4.4) we can therefore choose an z, € X,,, so that
2}, — yall < C(2K ¢ + 6¢) < 3CK Sy

and thus
1 —=3CKd < ||lzg|l <1+ 3CKdy .

Letting z, = ., /|2, || we deduce that

190 = Tall < 1Yo — 24| + 12, — 2o
<3CKo+ (14+3CK6)3CKd/(1 —3CKdy) < 12CKdy

(the last inequality follows from the fact that (1 + 3CKd,)/(1 — 3CKd,) < 3) and, thus,

||Za —ZCaH < 140K§g = 6@/2 .

Using WI(A§/2,Z) and noting that z, € X,,,, for o = (my,ma,...,my) € T we can

choose a branch of (z,) which is in fLEX/2. Thus, the corresponding branch of (z4) lies in

Az. O

From [OS1, Lemma 3.1] it follows that every separable Banach space X is a subspace
of a space Z with an FDD satisfying the condition (4.4) (with n(m) = m). The following
Proposition exhibits two general situations in which (4.4) is automatically satisfied.

Proposition 4.2.8. Assume X is a subspace of a space Z having an FDD (E;). In the
following two cases (4.4) holds:

a) If (E;) is a shrinking FDD for Z. In that case C in (4.4) can be chosen arbitrarily
close to 1.

b) If (E;) is boundedly complete for Z (i.e., Z is the dual of Z*)) and the ball of X is a
w*-closed subset of Z. In that case C can be chosen to be the projection constant K
of (E;) in Z.
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Proof. In order to prove (a) we will show that for any m € N and any 0 < € < 1 there is an
n = n(e,m) so that

||1‘HX/Xm <(l+¢) [HP[’lEn](:L‘)H + z—:], whenever x € Sy

(i.e., C in (4.4) can be chosen arbitrarily close to 1).
Since X/X,, is finite dimensional and

(X/ X)) =Xt = {z* € X*:2¥|x,, =0},
we can choose a finite set A,, C S xit C Sx for which

lzllx/x,, < (1+¢) max |f(x)] whenever x € X .
feAnm

By the Theorem of Hahn Banach we can extend each f € A,, to an element g € Sz«. Let
us denote the set of all of these extensions B,,. Since By, is finite and since (E}) is an FDD

of Z* we can choose an n = n(e,m) so that ||P[f;(m)]( ) —g|| < e forall g e By, Since
PY
1,n

Z* and Pf (m)] to be an operator from Z to Z), it follows for z € Sx, that

(m)] is the adjoint operator of Pf n(m)] (consider P[ n(m)] to be an operator from Z* to

2l x/x,, < (1+¢) max |g(z)]
g€EBm

<(l+¢) ;?élgx HP[lnm ‘+||P1nm)]( ) = gll]

<1+ 5)[;]““ l9 (P, ?n(m)](x))‘ +e] <+ [IPT oy @l +¢]

which proves our claim and finishes the proof of part (a).

In order to show (b) we assume that X is a subspace of a space Z which has a boundedly
complete FDD (E;) and the unit ball of X is a w*-closed subset of Z, which is the dual of
AQS

For m € N and € > 0 we will show that the inequality in (4.4) holds for some n and
C = K. Assuming that this was not true we could choose a sequence (x,) C Sx so that for
any n € N

leallxs, > KBy (@)l +€] -

By the compactness of Bx in the w* topology we can choose a subsequence z,, which
converges w* to some = € By. For fixed ¢ it follows that (P[’;J q (2n,)) converges in norm to
Pﬁj (). Secondly, since X/ Xy, is finite dimensional it follows that lim_o0 [[#n, [Ix/x,, =
Izl x/x,,, and, thus, it follows that

ol = Jim | PE ()]

= Jim lim HP]{Je](wnk)ll

—00 k

< Khmsup ||P[1 - (55nk)||

k—o0

<limsup [|zy, [|x/x,, — Ke = |zl x/x,, — K¢,
k—00

which is a contradiction since ||z|| > ||z x/x,,- O
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By combining Theorem 4.2.5 and Proposition 4.2.7 we deduce

Corollary 4.2.9. Let X be a subspace of a space Z with an FDD (FE;) and assume that
this embedding satisfies condition (4.4). Let K > 1 be the projection constant of (E;) in Z
and let C > 1 be chosen so that (4.4) holds.

For A C S% the following conditions are equivalent

a) For all null sequences € = (,,) C (0,1], W[(T?, Z) holds.

b) For all null sequences € = (g,,) C (0,1] there exists a blocking (Gy) of (Fy) so that
every /4200 K -skipped block sequence (z,) C X of (Gy) is in As.

In the case that X has a separable dual (a) and (b) are equivalent to the following condition

¢) For all null sequences € = (¢,,) C (0,1] every weakly null tree in Sx has a branch in

Az.

In the case that (E;) is a boundedly complete FDD of Z and Bx is w*-closed in Z = (Z(*))*
the conditions (a) and (b) are equivalent to

d) For all null sequences € = (e,) C (0,1] every w*-null tree in Sx has a branch in Az

Proof. (a) = (b) Let € = (&) C (0,1] be a null sequence, choose 77 = (1;) with n; = £;/3,
for i € N, and § = (§;) with §; = 1;/140CK = ¢;/420CK.

We deduce from Proposition 4.2.7 that W;( Az, (S%)s;) holds. Using Theorem 4.2.5 we
can block (E;) into (G;) so that every skipped block of (G;) in (S%).5 (as a subset of Sy)
is in A72ﬁ (actually we are using the quantified result given by the proof of Theorem 4.2.5).

Assume (z;) C Sx is a 0-skipped block sequence of (G;) and let 1 < ky < f1 < ko <

{5 < --- in N so that
|zn — P(inyén] (xn)]| < O, foralln e N .
The sequence (z,) with z, = P(%n,ﬁn] (xn)/||P£mKn](xn)H, for n € N, is a skipped block
sequence of Sz and we deduce that
1

PR @)l

|z = zn < [lon — P(Jin,en](xn)u + ”P(gn,én} (@n)]l|1

On
1—6,

< bp+ (146,) < 56,, .

This implies that (z,) € As; and thus by our choice of 7,

(xl) S (AQﬁ) (@ .Ag

which finishes the verification of (b). B
(b) = (a) is clear since for any blocking (G;) of (E;) and any null sequence § = (4;) C (0, 1]
every tree (Zq)aer,, In Sx with the property that T(an) € Xn, whenever n > ny and

S

a = (n1,...,n4) € Too U has a full subtree all of whose branches are d-skipped block
sequences of (G;).
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Now assume that X has a separable dual, or (F;) is a boundedly complete FDD of Z
and By in Z w*-closed.

It is clear that (c) or (d), respectively, imply (a). Secondly, since for any null sequence
d = (8;) C (0,1] and any blocking (G;) every weakly null tree in Sx (in the case that X, has
a separable dual) or every w* null tree (in the boundedly complete case) has a full subtree
all of whose branches are d-skipped block sequences of (G;) we deduce that (b) implies (c)
or (d) respectively. O

Motivated by the asymptotic structure of a Banach space we introduce the following
“coordinate-free” variant of our games. Again let X be a separable Banach space and for
A C S we consider the following coordinate-free A-game.

Player I chooses X; € cof(X) ,
Player II chooses z1 € X1, |z1]| =1,
Player I chooses Xs € cof(X) ,
Player II chooses 3 € Xo, |22]| =1,

As before, Player I wins if (z;) € A. We will show that X can be embedded into a space
Z with an FDD so that for all £ = (g;) C (0,1] Player I has a winning strategy in the
coordinate-free Az-game, which we will denote by W;(Az,cof(X)), if and only if for all
£ C (0,1] he has a winning strategy for the ( Az, Z)-game.

First note that since we only considering fattened sets and their closures, Player II has
a winning strategy if and only if he has a winning strategy choosing his vectors out of a
dense and countable subset of Sx determined before the game starts. But this implies that
there is countable set of cofinite dimensional subspaces, say {Y;, : n € N} from which player
I can choose if he has a winning strategy. Moreover if we consider a countable set B of
coordinate free games, there is a countable set {Y;, : n € N} so that for all 4 € B

(4.6) VEC (0,1 Wi(Azscof(X)) < VEC(0,1) Wi(As{Y,:neN}),

where we write W;( Az, {Y;, : n € N}), if player I has a winning strategy for the coordinate-
free A-game, even if he can only choose his spaces out of the set {Y,, : n € N}. Note that by
passing to ([, Y;) we can always assume that the Y;,’s are decreasing in n € N. In case
that X has a separable dual and we let (z)) be a dense subset of X*, we can put forn € N

Y, ={a},25,....ap}  ={z e X :Vi<n aj(x) =0} ,

and observe that (4.6). holds for all A C S%.
The following result was shown in [OS1, Lemma 3.1] and its proof was based on tech-
niques and results of W.B. Johnson, H. Rosenthal and M. Zippin [JRZ].

Lemma 4.2.10. Let (Y,,) be a decreasing sequence of closed subspaces of X, each having
finite codimension. Then X is isometrically embeddable into a space Z having an FDD (E;)
so that (we identify X with its isometric image in Z )

a) coo(®2E;) N X is dense in X.
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b) For every n € N the finite codimensional subspace X, = ©2, 1 FE; N X is contained
mY,.

¢) There is a ¢ > 0, so that for every n € N there is a finite set D,, C Ser_ By such that
whenever x € X

4.7 = inf _ < * .
(4.7) Izl x /v, ylenYn |z —y|| < ¢ max w ()

n

From (a) it follows that coo(D52,, 1 E:) N X is a dense linear subspace of Xy,.

Moreover if X has a separable dual (E;) can be chosen to be shrinking (every normalized
block sequence in Z with respect to (E;) converges weakly to 0, or, equivalently, Z* =
®X,EF), and if X is reflexive Z can also be chosen to be reflexive.

So assume that for a countable set B of games that (Y},) is a sequence of decreasing finite
codimensional closed spaces satisfying the equivalences of (4.6).. We then use Lemma 4.2.10
to embed X into a space Z with an FDD (E;).

Note that b) of Lemma 4.2.10 implies that for all A € B

VEC(0,1) Wiz cof(X)) < VEC (0,1) Wi Az Z) .

Using the embedding of X given by Lemma 4.2.10 a result similar to Proposition 4.2.7 can
be shown. The proof is very similar, therefore we will only present a sketch.

Proposition 4.2.11. Assume that X is a Banach space and {Y, : n € N} a decreasing
sequence of cofinite dimensional subspaces. Let Z be a space with an FDD (E;) which
satisfies the conclusion of Lemma 4.2.10. o

Assume that A C S% such that we have Wi( A2, {Y, : n € N}) for all null sequences
g C (0,1].

Then for all null sequences € = (g;) C (0,1], Wi(Az, (S%)d) holds, where § = (6;) =
(€:/28¢K), with ¢ as in Lemma 4.2.10, K is the projection constant of (E;) in Z, and where
the fattenings Az and (S%)6 are taken in Z.

Sketch of proof. Note that instead of condition (4.4) the following condition is satisfied.

(4.8) There is a C' > 0 so that for all m € N

1zl x/y,, < C||P[§m} (x)|| whenever z € Sx.

Also note that W;( Az, {Y,, : n € N}) means that every tree (z,) C Sx, with the property
that for a = (my,ma, ..., my) € Tao we have that x, € Yy,,, has a branch in Az.

We follow the proof of Proposition 4.2.7 until choosing the z,’s which we will not choose
in X,,, but in Y;,,, instead. Then the proof continues as the proof of Proposition 4.2.7. [

Using Proposition 4.2.11 and Theorem 4.2.5 we deduce thefollowing.

Corollary 4.2.12. Let A C SY and assume that Z is a space with an FDD (E;) which
contains X and satisfies the conclusion of Lemma 4.2.10.
Then the following conditions are equivalent:
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a) For all null sequences € = (e5,) C (0, 1], WI(T?, cof) holds.
b) For all null sequences € = (g,,) C (0,1], W](T?, Z) holds.

¢) For all null sequences € = (e,) C (0, 1], there exists a blocking (Gy) of (Ey) so that
every g/420C K -skipped block sequence (z,) C X of (Gy,) is in As.

In the case that X has a separable dual (a), (b) and (c) are equivalent to the following
condition (which is independent of the choice of Z ).

d) For all null sequences € = (g,,) C (0,1] every weakly null tree in Sx has a branch in

Az.

Moreover, in the case that X has a separable dual we deduce from the remarks after the
equivalence (4.6), Corollary 4.2.9 and Proposition 4.2.8 that above equivalences hold for
any embedding of X into a space Z having a shrinking FDD.
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4.3 Embedding and Universality Theorems

We will use the main Theorems of section 4.2 to derive results of the following type:

a) Given a Banach space of a certain class, can it be embedded into a Banach space of
the same class, or some closely related class, which has a basis or an FDD?

b) Given a class C of spaces. Does there exist a Banach space X of this class C, or of a
closely related class C'c, which is universal for C, i.e. contains an isomorphic copy of
every element of C?

The fact that every separable infinite dimensional Banach space X embeds into C[0, 1],
and, thus that C[0, 1] is universal for all separable Banach spaces, dates back to the early
days of Banach space theory [Ba, Théoreme 9, page 185]. Petczyriski [Pe] showed that there
is a Banach space having a basis/unconditional basis, which is complementably universal
for all Banach spaces having basis/unconditional bases.

An example for the second type of question was answered by Zippin.

Theorem 4.3.1. [Z2] Every Banach space with a separable dual is embeddable into a Banach
space with shrinking basis.
Every reflexive Banach space is embeddable into a reflexive space with basis.

In this section we interested in characterizing the property of a Banach space (which or
may not have an FDD) into spaces with an FDD satisfying C-(p, q)-estimates.

Definition 4.3.2. Let 1 < ¢ < p < oo and C < co. A (finite or infinite) FDD (E;) for
a Banach space Z is said to satisfy C-(p, q)-estimates if for all n € N and block sequences
()i wr.t. (),

n 1/p n n 1/q
C_I(ZHSMHP) < HZ:CZ < C<Z||:L’1Hq> )
1 1 1

The coordinate free version of the C-(p, q)-estimates is the following

Definition 4.3.3. Let 1 < ¢ < p < oo and C < co. A space X satisfies C-(p, q)-tree
estimates if for all weakly null trees in Sx there exist branches (z;)7°; and (y;);2; satisfying
for all (a;) € coo,

(4.9) C—l(Z |ai|p>1/p < H Zaixi and H Zaiyi < C(Z |ai‘q>1/q .

If X C Y™, aseparable dual space, we say that X satisfies C'-(p, q)-w*-tree estimates if
each w* null tree in Sy admits branches (z;) and (y;) satisfying (4.9).

We will say that X satisfies (p, q)-tree estimates if it satisfies C-(p, ¢)-tree estimates for
some C' < oo and similarly for (p, q)-w* tree estimates.

In the definition of g-upper and p-lower tree estimates it is actually not necessary to
assume that C' exists uniformly for all trees as the following proposition shows.
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Proposition 4.3.4. [OSZ, Proposition 1.2] Let 1 < ¢ < p < oo. Assume that X is a
Banach space with the property that every normalized, weakly null tree in X has a branch
which dominates the (,-unit vector basis and a branch which is dominated by the { unit
vector basis. Then X satisfies (p,q)-tree estimates.

Proof. For C > 1 define

A©) {(iﬁn) C Sy : (x)is C-basic and for all (a;) € coo } .

(Slai?)” < |22 2l < (X Jaif2)?

We consider the (A(C), cof)-game on X. Assuming that for every weakly null tree there is
a C and a branch which is in A(©), we need to show that there is a uniform C' working for
all trees.

Assume that this is not true.

By Corollary 4.2.12 we conclude that for any C' > 1 Player II has a winning strategy
for the (A, cof)-game (since A©) is closed under the product of the discrete topology
on Sx, this game is determined by Theorem 1.2.4, and also note that for e > 0 there are
nullsequences § = (§;) C (0,1) and 77 = (;) C (0, 1) so that A%C) C AlC+e) ¢ A(ﬁc)).

Player II could choose a sequence (C,) in Rt which increases to oo and could play
the following strategy: first he follows his strategy for achieving a sequence (z,) outside
of A1) and after finitely many steps s; he must have chosen a sequence 1, za, . .. s Tsy
which is either not C}-basic or does satisfy one of the two required inequalites for some
a = (a;);X; € R*'. Then Player II follows his strategy for getting a sequence outside of
ARC2) - and continues that way using C3, Cy etc. It follows that the infinite sequence (zn),
which is obtained by Player II cannot be in any A(©). Therefore Player I has a winning
strategy for choosing a sequence outside of |Js+q A©) which means that there are weakly

null tree (2,) none of whose branches is in e A O

The following result is a typical Embedding Theorem on can show using the results of
Section 4.2

Theorem 4.3.5. [OS3] Let X be a reflexive and separable Banach space and let 1 < p < oo.
Asume that every weakly null tree in Sx has branch which is equivalent to the unit vector
basis of ¢,

Then there is a sequence of finite dimensional spaces (Gy) so that X can be isomorphi-
cally embedded into (BGhp)q,-

Remark. In [Jol] it was shown that a subspace X of L, can be embedded into (©Gy)e,
if and only if there is a C' > 1 every normalized weakly null sequence has a subsequence
which is C-equivalent the £,-unit vector basis.

This latter condition is in general (i.e. for reflexive spaces which are not subspaces of
L,) not sufficient to imply embedability into (®Gp)e,. For an example see [OS3].

We will show the following generalization of Theorem 4.3.5

Theorem 4.3.6. Let X and Y be Banach spaces, assume that X is reflexive, let V' be a
Banach space with a sub-symmetric and normalized basis (v;) and let T : X — 'Y be linear
and bounded.
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Assume that for some C' > 1 every normalized weakly null tree of X has a branch (x,)
so that

(o] o0 [o¢]
(4.10) HZanxn Pl HZanvn V\/ HT(Z(Lnxn)
i=1 =1 i=1

Then there is a sequence of finite dimensional spaces (G;) so that X is isomorphic to a
subspace of (@;’il Gi)v eY.

More precisely, if Z is any reflexive space with an FDD (E;) which contains a copy of
X (such a space Z always exists [Z2]) and if S : X — Z is an isomorphic embedding, then
there is a blocking (G;) so that S is a bounded linear operator from X to (@j’il Gi)v and
the operator

‘Y whenever (a;) € cop.

(S,7): X — (@;’il Gi)v Y, z— (S(;U),T(a:)),
s an isomorphic embedding.
We will need the following Lemma which uses a blocking trick of Johnson [Jol].

Lemma 4.3.7. Let X be a subspace of a space Z having a boundedly complete FDD (Ej;)
with projection constant K with Bx being a w*-closed subset of Z. Let §; | 0. Then there
exists a blocking (F;) of (E;) given by F; = @;\[:iNi,lHEj for some 0 = Nog < Ny < --- with
the following properties. For all x € Sx there exists (x;);2; € X and for all i € N there

exists t; € (N;—1, N;) satisfying (to =1 and t; > 1)
a) v =37z,
b) Nzill <& or |Pf | ,ywi = wall < dillasll,
c) 1PF_, 1y% = will < &,
d) [lzi| < K +1,
) | PEal| < 5;
Moreover, the above hold for any blocking of (F;) (which would redefine the N;’s).

Proof. We observe that for all ¢ > 0 and N € N there exists n > N such that if x € By,
x =Y y; with y; € E; for all 7, then there exists ¢t € (N, n) with

t—1

|lys|| < e and dist<2yi,X> <e.

=1

Indeed, if this was not true for any n > N we can find y(™ € By failing the conclusion
for t € (N,n). Choose a subsequence of (™) converging w* to y € X and choose t > N
so that HP[E y|| < /2K. Then choose y™ from the subsequence so that t < n and

t,00)

IPF 4y — ™)l < e/2K. Thus

n n €
1P ™ = yll < IBT o (™ =)l + 1Pyl < 57
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Also

e ¢
IPFy™ < |PEW™ — )l + IPFyll < s Ty=¢

This contradicts our choice of y(™).

Let ¢; | 0 and by the observation choose 0 = Ny < Ny < --- so that for all x € Sx there
exists t; € (N;—1,N;) and z € X with ||PFz|| < &; and HP[fti_l)x — zi|]| < g for all i € N.
Set 1 = 2z and z; = z; — z;— for ¢ > 1. Thus ) ' | x; = z, — x so a) holds. Also

IPE o =il S NPV or = zill + 1PY,, 7 = zicall < e+ 281,

K3

and
1PG,_, ez — @ill = I = PG _ 1)) (@i = PE_, 1y2)ll < (K +1)(ei + 2i-1) -
From these inequalities b), ¢) and d) follow if we take (g;) so that (K-+1)(g;+2¢,-1) < 62. O

Proof of Theorem 4.3.6. By Zippin’s theorem [Z2] we can assume that X is the subspace
of a reflexive space Z with an FDD E = (E;). After renorming we can assume that the
projection constant K = sup,,<,, [|P£, n}H = 1. We also assume without loss of generality
that || 7] < 1.

For a sequence T = (z;) € Sx and a = ) a;e; € coo we define

|20y = [ 2] v [ (o)

‘Y'

Then || - [[(vrz) is a norm on cpp and we denote the completion of cyp with respect to
I N vrz by X(V,T,7).
Define

_ . 3 . 3 .
o . T is 5-basic and 5C-equivalent
A= {x = (@) CSx R ) i X (V, T, )

By Corollary 4.2.12 applied to an appropriate sequence € = (g;) C (0,1) we can find a
blocking F = (F;) of (E;) and a sequence (§) C (0,1), so that every é-skipped block
(x;) C Sx of (F;) is 2-basic and 2C-equivalent to (e;) in X(V,T,7). Now we apply Lemma
4.3.7 to get a further blocking (G;), G; = @;y:iNiiﬁle, for i € N and some sequence
0 = Ny < Ni < Ny..., so that for every z € Sx there is a sequence (t;) C N, with
ti € (N;—1, N;) for i € N, and a sequence (z;) satisfying (a)-(e).

We also may assume that > -2, §; < 1/36C and will show that for every z € X

(4.11) lollx ~aoc (|| 32 1PE @) o
=1

v IT@)ly.

This implies that the map X — (®G;)y @Y, =z + ((P%(x)),T(x)), is an isomorphic
embedding.

Let = € Sx and choose (t;) C N and (z;) C X as prescript in Lemma 4.3.7. Letting
B={i>2: HP(I;_l?ti)(xi) — ]| < 6|} it follows that (x;);ep is a d-skipped block and
therefore
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e I e[ S, v ()
i€B i€EB i€EB
If ||z1]] > 1/8C then we deduce that
1 oo
(4.13) & <l < | >l v 7@l

o0
< (||>= il
i€EB

<20] >
i€eB

< 20|z + 2C|21 || + 3C D 6; +2C < 9C

Al + 306 VT @)y
i¢B

+2+4 > 6 [By (4.12) and (d) of Lemma 4.3.7]

If ||x1]] < 1/8C then

(4.14) % <[ S tt|, v (3 )
i€B

1€B

|- e) [By@12)

IN

g}; i |v; , v T(x)”y [Since | T|| < 1]

< || S el v 7
1=1

Y

< ZHxiHvi v T(Zx)
i€B i€B

i€EB

1
< 20|z + 2C|z1 || +2C > 6 + 1 S4C

3
y 4C

+ % By (4.12)]

(4.13) and (4.14) imply that

o0
(4.15) 1 ~gc H A
=1

V@)

For n € N define y,, = P(I;n—l,tn} (). From Lemma 4.3.7 (c) and (e) it follows that ||y, —xy | <

||P(I;n_1 tn)(x)—:nn||+||PtIi(£U)|| < 20, and thus > ||yn —zy|| < 1/18C which implies by (4.15)
that

[e.o]
(4.16) Lraser || il
1=1

V@)
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Since for n € N we have (Ny—1, Ny C (tn—1,tn+1) and and (tn—1,t,] C (Np—2, Ny) (put
N; = Ny = 0 and P = 0) it follows from the assumed sub-symmetry of (v,) and the
assumed bi-monotonicity of (E;) in Z that

1
S| smlien]|

<3| S URE @I +1EE @l

neN neN
G
<[> IR 2)lvn]|,
neN
S Z H tn 17t7z+1) an
neN
< || X Ul + lgasallyon| < 2] D lgmlivnl]
neN neN
which implies with (4.16) that
(o)
Lrgse | D il v [T@)])
i=1
and finishes the proof of our claim. O

Example 4.3.8. Let 1 < p < co. There exists a reflexive space X with an unconditional
basis so that X satisfies: for all € > 0 every normalized weakly null sequence in X admits
a subsequence (1 + ¢)-equivalent to the unit vector basis of £,. Yet X is not a subspace of
an £,-sum of finite dimensional spaces.

Proof. Fix 1 < g < p. We define X = (3 X,,), where each X, is given as follows. X, will

be the completion of cpo([N]=") under the norm
m 1/p
x|l = sup{ (Z \ac],glﬂfq’) : (Bi)]" are disjoint segments in [N]gn} .
i=1

By a segment we mean a sequence (4;)%_, € [N|=" with A; = {n1,n9,...ng}, Ay =
{ni,nae,...np,nps1}t ... A = {n1,ma,...ng, Mpg1 .. nppp—1}, forsomeny < ng < ...mppg—1.
Thus a segment can be seen as an interval of a branch (with respect to the usual partial
order in [N]="), while a branch is a maximal segment.

Clearly the node basis (e(A ))Ae[N]<" given by e( )( B) = d(4,p) is a 1-unconditional basis

for X,,. Furthermore the unit vector basis of £§ is 1-equivalent to (e E:))Z 1, if (A;) is any

branch of [N]<".

Thus no extension of the tree (e%)) Ac[yj<n to a weakly null tree of infinite length in Sx
has a branch whose basis distance to the £,-unit vector basis is closer than distb(ﬂé") ) &(Jn)) =
1 1

ne » — oo for n — oo. Since it is clear that in every subspace Y of an ¢, sum of finite
dimensional spaces every weakly null tree in Sy must have a branch equlvalent (for a fixed
constant) to the unit vector basis of £, it follows that X cannot be embedded into a subspace
of an £,-sum of finite dimensional spaces.
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Also each X, is isomorphic to £, and thus X is reflexive.

It remains to show that if (z;) is a normalized weakly null sequence in X and ¢ > 0
then a subsequence is (1 + €)-equivalent to the unit vector basis of £,. This will essentially
follow from the following lemma.

We say that a Banach space has property (x) is

() V(xn)CSx,w—null, and e>03(z],) C(zn) (xy) is (1 +&)-equiv. to £y-u.v.b.

Lemma 4.3.9. If Y, has property () for all n € N then (DY, )e, has property (x).

Firstly we use Lemma 4.3.9 to reduce our claim that X has property (*) to the claim
that each X,, has property (x). Then we show by induction for each n € N that X,, has
property (x). For n = 1 this is trivial. Assuming we showed that X, satisfies (), we observe
that X,, 1 is the £,-sum of spaces Y;, where Y;, isometrically isomorphic to a 1-dimensional
extension of X, say Y,, = R @ X,,. Since every weakly null sequence (zx) in Y, is up to
passing to subsequence and small perturbation in X,,, it follows that each Y, has property
(%), we apply Lemma 4.3.9 again to conlcude that X, 11 has property (x). O

Proof of Lemma 4.5.9. Let y,, be a normalized sequence in Y = @®;Y;. For k € N denote by
Py, the canonical projection of Y onto Y and put y(n,k) = Px(yn). For ACNand z € Y
define P4(z) = Y pca Pr(2)

After passing to a subsequence and an arbitrary perturbation we may assume that
for each k£ € N a; = lim;, 0 ||y(n, k)|| exists and and that for some sequence (k;) in N
Yn = P g (yn) for all n € N.

Note that o = Y ;2 |ag[P < 1. If & = 0, we can find a subsequence (y,,) which is an
arbitrary perturbation of a sequence (z,) for which the sets A, = {k : Pyx(zn) # 0} are
disjoint. If @ > 0 we proceed as follows:

Let £; \, 0 fast enough (to be determined later). First choose £ € N'so that 7, _, of <
€1 and a subsequence N7 C N so that

P[l,fl] (yn)
P2, ()l

is (1 + £1)-equivalent to the unit vector basis in £, and choose some n; € Nj.
Then choose ¢3 > k,, so that Zk>e2 a£ < €9 and choose subsequence No C N7 so that

:7’LEN1)

P[l,fg] (yn)
[1Pr,e51 ()|

is (1 4 £2)-equivalent to the unit vector basis in ¢, and so that ||Fy, x, j(yn)| < €1 for
n € Ny. and choose some ny € Na.

Continuing this way we deduce that (yy,) is 1 — e-equivalent to the unit vector basis in
¢, with ¢ depending on > 2, €;. O

:TLENQ),

Theorem 4.3.10. Let X be a reflexive Banach space and let 1 < g < p < 0o. The following
are equivalent.

a) X satisfies (p,q)-tree estimates.
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b) X is isomorphic to a subspace of a reflexive space Z having an FDD which satisfies
(p, q)-estimates.

c) X is isomorphic to a quotient of a reflexive space Z having an FDD which satisfies
(p, q)-estimates.

Sketch of a proof of (a)=(b). .
Step 1: Embed X in a reflexive space Z with FDD (E;). Using the same proof as in Theorem
4.3.6 we can proof:

There is a blocking F' = (F}) of (E;) so that X embeds in Z(F, p), which is the completion
of ¢(#5°, F;) under the following norm:

1/p
|2 (zp) = sup (S 1P @)

0=no<ni<...ng,keN

Step 2: The condition X satisfies upper g-tree estimates dualizes, i.e. X* satisfies lower
¢'-tree estimates.
Step 3: Consider quotient map @ : Z, N\, X™.

For i € N let F} be the quotient space of F;* determined by @. Thus if z € F}*, the norm
on 7 (the equivalence class of z in F}) is |[|Z]|| = ||Qz||. We may assume F; # {0} for all i.
More generally for 2 =5 z; € cog(@;’ilﬁi) with %; € F, for every i, we set

= sup ||QP[§1,”]Z|| :
m<n

n
1211l = sup | 3 @
m<n '
=m

We let Z be the completion of (COO(@?ilﬁiz, [[|-]]|. Note that if 2 =32 € coo (B2 Fy)
then setting Q2 = Y Qz; = ) Qz;, we have [|QZ]| < [[|Z][|. Thus @ extends to a norm one
map from Z into X.

a) (E;) is a bimonotone shrinking FDD for Z.

b) Q is a quotient map from Z onto X. More precisely if € X and z € Z with Qz =z,
|zl = |l=]|, and z = ) 2 with z; € F*, then 2 =)_%; € Z, |||Z||| = ||z|| and QZ = z.

¢) Let () be a block sequence of (F}) in B ~ and assume that (Q%) is a basic sequence
with projection constant K and a = inf; [|Q%]| > 0. Then for all scalars (a;) we have

- 3K -
1D aQCGE) < [I1)aizlll < — | > aiQz|

Step 4: There is a blocking H; of F; so that Q is still a quotient map from Z(q’, H) onto
X*

Step 5: X embeds into Z*(¢, H) and H* = (H}) is a an FDD of Z*(¢/, H) which satisfies
upper g-estimates.

Step 6: apply Step 1 again to Z*(¢', H).
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In [Bo] Bourgain asked whether or not there is a reflexive space universal for all super
reflexive spaces.

Definition 4.3.11. Let E and X be two Banach spaces. We say that F is finitely repre-
sented in X if there is a C' > 1 for every finite dimensional sub space F' of E there is a finite
dimensional subspace F’ in X, so that the Banach mazur distance between F and F” is not
larger than C.

X is called super reflexive if every space E which is finitely represented in X is reflexive.

Remark. Since every Banach space X is finitely represented in it self, every supser reflexive
space must be reflexive. On the other hand Tsireson space is reflexive but not super reflexive.

In order to solve Bourgain’s question we also need the following two results.

Theorem 4.3.12. [Pr/(Solution of Bourgain’s problem for spaces with FDD)
There exists a reflexive Banach space X which is universal for all spaces with a finite
dimensional decomposition (FDD) which satisfy (p, q)-estimates for some 1 < ¢ < p < 0.

Theorem 4.3.13. [Ja3]. Let ¢ > 1. For every super reflezive Banach space X there are
1 <qg<p<ooandC > 1, so that very normalized basic sequence (x,), whose basis
constant does not exceed c, satifies (p,q) esitmates.

Since every weakly null sequence has a subsequence whose basis constant is not larger
than, say, 2. It follows that for every super reflexive Banach space X there are 1 < g < p <
o0 so that X satisfies (p,q)-tree estimates.

Remark. From the arguments in [Ja3] it follows that separable Banach space which stat-
isfies (p, q)-tree estimates for some 1 < p < ¢ is reflexive.

But such a space does not need to be super reflexive as the example (6920:1 E’f) ‘ shows.
There fore the following question is still open

Question. Does a separable super reflexive space embed in a super reflexive space with a
basis, or with an FDD?

We will deduce Theorem 4.3.10 from Corollary 4.2.9 only in the spacial case that p = q.
In this case it was already shown and answerd a problem of Johnson, asking for an intrinsic
characterization of the property of a Banach space being a subspace of an £,-sum of finite
dimensional Banach spaces.



Chapter 5

Ordinal numbers

5.1 Definition of ordinal numbers

Definition 5.1.1. A well order on a set S is a relation < on S which has the following
properties.

(WO1) (A, <) is a linear order, i.e. for any a,b € S, one and only one of the following cases
occur: Either a < bor b<aora=0>0.

(WO2) Every nonempty subset A of S has a minimum, i.e. there is an ag € A so that for all
a € A either ag < a or ag = a.

In that case the pair (S, <) is called a well ordering and we introduce the following notations:
For a,b € S we write a < bif a < b or a =b.

For a,b € S, with a < b we introduce the following intervals:

|={zxeS:a<x<b}
)={zeS:a<z<b}
|={ze€S:a<z<b}
)={zxeS:a<z<b}

For a none empty A C S we denote the (by (OW2) existing) minimal element of A by

min(A), and write 0g = min S. If @ € S is not a maximal element then the set of successors
of a, namely the set

Succ(a) ={z € S:z>a},

must have a minimal element which we call the direct successor of a and denote it by a™.

The following theorem is an easy consequence of the Hausdorff Maximal Principle.
Theorem 5.1.2. Fvery set can be well ordered.

Proof. Let S be a set. Define
W ={(A,<4): AC Sand <4 well order on A}.

93
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For (A,<4) and (4, <j) in W we write (4,<4) < (A, <z)if A C A and the restriction
of <; to Ais <4. Then it is easy to see that for < every linear ordered subset in WV has
an upper bound. By the Hausdorff Maximal Principle there is a maximal element (A4, <4)

in W, and since one could easily extend <4 to one more element if A £ S, it follows that
A=S. O

Definition 5.1.3. Two (S,<) and (5, <) are called order isomorphic if there exists a
bijective (1 — 1 and onto) map: ® : S — S’ which is order preserving i.e.

Va,be S (a<b < ¢(a) < ¢(b)).
In that case we call ¢ an order isomorphism between S and S’.

Proposition 5.1.4. If (S, <) and (S’,<) are order isomorphic well orderings, then the
order isomorphism between them is unique.

Proof. W.lo.g. 5,58 # (. Let ¥,® : S — S’ be two order isomorphism, and assuming that
¥ # & we can define:

a=min{z € S:¥Y(z) # d(x)}.

Since ¥(a) # ®(a) we may w.l.o.g. assume that ¥(a) < ®(a). But now it follows that
®(S) C [0s,¥(a))U{z' € S : 2" = ®(a)},

(Indeed: = < a = V¥(z) = &(x) < ®(a), and x > a = Y(z) = Y(a) > P(a)), ie.
®(a) ¢ U(S), which contradicts that ¥ is surjective. O

Proposition 5.1.5. If (S, <) is a well ordering and a,b € S. Then [0g,a] and [0g,b] are
order isomorph if and only if a = b.

Proof. Let @ : [0g,a] — [0g,b] be an order isomorphism and consider
A={z € [0g,a] : D(x) # z}.

If this set was not empty we could choose ¢ = min(A4), and, using a similar argumentation
as in the proof of Proposition 5.1.4 we would get contradiction to the assumed surjectivity
of . If A is empty, it follows that ® is the identity on [0g, a], and, since ® is supposed to
be surjective it follows that a = b. O

Corollary 5.1.6. If (S,<) and (S, <) are two well orderings and there is an a’ € S so
that (S, <) is order isomorph to [0g:,a’). Then such an a’ € S" is unique.

Theorem 5.1.7. Let (S, <) and (S’, <) be two well orderings. Then one and only one of
the following cases occurs.

Case 1. (S,<) and (S', <) are order isomorphic.

Case 2. There is an a € S so that [0g,a) and S" are order isomorphic.

Case 3. There is an a’ € S’ so that [0g/,a’) and S are order isomorphic.
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Proof. Define:
A={ae€S:3d €8 [0g,a] and [0g,d’] are order isomorphic}.

Let us first assume that A = S. If S has a maximal element a it follows that there
exists an order isomorphism between S = [0g, a] and some interval [0g/,b'] (which might or
might not be all of S’) which is order isomorphic to S. This means that we are either in
Case 1 or in Case 3 (choose a’ = b'"). If S has not a maximal element we choose for a € S,
an o’ € S’ and an order isomorphism ®,, : [0g, a] — [0g/,a’] (note that by Proposition 5.1.4
and Corollary 5.1.6 o’ and ®, are unique for every a € S) then choose

d:5— S5 ar Dy(a).

From the uniqueness of the ®,’s it follows for a < b in Sthat ®,(a) = ®(a). Moreover, if
®(S) = 5 it follows that @ is an order isomorphism between S and S’, and if ®(S) # S’
it follows that ® is an order isomorphism between S and o', where ¢/ = min{2’ € S’ : 2/ ¢
®(9)}.

If A# S and we put ap = minS \ A. For a < ap we choose (the uniquely existing)
a € S and ¥, : [0g,a] — [0g,d'], where ®, is an order isomorphism and claim that
S" = {d' : a € S}. Indeed if this where not so, we could put af = min S’ \ {a’ : a € S} and
define
®,(a) if a < ag

Dy, : [0, a0] = [0,ap],a — { ..
ag if a = ag

and deduce from the uniqueness of the o’ and ®, for a € S that ®,, is an order isomorphism
between [0, ap] and [0, ap], which contradicts our definition of ag.
Therefore it follows that

A'={d €S :3a€S |[0g,a] and [0g,a’] are order isomorphic} = §’,

and using our previous arguments we can show that we are either in Case 1 or Case 2.
Moreover, only one of the three cases can happen. Indeed, assume Cases 1 and 2 hold.
This would imply that for some a € S the sets S and [0g, a) where order isomorphic. Thus,
let @ : S — [0g,a) be an order isomorphism. But this yields that @[, ) : [05,a)] —
[0,S,®(a)) is and order isomorphism, which implies that ®(a) = a which is a contradiction.
Similarly we can show that Cases 1 and 3, as well as Cases 2 and 3 cannot hold at the same
time. O

Our next step will be, roughly speaking, the following: Call two well orderings equivalent
if they are order isomorphic. We choose out of each equivalence class of well orderings one
representant which we will call ordinal number. Since these classes are not sets we will not
be able to use the Axiom of Choice to do so.

We can can proceed as follows. Note that “€” can be thought of a (non symmetric,
since A € A never holds) relation between sets.

Definition 5.1.8. An ordinal number is a set « which has the following two properties:
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(Orl) « is well ordered by the relation €, i.e. the relation < on « defined by
B <y <= pBe~forfp,veEa
is a well order on a.
(Or2) Every element of « is also a subset of it.
If « is an ordinal we write & € Ord (although Ord is actually not a set but a class.

Example 5.1.9. Let us write down the first “couple of ordinals”:

0:=10 (Note that the empty set is always well ordered, no matter how you define <)
1:={0}
2:={0,{0}}

3:= {{0,{0},{0,{0}}}
w:=1{0,1,2,3,4,...} = [ Jn
n=0

w—i—l::wU{w}
w—|—2::wU{w}

o0
w:-2:= Uw—{—n

n=1

w-2+1:=w-2U{w-2}

Proposition 5.1.10. Let o € Ord.
a | For all v € a it follows that v € Ord and v = [0,7).

b) If « £ 0 then O € « and ) = 0, = min«. Therefore we will write instead of 0, from
now on simply 0.

Proof. For v € a it follows from (Or2) that:
0,7)={Beca:Ber;={B:Ber}=1.

Since intervals of the form [04, a), for a well ordering (A4, <) and a € A is also a well ordering
it follows that (v, €) = [04,7), €) is a well ordering. For 5 € v = [04,7) C « it follows that

B =100, ) € [0a;7) =,
thus ~ also satisfies (Or2), which finishes the proof of (a). Since
0 = [0a;04) = Oq,
we deduce (b). O
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In order to prove that the class of ordinal numbers is well ordered itself, we will need
the following Well Foundedness Principle which is needed to build up Set theory.
The Well Foundedness Principle. Every nonempty set A contains an element a for
which ANa = 0.

The next Proposition that

Theorem 5.1.11. The class of ordinals itself is well ordered by €.

Proof. Let o, 8 € Ord. We need to show that either « € g or 8 € a or a = 5. By Theorem
5.1.7 we can w.l.o.g assume that there is an injective and order preserving embedding map
® : o — f whose image is [0, 3) for some 3 € beta or § = § (in the later case we define
[0,8) = 8). We need to show that a = 5 and ®(y) = v for all 4 € o. Assuming that this
is not true we could choose

Y0 =min{y € a: ®(y) # v,

and deduce from Proposition

®(v0) = [0, 2(70)) = [0,70) = "0,

which is a contradiction. So we deduce (WO1).

In order to show (WO2), let A C Ord a non empty subset of the (class) Ord. By the
well foundedness principle there is an o € A which is disjoint from A (as sets). Therefore it
must follow that o € § for all § € A\ {a}. Indeed, otherwise it would follow from (WO1)
that there is a 8 € a N A. Thus, we showed (WO2).

To show our last claim, we let (S, <) be a well ordering and assume that there is no
« € Ord which is order isomorphic to S. We can there for define O

Corollary 5.1.12. If « € Ord then at = a U« is also an ordinal.
If A is a set of ordinals then,

sup(4) = U a’t

a

s also an ordinal and is the smallest ordinal which contains all elements of A.

Proof. The first claim is clear. The claim that sup(A) is an ordinal follows immediately
from Theorem 5.1.11 O

Theorem 5.1.13. For any well ordering (S, <) there is a (unique) ordinal o which is order
isomorphic to S.

5.2 Arithmetic of ordinals

5.3 Classification of countable compacts by the Cantor Bendix-
son index

Proposition 5.3.1. Fvery countable compact space is metrizable.
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Lemma 5.3.2. In a complete separable metric space there is no strictly descending chain
of closed subsets indexed by w1 .

Lemma 5.3.3. Fvery non empty, countable and complete metric space has isolated points
Proof. Baire category theorem. O

Lemma 5.3.4. If X is a compact space and has infinitely many points then it has accu-
mulation points.

Lemma above allows us to define the Cantor Bendixson index for compact
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