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ABSTRACT

The Heisenberg product is an associative product defined on symmetric functions which inter-
polates between the ordinary product and the Kronecker product. Heisenberg coefficients are Schur
structure constants of the Heisenberg product and generalization of both Littlewood—Richardson
coefficients and Kronecker coefficients.

In 1938, Murnaghan discovered that the Kronecker product of two Schur functions stabilizes.
We prove an analogous result for the Heisenberg product of Schur functions. In 2014, Stembridge
introduced the notion of stability for Kronecker triples which generalize Murnaghan’s classical
stability result. Sam and Snowden proved a conjecture of Stembridge concerning stable Kronecker
triples, and they also showed an analogous result for Littlewood—Richardson coefficients. We
show that any stable triple for Kronecker coefficients or Littlewood—Richardson coefficients also
stabilizes Heisenberg coefficients, and we classify the triples stabilizing Heisenberg coefficients.
We also follow Manivel and Vallejo’s idea of using matrix additivity to generate Heisenberg stable

triples.
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1. INTRODUCTION

Algebraic combinatorics is an area of mathematics implements techniques of abstract alge-
bra, especially group theory and representation theory, in combinatorial problems, and conversely,
applies combinatorial methods to problems in algebra.

Symmetric functions and representations of symmetric groups are two important and closely
related subjects in algebraic combinatorics. Due to the Frobenius character map, these two sub-
jects have isomorphic ring structures. On the ring of representations of symmetric groups, there
are two important products, the induction product and the Kronecker product, which respectively
gives structure constants Littlewood—Richardson coefficients and Kronecker coefficients. While
the Littlewood—Richardson coefficient has been well understood, very little is known about the
Kronecker coefficient. Although some special cases of Kronecker coefficients have been studied,
it is still a challenging open problem in combinatorial representation theory to find an explicit
combinatorial description for general Kronecker coefficients.

Aguiar et al. [1] and Moreira [2] introduced a (nongraded) product, Heisenberg product, on
representations of symmetric groups which interpolates between the induction product and the
Kronecker product, hence the structure constants of this new product, called Heisenberg coeffi-
cients, generalize both Littlewood—Richardson coefficients and Kronecker coefficients.

One remarkable property of Kronecker coefficients is the stability phenomenon discovered by
Murnaghan [3] in 1938. We show that the low degree components of the Heisenberg product also
have this property. Murnaghan’s stability notion was later extensively generalized by Stembridge
[4] by introducing a new concept called Kronecker stable triple. He and Sam and Snowden [5]
characterized all Kronecker stable triples. Sam and Snowden also gave an analogous result for
Littlewood—Richardson coefficients. We generalize their results to Heisenberg coefficients and

using additive matrices, followed from Vallejo’s idea [6], to generate Heisenberg stable triples.



2.  SYMMETRIC FUNCTIONS

Symmetric functions are important in algebraic combinatorics. This chapter gives an introduc-
tion to symmetric functions. For more details about this material, see [7].

In Section 2.1, we introduce the basic notations and terminologies concerning partitions. In
Section 2.2, we define several families of symmetric functions. In Section 2.3, we introduce Young

tableaux and develop the connections between some symmetric functions.
2.1 Partitions

Many objects in the study of symmetric functions and combinatorial representation theory are
parametrized by partitions. We begin by introducing partitions and presenting some elementary
results. Throughout this thesis, N is the set of nonnegative integers, and for each positive integer
n, we set [n] := {1,2,...,n}.

A partition X is a finite weakly decreasing sequence of nonnegative integers

A= Aoy A

with A\; > Ay > --- > \. > 0, and we consider two partitions to be the same if they only differ by
a string of zeroes at the end. The i-th part of A is \;; the length of A, denoted by /()), is the number
of nonzero parts of \; the size of A, written as ||, is the sum of all the parts of . If |\| = n,
we say A is a partition of n and write A = n. The partition A can be identified with its Young
diagram, which is left-justified rows of boxes of length A\{, Ao, ..., \,.. For example, the partition

(4,4,1) = (4,4, 1,0) corresponds to the diagram on the left below,

2.1




Sometimes we may also use another notation for partitions A = (1™2™2 ... ¢™*), where m, is the
number of times 4 occurs in \. For example, (4,4, 1) can be written as (1'42).

The conjugate of a partition )\, written as ), is the partition whose Young diagram is the
transpose of the diagram of ), i.e. the diagram of )\’ is obtained by the reflection of the diagram of
A over the diagonal. For example, the conjugate of (4,4, 1) is (3, 2, 2, 2), which corresponds to the
diagram on the right in (2.1).

For partitions A and p, we write 4 C A to mean that the diagram of p is contained in the
diagram of A (or equivalently, 1; < \; for all 7). We denote by \/u, called a skew diagram, the
diagram obtained by removing the diagram of x from the the diagram of \. We call A/ the shape
of the diagram. For example, let A = (4,4,2) and pn = (3,1), then ; C A and the skew diagram

A/ is the following diagram,

(2.2)

Let P, be the set of all the partitions with size n. We define two orderings, reverse lexicographic
ordering (=,;) and dominance ordering(=<;), on P,. When A\, u € P,, we say u =<,; A if either
A = p or the first non-vanishing term of \; — p; is positive; we say pp =g A if pg + po +- -+ p; <
A+ Ao+ -+ \; forall ¢ > 1. The reverse lexicographic ordering is a total ordering. For example,
it arranges the partitions in Pg in the following order,

(1 I,1,1,1 1) =r (2 I,1,1 1) =i (2a2717 1) = (27272) =r (37 17 L 1) =r (3a271)

Y Y ) Y ) Y Y )

jrl (37 3) jrl (47 17 1) jrl (47 2) jrl (57 1) jrl (6)

The dominance ordering is only a partial ordering. For example, (4,1,1) and (3,3) in Pg are
incomparable with respect to <. Following from the definition of the two orderings, it is not hard

to show
Lemma 2.1.1. Let A\, i € P, then i =4 X implies that . <,; \.
Another result concerning the dominance ordering is

3



Lemma 2.1.2. Let A\, i € P, then 1 <q X if and only if N' <4 i/

Proof. Ttis enough to show one direction. Assume p <4 A. If ' A, 1/, then there exists a positive

integer ¢ such that

N+ N <pi+---+ ) forall 1<j <

N4+ N>+ g

In particular, we have \; > pu!, and

/\;4-1 + )‘;-5-2 +- < H;+1 + /12-5-2 +o (2.3)

because N, i’ € P,,.

Let! = X, and m = pj, thenl > mand \; > iforall 1 < j <I. From p <4 A, we have

So,

(=3 + - (m —9) (M —48) + -+ (A — 1)
(2.5)

<M= i) 4t O — 1)+ g — )+ + (N — 1)
Using Young diagram, it is not hard to see that the left hand side (right hand side, respectively) of
(2.5) counts the the number of boxes in the diagram of . (A, respectively) which are strictly to the

right of the i-th column. That is,

(b1 =) + o (i — 1) = Wiy + Moo + -

M=)+ F A=) 4 Ar — ) A (N = 1) = Ny Ny -



Combining the above two equations and (2.3), we get

(i = ) (= 1) >0 = 1) 4+ + Qo — )+ Qg = 1)+ + (= )

>N =)+ -+ (A — 1),
which contradicts (2.4). So X' <, 1. O

We define some operations on partitions. If we view partitions as vectors, we can define addi-
tion, subtraction, and scalar multiplication for partitions. Let A and p be partitions, and a € N, we

define

A+ = ()\1+M1,)\2+M2a"')7
)\—,LLI: ()\1—#17)\2_,u27'“)7

nA = (nA;,nAg, -+ ).

We define AU p to be the partition whose parts are those of A and p, arranged in weakly decreasing
order. For example, (4,4,1) U (4,2,2) = (4,4,4,2,2,1). Note that the operations + and U are

dual to each other in the following sense,

A+p) =XNUp.

2.2 Families of Symmetric Functions

Let X,, = (21, 2,...,2,) be a set of n variables. A polynomial in Z[X,,] is said to be sym-
metric if it is invariant under under the action of permuting the variables. We denote the set of

symmetric polynomials in 7 variables by A,,. In other words,

where S, is the symmetric group of degree n and .S, acts on Z[X,,] by permuting the variables.



In the study of symmetric functions, we usually work with infinitely many variables, as the
number of variables, as long as it is large enough, does not affect the properties we are interested
in. Let m > n be two positive integers, we have a natural (algebra) homomorphism from Z[X,,]
to Z[X,] by sending z,,1 = T,,2 = -+ = x,, = 0 and other x;’s to themselves. This map
induces a (surjective) homomorphism p,, , : A,,, = A,,. Using this family of maps, we define the
ring of symmetric functions A to be the inverse limit @An in the category of graded rings. In
other words, an element f of A can be written as f = (n fn)n>0, Where f,, € A, with py, n(frn) =
fm(z1, .. 20, 0,...,0) = fu(xq,...,x,) for all m > n, and the degrees of f,,’s are bounded.

The ring A of symmetric functions is a Z-algebra, and we can easily extend scalars to obtain a
(Q-algebra,

Ao =A®zQ.

We introduce several families of symmetric functions. Each family forms a Q-basis for Ag, and
some of them are even Z-bases for A.

The first family consists of the monomial symmetric functions. Given a positive integer n, for
each a = (ay, ag,...,a,) € N*, we set * := z7" - - - 29, Given a partition A with /(\) < n, the

monomial symmetric polynomials in X, is
ma(X,) =2, (2.6)
[0
where « runs over all the distinct permutations of A. For example,
my 1 (21, T2, T3) = T129 + T123 + Tos.

If () > n, then we set m(X,,) = 0. Let m,(X) (or simply written as m,), called the monomial

symmetric function indexed by ), be the element in A corresponding to (m(X,,)),. For example,

myi = E Tilj.

i<j



It is not hard to show that {m } \cp forms a Z-basis for A.

We next introduce elementary symmetric functions. For each nonnegative integer n, we set

ep = 1 and
€, ‘= Z Tiy iy ** * Tj, = M(1n) 2.7)
11 <t <-<ip
For each partition A = (A1, Ao, ..., A\x) € P, we define the elementary symmetric function indexed
by A to be
ex 1= €xex  €r, €A (2.8)

The generating function for the e,,’s is

E(t) =) et" = [](1 +:t) € A[[t] € Z[[X.1]]. (2.9)

n>0 i>1
The elementary symmetric functions form a Z-basis for A. For a proof, see [7].
Proposition 2.2.1. The {e, },> are algebraically independent over 7. and A = Zley, ea, .. .].

We introduce complete homogeneous symmetric functions. For each nonnegative integer n,

we set hg = 1 and

h, = Z my, (2.10)

which is the sum of all the monomial symmetric functions with degree n. For each partition

A= (A1, Ag, ..., Ap) € P, we define the complete symmetric function indexed by A to be
hy = h)qh)\z'”h)\k e A 2.11)
The generating function for the h,,’s is

H(t) =Y hot" =[]0 —zt)™". (2.12)

n>0 i>1



Combining (2.9) and (2.12), we get

E(t)H(—-t) =1, (2.13)
which implies that
> (—1)"exhnr, =0 2.14)
k=0

foralln > 1.
Since the ¢,,’s are algebraically independent over Z (or even (Q), we consider the algebra ho-

momorphism w : Ag — Ag defined by

w(en) = hy. (2.15)

Using (2.14), one can show that w(h,,) = e, for all n > 0, which implies that w is an involution

and induces a result analogous to Proposition 2.2.1.
Proposition 2.2.2. The {h, },>1 are algebraically independent over Z and A = Z[hy, ha, . . .].

For convenience, we usually set e,, = h,, = 0 forall n < 0.
Another natural family of symmetric functions is the power sum symmetric functions. For each

integer n > 1, we define

pni= Y al. (2.16)
i>1
For each partition A = (Ay, Ao, ..., A\x) € P, we define the power sum symmetric function indexed
by A to be
Dx = Dx P, P, € A. (2.17)
The involution w acts on p, nicely,
w(py) = (=)A= Wpy, (2.18)

The family of power sum symmetric functions is not an integral basis for A, however, it forms a

Q-basis for Ag. For more details, see [7].



Proposition 2.2.3. The {p,, },>1 are algebraic independent over Q and Ay = Q[p1, p2, - . .].
We close this section by introducing the most important family of symmetric functions, Schur

functions. For each partition ), the Schur polynomial s,[X,,] in the variables X, is defined to be

_ det(2;7 ) 1< jen

det(z] )1<i, j<n

$x[Xn) , (2.19)

where ((\) < n. If /(\) > n, we set s)[X,,] = 0. The Schur function s, indexed by A is the one in

A corresponding to (s(X,,)),. In particular, we have

S(1m) = n (2.20)

Sy = hn, (2.21)

The action of the involution w on Schur functions is also understood,

CU(S)\) = S)'. (222)

Proposition 2.2.4. Schur functions form a Z-basis for A.

We can also define a Schur function using complete homogeneous symmetric functions,

S\ = det(hAjH,j)i,j. (223)

This formula is called the Jacobi-Trudi determinant. We leave the last definition of Schur functions
in the next section as it involves Young tableau, a combinatorial object having extensive application

in algebraic combinatorics.
2.3 Young Tableaux

We begin by introducing Young tableaux. A Young tableau is a filling of a Young diagram
which assigns a positive integer to each box of the diagram. The partition corresponding to the

diagram is called the shape of the tableau. A Young tableau is called semistandard if the fillings is

9



weakly increasing along the rows and strictly increasing down the columns, and such tableaux are
called semistandard Young tableaux (SSYT). A Young tableaux of shape A\ - n is called standard
if it is semistandard and every number in [n| := {1,2,...,n} is used exactly once in the filling,
such tableaux are called standard Young tableaux (SYT). For example, the left diagram in (2.24)

is semistandard and right one is standard.

10 (2.24)

Analogously, a filling of a skew diagram is called a skew Young tableau, and, similarly, we can
define semistandard skew Young tableaux and standard skew Young tableau.

For each (skew) Young tableau 7, we define the weight of 7" to be the sequence w (1) =
(wq, ws, . . .) where w; is number of occurrences of 7 in 7". For example, the left tableau in (2.24)
have the weight (0, 3,2,3,4,0,...).

For each partition A, the Schur function s) is

=y a2, (2.25)

TEeSSYT(N)
where the sum is over all the SSYT of shape A. For example, if A = (6,4, 2), the two SSYT’s in
(2.24) contribute monomials x3x3z3x: and T xs - - - 119, respectively, in the summation in (2.25).
Note that, although it is not obvious from Equation (2.25), Schur functions are indeed symmetric.
Given two partitions ¢ and v, since s,,- s, is also symmetric, and Schur functions form a Z-basis

for A, we can consider the linear expansion of s,, - s, with respect to the Schur basis,

S8, = CluuSas (2.26)
A

where A runs over all the partitions. The Schur structure constant cfw is called the Littlewood—

Richardson coefficient. Remarkably, this coefficient is always a nonnegative integer and we have

10



several beautiful combinatorial descriptions for it (see [7, 8, 9]). We introduce one of them below.

For a (skew) Young tableau 7', we denote by r(7’) the reading word of T, which is obtained by
reading the numbers in 7" from right to left in successive rows, starting with the top row. A word
a = ajasy...ay (a; € [n])is said to be a lattice permutation if forall 1 <i <n—1land1 <r < N,
the number of occurrences of 7 in ajas . . . a, is not less than the number of occurrences of 7 + 1.

For example, the reading word of the following tableau 7" is 7(7") = 11213224, which is a lattice

permutation.
111
112
T = 51213 (2.27)

Proposition 2.3.1 (Littlewood—Richardson Rule). Let A, i, and v be partitions. The Littlewood—
Richardson coefficient C;/\W counts the number of semistandard skew Young tableaux T’ with shape

A/ and weight v such that the reading word (7)) is a lattice permutation.

We close this Chapter by showing some relations between different families of symmetric

functions. We have several different expansions for the product [](1 — z;y;) !
1]

O = ziy) ™ =D 2 ma(X)pa(Y) (2.28)

- Z ma(X)ha(Y) = Z mA(Y)hr(X) (2.29)
A A
=D s(X)s(Y) (2.30)

where z) = [[i"™m;!. This suggests us to construct an bilinear form on Ag defined by
i

(Sx, Su) = Oxus (2.31)

where 9, , is the Kronecker delta.

Proposition 2.3.2. Let {u) } ep and {v)} rep be Q-bases of Ag where uy and v are homogeneous

11



symmetric functions with degree |\|. Then the following are equivalent:

(1) (ux, v,) =0y, forall X and p;

(2) TI(L = ziy;) ™' = ;UA<X)U/\(Y>-

Proof. Consider the Schur expansion of uy and v,,

Uy = E a)aSaq; v, = E b5

ak|A| BElul

Let A, = (axa)rarn and B, = (b, 3),. 5 be the transition matrices, where the rows and columns

are labeled by partitions and arranged in reverse lexicographic order. Then, from (2.31), we know

that (1) is equivalent to
Z a)\,ozb,u,a = 5/\,,LL7
(03

which means A, B!, = I for all n. > 0.

On the other hand, from (2.30), we know that (2) is equivalent to
D sa(X)sa(Y) =D un(X)ua(Y),
A A

hence is equivalent to

> axabas = dap,
A

which means A’ B,, = I for all n > 0. Hence (1) and (2) are equivalent.

From Proposition 2.3.2, Equations (2.28) and (2.29), we have

<m)\’ hu) = <h>\> mu> = 5&#'

<p)\> pu> = Z)\(S)\,u-

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

From (2.31), we see that this bilinear form is symmetric and positive definite, hence an inner

product on Ag. We call it the Hall inner product. Also, (2.22) (or (2.18)) implies that,

12



Proposition 2.3.3. The involution w is an isometry for the Hall inner product. That is,

(w(f), wig))=(f,9)

forall f,g € Ag.

For partitions A and y with the same size, let K, be the number of SSYT of shape \ and
weight p. This number is called Kostka number. It is easy to see that /', y = 1. We have the

following well-known result determining when the Kostka number is positive.
Proposition 2.3.4. K, , > 0 ifand only if \ =4 p.

Using (2.25) and the symmetry of Schur functions, it is easy to see that
sv= 3 Ky um. (2.37)
“w

Since the monomial symmetric functions {m,} and the complete symmetric functions {%,} form
dual bases, and the Schur functions {s,} are self-dual with respect to the Hall inner product, we

have

hy =Y Ky s (2.38)
A

Apply the involution w to (2.38), and use (2.15) and (2.22) we have

ep =3 Kyusx. (2.39)
A

For complete information about the transition matrices between those different bases for Ag, see

[7, Chapter 1 Section 6].

13



3. REPRESENTATION THEORY

Representation theory studies algebraic structures by representing the elements as linear trans-
formations of vector spaces. In this chapter, we introduce representation theory and focus on
representations of symmetric groups, which are closely related to symmetric functions. For more
details about the material in this chapter, see [10, 11, 12].

In Section 3.1, we give the definition of representation theory and present some basic results
about the representations of finite groups. In Section 3.2, we introduce the character theory, which
1s an important tool in representation theory. In Section 3.3, we describe the representations of
symmetric groups. In Section 3.4, we introduce the Frobenius character map, which builds a

bridge between the representations of symmetric groups and symmetric functions.
3.1 Representations of Finite Groups

Throughout this chapter, all the groups are finite unless it is otherwise stated and we let the
ground field be the complex numbers C, although all results work for any algebraic closed field
with characteristic 0.

A representation of a finite group G is a pair (V, p) of a finite dimensional complex vector
space V' and a group homomorphism p : G — GL(V'). When there is no confusion about the map
p, we may simply say that V' is a representation of G; we may also just write g. v or gv for p(g)(v),
where g € Gandv € V.

Equivalently, representations can be understood using modules. We extend the action of G on
V linearly, then V' can be viewed as a C[G]-module where C[G] is the group algebra associated to

G defined as follows:

Definition 3.1.1. Let G be a finite group. The group algebra C[G] is a C-algebra whose additive

group is a complex vector space with basis

{19‘g S G}7

14



and whose multiplication is defined by
lg-1p =1y,

and extended linearly using the distribution law. When there is no confusion, we may simply write

g for 1, for convenience.

For this reason, we also call a representation V' of G a G-module. Note that C[G] can also be

viewed as a G-module where the action is defined by
g.1, =1y, forall g¢,h e,

and this representation is called the regular representation of G.

A subrepresentation of a representation V' is subspace a W of V' which is invariant under
the action of (G, and this subrepresentation is called proper if W is a proper subspace of V. A
representation is irreducible if it does not have a proper subrepresentation.

A map ¢ from a representation (V, p) to a representation (W, p’) of G is called G-linear if it is

a linear map from V' to W such that the following diagram commutes.

VW
p(g)l lp’(g) (3.1

V 2 W

When there is no confusion, we simply write ¢g = gp. It is easy to check that Ker ¢, Im ¢, and
Coker ¢ are G-modules.

Let V and W be two representations of G. We denote the set of all linear maps from V' to W
by Hom(V, W). Hom(V, W) is clearly a vector space and it also has a G-module structure. The

action of an element g € G on a map ¢ € Hom(V, W) is defined as follows:

(990)(v) = gp(g~'v) forall wveV. (3.2)

15



This action can be understood using the following commutative diagram:

[
—

<

(3.3)

Q
‘—

Q

T

g
oW

<

In particular, if we set W = C and G acts on W as identity (this representation C is called the
trivial representation and denoted by 1), we get a representation VV* = Hom(V, C) of G, and this
representation (V*, p*) is called the dual of (V, p). If we fix a basis for V' and take its dual basis

for V*, then, for any g € GG, we can present p(g) and p*(g) in terms of matrices. We have

p*(g9) = (p(g™))". (3.4)

Let V and W be representations of groups GG and H respectively. Then the tensor product V' @ W

is a representation of G x H with the action defined by

(9, h)(v®@w) =gv®hw, forall ge G,he HwveV,weW. (3.5)

If G = H, then the tensor product V' ® W is a representation of GG via the following diagonal
action:

gvew)=gvegw, forall ge G,veV,weW. (3.6)

We write V X W for this representation to distinguish it from the one in (3.5). With this convention,

it is not hard to get the identification

Hom(V, W) 2 V* KXW (3.7)

as G-modules.
We denote the set of all G-linear maps between two representations V and W by Homg (V, W).

Comparing (3.1) and (3.3), we see that Homg(V, W) = Hom(V, W)%, which is the set of elements

16



of Hom(V, W) fixed by the action of G.

The direct sum V & W of two representations V' and W of G is again a G-module. We say a
representation is completely reducible if it can be written as a direct sum of irreducibles. For our
case (G is finite), any representation is completely irreducible. The key to prove this fact is the

following proposition.

Proposition 3.1.2. Let V' be a representation of G, and W be a subrepresentation of V. Then there

is an invariant subspace W' of V under the action of G, such that V=W & W’,
Following directly from this proposition, we have
Corollary 3.1.3. Any representation of a finite group is completely reducible.

An important result for the study of the irreducible decomposition of a representation is the

following:

Proposition 3.1.4 (Schur’s Lemma). Let V and W be two irreducible representations of G and

© € Homg(V,W), then
(1) The map ¢ is either an isomorphism or (.
(2) If V=W, then ¢ is a scalar multiple of the identity.

Proof. For (1), if ¢ is not zero, then the Im ¢ is a non-zero G-submodule of W/, which implies that
Im (p) = W as W is irreducible. Similarly, we can show that Ker ¢ = 0 using the irreducibility
of V. This proves that ¢ is an isomorphism.

For (2), we fix a basis for V' and view ¢ as a matrix, then ¢ has an eigenvalue \ as C is
algebraically closed. Consider ¢ — Al (where I is the identity matrix) which also induces a G-
module homomorphism from V' to V. Since ¢ — A has an eigenvalue 0, it is not an isomorphism.

Hence, ¢ — A\I = 0 due to part (1). So ¢ = AI. U

An immediate Corollary of Schur’s Lemma is
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Corollary 3.1.5. Let V and W be two representations of a group G with V' being irreducible. Then

dim Homg(V, W) = 0 if and only if W contains no subrepresentation isomorphic to V.

We identify two representations if they are isomorphic. Combining Corollary 3.1.3 and Schur’s

Lemma, we have

Proposition 3.1.6. For any representation V of G, there is a decomposition of V into irreducibles,
V=VEMg.. eV (3.8)

where the V;’s are pairwise nonisomorphic irreducible representations. Moreover, this decompo-

sition is unique.

For convenience, we write this decomposition as
V=mVi®- - ®&mV, (3.9

and we call m; the multiplicity of V; in V.

We introduce two operations which are important in representation theory. Let G be a group
and H be a subgroup of GG. A natural question is whether we can construct a representation of H
from a representation of GG or vice versa. One direction is straightforward, while the other one is
more technical which involves the tensor of modules.

Let V' be a representation of GG, then we automatically have an action of H on V as H is a
subgroup of G. So V is also a representation of /1. We denote this representation by Res& V.

Conversely, suppose we have a representation W of H, then W is a left C|H]-module. As
C[H] is a subalgebra of C[G], we can view C[G] as a left C[G]-module and right C[H]-module.
So C[G] ®@c W is a C[G]-module, hence a representation of GG. We denote this representation by
Ind$ W and call it the induced representation of W from H to G. An equivalent way to understand
the construction is the following

IndZ; W = €5 gW. (3.10)
geG/H
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where gIWV = {gw | w € W} is a vector space and this construction does not depend on the choice
of g for the left coset g as W is invariant under the action of H.
Both restriction and induction are transitive. Suppose K < H < G are groups, and we have a

representation V' of GG and a representation of W of K. Then

Res% V = Resf (Res% V), (3.11)

Ind% W = Ind$; (Ind% W). (3.12)

The restriction and induction are related by the following proposition.

Proposition 3.1.7. Let V and W be representations of G and H respectively where H is a subgroup
of G, then any H-module homomorphism ¢ : W — Res$ V' can be extended uniquely to a G-

module homomorphism @ : Ind%, W — V. That is,
Hompg (W, Res$ V') = Homg (IndS, W, V). (3.13)

An interesting question concerning the induction and restriction is what happens when we com-
pose them. More precisely, suppose K and H are two subgroups of (G, and V is a representations
of K. What do we know about Res% IndIG( V'? This problem is solved by Mackey [13]. Note that

V can be viewed as a representation of g/ ¢g~! for any g € G with the action defined by

gkg'.v =kv, forall ke K,veV,

and we denote this representation by V;. Then Mackey’s Decomposition Theorem says

Proposition 3.1.8 ([13], Theorem 1).

—1

ResG Ind, V = @D Indjj ey Resiyd oV, (3.14)

HngKg—1
HgK
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3.2 Group Characters

When study the representations of a group, instead of presenting the elements of the group as

matrices, it is more convenient and efficient to just consider the corresponding characters.

Definition 3.2.1. Let ' be a representation of a finite group G. We fix a basis for ' and present
the action of g € GG on V' as a matrix. Then the character of the representation V', denoted by yy,

is the complex-valued function on G defined by

xv(g) = Tr(g), (3.15)

where Tr(g) is trace of the matrix g. It does not depend on the choice of the basis for V.

For example, the character of the regular representation C[G] of G is

’G|7 lfg =€
xcia(9) = (3.16)
0, otherwise.

From the property of trace, we know that xy is a class function on G, i.e. xy is constant on the
conjugacy classes of G. Let C' be the set of all class functions on G, then C¢ is a vector space
(over C) whose dimension is equal to the number of conjugacy classes of G.

We can also view xy(g) as the sum of the eigenvalues of g. Since g/l = e where e is the
identity element of G, the eigenvalues of ¢ must be roots of unity. Hence the eigenvalues of ¢!

are the conjugates of the eigenvalues of g. We present some basic results about characters.
Proposition 3.2.2. Let V and W be representations of G. Then

(1) xv(e) =dimV.

(2) xv-(9) = xv(g™) = xv(9)

(3) Xvew = Xv + Xw-
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(4) Xvew = Xv * Xw-

By (3.7) and Proposition 3.2.2, we have

XHom(V,W) = XV*RW
(3.17)

=Xv*XWw = XV * XW-

Let V' and W be two representations of G. From Section 3.1, we know that U := Hom(V, W) is a

G-module. Consider the action of ¢ = & G| > g € End(U) on U, we have
geG

Proposition 3.2.3. ¢ is a projection from U onto UC.
Proof. For any h € GG, we have
1 1
e > 9= il >_hg Z 9=
geG geG gEG

SoImy C UC.

Consider ¢ o ¢, we have

O MERL B EEPIEE

g€G heG €G heG hGG

So ¢ is a projection onto Im ¢. On the other hand, for any v € U“, we have

|G’Zg Zu—u (3.18)

gEG
So U% C Im ¢ and we finish the proof. 0

We fix a basis for U“ and extend it to a basis of U. We get

(3.19)



From Section 3.1, we know that UY = Homg(V, W) is the set of all G-linear maps from V' to

W. When V and W are irreducible representations of GG, by Schur’s Lemma, we have

A 1, ifV=Ww,
dim U” = dim Homg(V, W) = (3.20)

0, otherwise.

Combining Equation (3.17), (3.19), and (3.20), we have

1 1, ifV=Ww,
@l > xvl(e) - xwlg) = (3.21)

ged 0, otherwise.

This motives us to define an (Hermitian) inner product { , )¢ on the (complex) vector space of

class functions Cg:

(o, 8= ,—é,| " alg) - Blg). (3.22)

geG
Then the characters of irreducible representations of GG are orthonormal with respect to this inner

product, that is, if V' and W are two irreducible representations of G, then

1, ftV=Ww;
(xv, xw)e = (3.23)
0, otherwise,

which implies that the number of nonisomorphic irreducible representations of G is less than or

equal to the number of conjugacy classes of G. Using (3.23), we easily get the following results:
Corollary 3.2.4. Let V be a representation of G, then the following are equivalent:
(1) V is irreducible;
(2) { xv: xv )e=1
(3) V* isirreducible.
Suppose a representation V' has the irreducible decomposition as in (3.9). From (3.23), we
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have

m; = ( Xv;, Xv )& (3.24)

In particular, if we set V' = C[G], the regular representation of (7, and apply (3.16), then we get

1
m; = @Xw(e)|G| = dim V. (3.25)

The above equation shows

Proposition 3.2.5. Let C|G| = @ m;V; be the irreducible decomposition of the regular repre-
i=1

sentation C|G| of G, then {V;}I_, is a complete list of irreducible representations of G, and the
multiplicity of m; of V; in C|G| is equal to dim V.
By computing the dimension of C[G] using Proposition 3.2.5, we get an identity

dim C[G] = (dim V};)*. (3.26)

i=1

The orthonormality of the irreducibles also shows that any representation is determined by its
character. When there is no confusion, we may simply write the representation for its character for

convenience. For example, we write (3.23) as follows

1, fV=WwW,;
(V, W)= (3.27)

0, otherwise,

With this notation, Proposition 3.1.7 can be rephrased as

Proposition 3.2.6 (Frobenius Reciprocity). Let V and W be representations of G and H respec-

tively where H is a subgroup of G, then
(V, IndS W ) = (ResG V, W ). (3.28)

Finally, we show that the number of irreducible representations of G is equal to the number of
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conjugacy classes of GG. It is enough to prove

Lemma 3.2.7. If a € Cgq is a class function and { o, xv ) = 0 for all irreducible representation

V of G, then a = 0.

Proof. Consider ¢, v := Y a(g)g € End (V). The map ¢, v is G-linear as « is a class function.
geG

Due to Schur’s Lemma, we have ¢, = A for some A € C. So Tr(p,) = A dimV. On the

other hand,

geq

— QEGa(g)xV(g) (3.29)
=|Gl{a, xv+ )a

=0.

So A = 0. Hence ¢, = 0 for any irreducible representation V', which implies that ) «(g)g is
geG

zero on any representation of G. In particular, we consider the regular representation C[G]. Since

>~ a(g)g = 0 on C[G], we have

geG
0= alg)g.-le.=Y_a(g)l,
geG geq
which means that a(g) = 0 forall g € G as {1,},¢¢ is a basis for C[G]. So o = 0. O

Proposition 3.2.8. The number of irreducible representations of G is equal to the number of con-
Jugacy classes of G. Equivalently, the characters {xv} given by the irreducible representations
form an orthonormal basis for Cg.

3.3 Representations of Symmetric Groups

Given a set X, let Sx be the group whose elements are bijections from X to itself. An element

of Sx is called a permutation of X. In particular, the symmetric group of degree n is S,, := Sp,). It
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is known that two permutations in S,, are in the same conjugacy class if and only if they have the
same cycle type. For each cycle type, if we arrange the length of the cycles in weakly decreasing
order, we get a partition of n. So we can associate each conjugacy class with a partition of n. On the
other hand, from Proposition 3.2.8, we know that the number of irreducible representations of .S,
is equal to the number of conjugacy classes of .5,,, so we can index the irreducible representations
by partitions of n. We construct an irreducible representation V), called a Specht module, of S,, for

each \ - n.

Definition 3.3.1. Let @ = (ay, an, ..., «;) be a (weak) composition of n, written as a = n, then

the associated Young subgroup of S, is,
Sa = Say X Say X -+ X Sy, (3.30)

where S,, permutes the set {ay+ - +a; 1+1, 094+ -+ 142, ..., a1+ +a;_1+a;}. The

number of elements in S, is a! == oyl ay! -+ oyl

We consider the induced representation M) (A = n) of the trivial representation 1g, from Sy to
S,,. That is,

M) = Indg" 1g,. (3.31)

Using (3.10), we can write this induced representation as

k
My = Poits,, (3.32)
i=1
where {01, 09, ..., 04} is transversal for the left cosets of S) in S,,.

We introduce Young tabloids, which are equivalence classes of Young tableaux, to help us
understand the induced representation M. In this section, each Young tableau has the filling set

[n] for some n and each number in [n] is used exactly once in the filling.

Definition 3.3.2. Two tableaux 7 and 75, with the same shape \ are row equivalent (denoted by

Ty ~ T5) if corresponding rows of the two tableaux have the same elements. An equivalence class
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of such tableaux is called a tabloid with shape A. That is, for a Young tableaux 7" with shape ), the

tabloid it represents, denoted by [17], is

[T] :={S € YT(\)|S ~ T}. (3.33)

For example, the following is a tabloid with shape (2, 1).

_ R (3.34)

For each partition \ - n, we have a natural (well-defined) action of S,, on the set of all tabloids
with shape A:
o|T)=[oT], o€, (3.35)

where o1 is the Young tableau obtained by applying o to the entries of 7. For example, take

o = (132) € S, we have

Let 7T\ be the Young tableau with shape A whose entries in the i-th row, reading from left to right,

are A+ -+ N L A+ N2, A+ - 1+ ;. For example,

T2 =

By identifying 0;1g, with T} := [0,7)], we have

M, = C{[T1]7 [T2]> R [Tk]}7 (3.36)
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as S,-module, where {[T1], [T»], ..., [Tk]} is a complete list of tabloids with shape \. In particular,

My = C{[T(n)]}, (3.37)

which is the trivial representation of .5,,, and

My = C[S,], (3.38)

which is the regular representation of .S,,. From our definition of tabloids, it is not hard to show

that

Proposition 3.3.3. The representation M) of S, is generated by any tabloid with shape \. That is,

for any tabloid [T'] with shape \, we have

My = CS,[T] (3.39)

Moreover, dim M, = K—i, the number of tabloids with shape .

For each Young tableau 7" with shape A - n, we associate it with two groups, the row-stabilizer,

RT:SR1 ><SR2 X--'XSRZ, (340)
and the column-stabilizer,
CT = Scl X 802 Xoeee X Sck, 3.41)
where Ry, R, ..., R; are the rows and C, Cy, ..., C} are the columns of 7.
For example, if
6157
T = , (3.42)
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then

Ry = Spas67 X Sqray X Sqsy,

CT = 5{27374} X 5{1,6} X 5{5} X 3{7}.

Letry = > o,cp = Y, sgn(o)o € C[S,), and vy = ¢r[T] € M,. For example, if T is the

oc€RT oeCr
tableau in (3.42), we have

cr = (e — (23) — (24) — (34) + (234) + (243))(e — (16)),

[[2T6]5]7]7 '305\7\' '4657\ [ [2T6]5]7]7
vp=|[4]1 — |41 — | |2 — |3

REl i L2 i L13] i L[4 i

[ [3T6]5]7]T '4657\' (21577 '315\7\
+ {21 + [ [3]1 — |46 4+ [ [4]s

L[4 i L2 i REd i REl i

'415\7\' '215\7\' '315\7\ '415\7\'
+ 11276 + | 3]s — | 127Ts6 — | 137s

RE i L[4 i L[4 | L [2] i

We have the following results.

Lemma 3.3.4. Let T be a tableau with shape \ = n and o € S,,, then
(1) Ror = oRpo™,
(2) Cop =0Cro™,
(3) cor = gcro!,

(4) Vo1 =— OUT.

Definition 3.3.5. For each partition A - n, the associated .S,,-module V), called the Specht module,

is the submodule of M) spanned by {vr | T"is a Young tableau with shape A}.

From Lemma 3.3.4 (4), we know that the Specht module V), is generated by v for any tableau
T with shape A\. The following lemma is important for the proof of the irreducibility of the Specht

module V). For a proof, see [12].
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Lemma 3.3.6. Let S and T be Young tableaux of the shapes \ and | respectively. If X\ 4 i, then

exactly one of the following occurs:
(1) There are two distinct integers that occur in the same column of S and in the same row of T';
(2) A = p and there is some o € Cs and § € Ry such that oS = (T.

We define a total ordering on the set of all Young tableaux with n boxes. The column word of
of a tableau S, denoted by col(.S), is obtained by reading the numbers in S from bottom to top in
successive columns. Let .S and 7" be Young tableaux of the shapes A and i, then we say S > T'if
either A >,; u, or A = p and the largest entry that is in a different box in the two tableaux occurs
earlier in the column word col(S) than in col(7"). For example, this ordering arranges the Young

tableau with shape (2, 1) in the following order:

4
> >2 > >1 >1 (3.43)

From the definition of this ordering, we can easily get that

Lemma 3.3.7. Let T be a SYT, then for any 0 € Ry and 7 € Cr, we have

ol =T > 7T. (3.44)

Combining Lemmas 2.1.1, 3.3.6, and 3.3.7, we get

Corollary 3.3.8. If S and T are standard tableaux with'T' > S, then there are two distinct integers

in the same column of S and same row of T.
Using Lemma 3.3.6, we can show

Lemma 3.3.9. Let S and T be Young tableaux of the shapes )\ and p respectively, and \ 4 . If
there is a pair of integers in the same column of S and in the same row of T, then cg|T| = 0. If

there is no such a pair, then cs[T] = tvg.
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Note that Lemma 3.3.9 shows

Corollary 3.3.10. Let A and p be partitions of n with v >=,; A\, and T' be a Young tableau with

shape )\, then we have

CTM,\ = CTV)\ =C. Ur # 0 (345)

CTM# = CTV,u =0 (346)

From Corollary 3.3.10, we know that V and V|, are not isomorphic as S,,-modules. It also
implies that V), is irreducible. Indeed, if V\, = U & W, where U and W are S,,-modules, then from
(3.45), we have

Cop=ctVs=ctUDecWCUDW . (3.47)

So either U or W contains vy. Without loss of generality, assume that vy € U, then

Vi =C[S,Jor CU C Vy. (3.48)

Hence V), = U, and this proves the irreducibility of V). For each partition A of n, we construct an
irreducible representation V) of S,,. Since the number of conjugacy classes of .9, is equal to the

number of partitions of n and also to the number of irreducible representations of .5,,, we have

Proposition 3.3.11. The set of Specht modules {Vy | A - n} is a complete list of irreducible repre-

sentations of S,,.

Using Lemma 3.3.7, it is not hard to see that { vy |7 € SYT(A) } is linear independent in V).
Applying a “straightening algorithm™ (see [12, Section 7.4]), we can show that these vp’s also

span V). Hence,
Proposition 3.3.12. The set { vy | T € SYT(X) } is a basis for Vy. So dimVy, = |SYT(\)|.

Consider two special examples, V(,,) and V{;»). They are both one dimensional representations of

S, as there is only one SYT with each of shapes (n) and (1"). By the definition of actions of S,,
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on Specht modules, it is not hard to see that V/{,, is the trivial representation and V(i) is the sign
representation p : S, — G L(C), where p(c) = sgn(o) forall o € S,,.

Applying Proposition 3.3.12 to the identity (3.26), we get

nl= Y [SYT(N)” (3.49)
TESYT(N)
This identity can also be proved combinatorially using the Robinson—Schensted—Knuth (RSK)

correspondence, see [10, 12].
3.4 Frobenius Character Map

Recall that a representation of a group G is determined by its character, and the character is a

class functions on GG. We consider the graded Z-module

R=EHR,, (3.50)

n>0

where R, is the Z-module generated by the irreducible characters of 5, and with the convention
that Ry = Z. We can endow R a ring structure by defining the (external) multiplication as follows.
Let V and W be representations of S, and S,, respectively, then V' ® W is a representation of
Sp X Sp. Observe that S, x 5, can be naturally embedded into S,,,,, hence we get an induced
representation U := IndéZ*X’gm V' ® W. This product is called the induction product, and we will

study this product in more detail in Chapter 4. We define the multiplication (denoted by e) to be

XV @ Xw ‘= XU - (3.51)

It is not hard to verify that this product is well-defined, commutative and associative. Hence, R is
a commutative, associative, graded ring with unit.

Recall that in Section 3.2, we define an inner product on the vector space of class functions
which makes the irreducible characters form an orthonormal basis. We use this inner product to

define a scalar product on R. Let f,g € Rwhere f = fu, 9 =>_ g, and f,, g, € R,, then we
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define
(fr9)r=>_ (fargn)s.. (3.52)

n>0

We define a Z-linear map F : R — A¢ := A ®z C as follows

=) Flf) = Z% > F(0)peo), (3.53)

n>0 n>0  o€S,

where f = > f, € R, f, € Ry, and ¢(0) denotes the cycle type of o. This map is called the
n>0
Frobenius character map, and it builds a connection between the representations of symmetric

groups and symmetric functions by the following result

Proposition 3.4.1. The Frobenius character map F is an isometric (ring) isomorphism of R onto
A, where the metrics on R and A\ are defined by ( , )r and the Hall inner product respectively. In

particular, F (V) = s\ and F(My) = h,.

For this reason, we also call ( , ) the Hall inner product, and simply write ( , ) for it. For a proof
of this proposition, see [7].
Recall that V(i) is the sign representation of S,,. Let A = n, we consider the representation

VA X Vin of S,,. From Proposition 3.2.2(4) and Equation (3.53), we have

FARVan) = — Z Xv, (0)3gn(0)pe(o (3.54)
n: UGSn
Note that sgn(c) = (—1)aFezt-Fa=l — (_1)"=4e) where (¢, cy,...,¢) = c(o) is the cycle

type of . Applying (2.18) and (2.22), and Proposition 3.4.1 to (3.54), we have

FAR Vim) = 'ZXVA W(Pe(e)) = W(F(V2))
o€5n (3.55)

= w(sy) = sy = F(Vn).

By Proposition 3.4.1, we have

Vo ) Vigny = Vi (3.56)

32



Hence, applying the involution w to a symmetric function is equivalent to tensoring the correspond-

ing representation with the sign representation.
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4. PRODUCTS ON REPRESENTATIONS OF SYMMETRIC GROUPS/SYMMETRIC
FUNCTIONS

There are several interesting products on representations of symmetric groups (also on sym-
metric functions due to the Frobenius character map).

In Section 4.1, we recall the induction product which we introduced in Section 3.4. In Section
4.2, we introduce the Kronecker product and present some related results. In Section 4.3, we
define the Heisenberg product which interpolates between the induction product and the Kronecker

product and show some results about this product.
4.1 Induction product

Let V' and W be representations of .S, and .S,,, respectively. Recall that the induction product of
Vand W is Indgzygm (V@W). Let A, i1, and v be partitions of n+m, n, and m respectively. Recall

that the Littlewood-Richardson coefficient ¢\  is the coefficient of sy in the Schur expansion of the

ll‘7V

ordinary product s, - s, of Schur functions. From Proposition 3.4.1, we can can rewrite Equation
(2.26) as

Indg' e (V,@V,) = @ o),V .1

vEn+m

So the Littlewood-Richardson coefficient cl’)yy can also be considered as the multiplicity of V) in

the decomposition of Indg;l;msm (V, ® V,) into irreducibles, hence

ch, = (Indy"n (V,@V,), Vi )s

214

4.2)

n+m

Applying Proposition 3.2.6 to (4.2), we have

&, = (Indg"ts (V, @ V), Va)s

n+m

= < VM ® VV7 Resi:;gm‘/)\ >Sn><sm'
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4.2 Kronecker product

Let V and W be representations of S,,. The Kronecker product of V and W is the tensor
product VX W = Resé:xs" (V ® W), where S, is viewed as a subgroup of S,, x S,, through the
diagonal map. Let A, i, and v be partitions of n. The Kronecker coefficient gﬁvy is the multiplicity

of V), in the decomposition of Res SZXS "(V, ®V,) into irreducibles. That is,

Resg 5 (V, @ V) = P g) Vi

AFn

Using the above formula, we can define the Kronecker product (denoted by *) for symmetric

functions:

WS =) GnSh

AFn

While the Littlewood—Richardson coefficients are well-studied and have several beautiful com-
binatorial interpretations, an explicit combinatorial or geometric description for the Kronecker
coefficients is still unknown. In 1938, Murnaghan [3] discovered a remarkable stability property

for the Kronecker coefficients. He stated without proof that for any partitions A, u, and v with the

A+(n)

) +(n)} is eventually constant. We discuss this in more detail in

same size, the sequence { Gt
Chapter 5.

Although an explicit method to compute the Kronecker product of Schur functions is still
unknown, we have combinatorial ways to describe the Kronecker products of two power sum

symmetric functions and two complete homogeneous symmetric functions. The formula for the

power sum symmetric functions is the following:

Proposition 4.2.1. Let A and 1 be partitions with the same size, then

DA * Du = 2) O PA- 4.3)

The formula for the complete homogeneous symmetric functions is more complicated. Given

a matrix A, we arrange its entries in weakly decreasing order. The result sequence is called the
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w-sequence of A and denoted by w(A). Let 5,7 F n and a F n. We denote by M(3,) the
set of matrices with nonnegative integer entries, row-sum vector 3 and column-sum vector -y, and
M(3,7)a the subset of M (3, ) whose elements have m-sequence «. Then the Kronecker product

of two complete homogeneous symmetric functions can be computed using the following formula:

Proposition 4.2.2. Let 3 and v be (weak) compositions of n, then the Kronecker product of hg and
h is

hg % h., = Z () = Z Z he,.

AeM(B,y) atkn AeM(B,7)a

4.3 Heisenberg product
Aguiar et al. [1] and Moreira [2] introduced a new (nongraded) product which interpolates

between the induction product and the Kronecker product.

Definition 4.3.1. (Heisenberg product) Let V' and W be representations of S,, and 5,,, respectively.
Fix an integer [ € [max{m,n},m+nl,andletp =1—m,q=n+m—1[,andr = [ —n. We have

the (commutative) diagram of inclusions (solid arrows):

Sp X Sy X Sy X Sy — Spiq X Sqr = Sp X Spy VeoWw

idsp X Asq Xidsr (4'4)
Sp X 8¢ X S —————— Spigr = S (VHW),
The Heisenberg product (denoted by #) of V' and W is
n+m
VH#W = P (V#W), 4.5)
l=max(n,m)

where the degree [ component is defined using the dashed arrows in the diagram:

(V#W) = Indg! .. 5 Res§ (5rs, (V@ W). (4.6)
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When [ = m + n, (V#W), = Indg:;’gm (V ® W), which is the induction product of repre-
sentations; when | = n = m, (V#W), = Resgixs‘(v ® W), which is the Kronecker product
of representations. The Heisenberg product connects the induction product and the Kronecker
product. Remarkably, this product is associative [1, Theorem 2.3, Theorem 2.4, Theorem 2.6].
They first construct the Heisenberg product on the category of species where the associativity is
straightforward, then they build an isomorphism from the category of species to the category of
representations of symmetric groups which preserves the Heisenberg product, hence proving the
associativity of the Heisenberg product on the representations of symmetric groups. We give a

direct proof of associativity in Appendix A. The Heisenberg coefficient hﬁ’y is the multiplicity of

V) in the decomposition of V,,#V,, into irreducibles, i.e.

n+m
vi#v,= @ P,
I=max{n,m} Al

and we set hf;jy = 0if A, u, or v is not a partition. Similar to the Kronecker product, we can use

the above formula to define the Heisenberg product (also denoted by #) for symmetric functions:

n—+m
_ A
SuHS, = 5 E h 25N
l=max{n,m} Al

As the Kronecker product, the Heisenberg product of two Schur functions is not well understood,
but there are combinatorial ways to compute the Heisenberg products of two power sum symmetric
functions and two complete homogeneous symmetric functions which generalize Proposition 4.2.1

and 4.2.2.

Proposition 4.3.2 ([1] Theorem 3.4). Let A and . be partitions, then

p)\#pu = Z 28 Palupury - (47)
aUpfB=2A
BUy=pu

To describe the Heisenberg product of two complete homogeneous symmetric functions, we
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introduce some notation. Given three finite sequences of real numbers «, (3, and 7. Let F(«, )
be the set of matrices with real entries, zero at the top left corner, row-sum vector (ignoring the
first row) a and column-sum vector (ignoring the first column) 5. We denote by H(«, /3) the set of
matrices in F(«, 3) with integer entries, and #(«, ), the subset of H(c, f) whose elements have

m-sequence 7.

Example 4.3.3. The fOHOWng matrix is in 7‘[((18, 10), (12, 18, 3))(7,6,5,5,4,4,3,2,2,1)

0 4 61
4 5 7 2
2350

Proposition 4.3.4 ([1] Theorem 3.1). Let 3 and ~y be two (weak) compositions, then the Heisenberg

product of hg and h. is
hatthy = D D).
)

AEH(Byy

Briand et al. [14] showed that four families of coefficients (Kronecker coefficients, plethysm
coefficients, Littlewood—Richardson coefficients, and the Kostka—Foulkes polynomials) share sym-
metries related to the operations of taking complements with respect to rectangles. We follow the
notations that are used in [14], and prove an analogous result for Heisenberg coefficients. We use
“bialternants” formula (2.19) of the Schur polynomial. Recall that X,, = {x, 22, ..., z,}, and we
define X,,Y := {z7%,23",...,2;'} to be the set of the inverses of variables in X,,. The partition
(k™) has n parts all equal to k. Given a partition A, let Oy ,(A) = (K — Ay B — N1, o0, BE— Ap).

When k£ > A\ and n > £()), the partition [Jy, ,(\) is the complement of X in the n x k rectangle

(k™). With this convention and using (2.19), it is not hard to show

Satr () (Xn) = (w122 - - - 2,) %50 (X,,), (4.8)

S)\(Xnv) = SDO’n(,\)(Xn). (49)
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From [1, Theorem 12.1], we have
XY + X +Y) = b s, (X)s,(Y), (4.10)
"%

where X={z1,%s,...}, Y={y1,92,...}, and XY +X+Y={z;y;, x;,y;|¢,7 > 1}. Restricting

variables to X,,, and Y,, gives us
A XY + X + V) =D B 5,(Xn) 50 (V). (4.11)
"%
Taking the inverses of variables in (4.11), we get
S)\<vaYnV + va _'_ an> = Z hz,usﬂ(va)SV(an>' (412)
v

Multiplying both sides by ([T ziy;)*(TTx:)*(ITy;)" = (ITx:)* ([T y;)*™**, for k sufficiently
ij i j i j

large, and using (4.8) and (4.9), we get
SDk, mn+m+n(>\) (XmYn + Xm + Yn) = Z h/)l\,,I/SDkn+k, m(/l‘) (Xm>Ska+k, n (V) (Yn> * (4 1 3)
v

Using (4.10) and the fact that the family of Schur polynomials {s,(X,) | (o) < n} forms a
Z-basis for A,,, we get a rectangle symmetry for Heisenberg coefficients:
Theorem 4.3.5. Let m, n, and k be nonnegative integers and )\, i, and v be three partitions such

that X C ((k)™ ™), 1 C ((kn+k)™), and v C ((km + k)"), then

hz’y — th,mn+m+n()‘) (414)

Dkn+k, m(u)y ka+k, n(V) :
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5. STABILITY OF SCHUR STRUCTURE CONSTANTS

As we mentioned in Section 4.2, the Kronecker coefficient is not well understood, but Mur-
naghan [3] discovered a stability phenomenon for the Kronecker product of two Schur functions.
There are many proofs with different flavours for this fact, see [15, 16, 17]. In 2014, Stembridge
[4] vastly generalized Murnaghan’s notion of the stability of Kronecker coefficients by introducing
a new concept, Kronecker stable triple. We generalize those results to Heisenberg coefficients.

In Section 5.1, we introduce Murnaghan’s stability result and prove an analogous result for the
Heisenberg product of Schur functions. In Section 5.2, we define the stable Heisenberg coefficient,
and show how to recover the usual Heisenberg coefficients from the stable ones which generalizes
an analogue formula for the Kronecker coefficients in [15]. In Section 5.3, we introduce Stem-
bridge’s generalized stability of Kronecker coefficients and prove analogous result for Heisenberg
coefficients. In Section 5.4, We follow Vallejo’s idea [6] of using matrix additivity to generate
stable triples for Heisenberg coefficients.

The results presented in this chapter are from [18, 19]. Table 5.1 and 5.2 are from [18].
5.1 Classic Stability Result

There is some interesting general work on representation stability by Church, Ellenberg, and
Farb [20, 21, 22], and Sam and Snowden [23]. Church et al. use the FI-module to study the stability
pattern, and Sam and Snowden use the theory of twisted commutative algebras [24] to study the
stability phenomenon. In this section, we focus on the stability phenomenon of the Kronecker
product discovered by Murnaghan [3]. We introduce some notations which will be used throughout
this section. Let o be a finite integer sequence. Define o™ to be the sequence obtained from « by
adding 1 to the first part, a™ := (o + 1, a9, a3, ...); similarly, set o~ := (a; — 1, 9,03, ...).
Let @ = (g, ag, . . . ) be the sequence obtained from « by removing the first part.

Given an eventually constant sequence {a,, },-, With stable value L, we denote by SStab({a,, })

the smallest integer 7, such that for all n > ng, a,, = L. We say that this sequence stabilizes when
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n > M as long as M > ny, and the stabilization begins at n = ny. For a sequence of symmetric

functions { F,, } where F), has the Schur expansion F,, = > a%s, (we set a® = 0 if « is not

«

a partition), we say the sequence {F,,} stabilizes if for any « (not necessarily a partition), the

n>0°

sequence {aff(”)} is eventually constant, and there exist NV, such that SStab({aZJr(”) }) <N
n>0

for all . Let n; be the smallest N having this property, and we denote it by FStab({ ¥,,}). From
the definition, we have n; = FStab({F,,}) = max {SStab({aﬁHn) })} We say the sequence of
symmetric functions { F,, } stabilizes when n > M as long as M > n4, and the stabilization begins
atn = n;.

Given a partition A = (A1, \g,...) and a positive integer n, let A[n| be the sequence (n —
IAl, A1, Ag, ... ). Whenn > |A|+ Ay, A[n] is a partition of n. The stability of the Kronecker product
means that for any partitions A and p, the sequence of symmetric functions {S)\[n] * 5#[”}}@0
stabilizes when n is large enough. This phenomenon is best shown on an example. Let A\ = (2)

and p = (1, 1), we compute the Kronecker product s,,_s 9 * s,,_2 11 forn > 4:

S22 % So11 = S3.1 + So11
S32 % 8311 = S4,11T832+2531,1 + S221+ 521,11
S42 % 8411 = S511TS42+2841,1 + S33+25301 + 831,11 + 82211

S50 % S51,1 = 8611852125511 + Sa3+25121 + S41,1,1+5331 + S321.1

56,2 * 86,1,1 = S711T86,212561,1 + S53+25521 + S5.1,1,1+5431 + S421.1-

Observe that the last two equations are only different in the first part of the indexing partitions.

Indeed, for n > 7, we have

Sp—22 % Sp—211 = Sp—1,1 + Sp—22 + 28,211 + Sp—33 + 25,321

+ Sn-3,1,1,1 + Sn—-4,31 1T Sn—4,2,1,1-

sy

(n—3,2,1)

In this example, the stabilization of the sequence { 9(n.2) (n—2.1.1)

} (the coefficients of the red
n>0
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colored terms) begins at n = 6. The sequence of symmetric functions {Sn—272 * sn_271’1}n20 stabi-
lizes when n > N as long as N > 7, and the stabilization begins at n = 7.

In the above example, one can also observe that, for fixed partition v, the sequence of coeffi-
cients of s, in the expansion is weakly increasing as n increases. This was shown by Brion [25]

and Manivel [26]:

Aln]

Proposition 5.1.1. Let \, i, and v be partitions. The sequence { Guin] V[n]} is weakly increasing.

Aln]

The sequence { Guln]win]

} is eventually constant according to the stability of Kronecker coeffi-
cients. Write gjw for the stable value of this sequence and call it a reduced Kronecker coefficient.
In our example, we see that gg’)l()l = 2 and ggf(’})l) = 1. Moreover, Murnaghan [3] claimed that

E;\W vanishes unless
NSl 4] al < A+ Tl < A+ L,

which are triangle inequalities. When |A| = || + ||, 7, is equal to the Littlewood-Richardson
coefficient Ci\w [3].
Briand et al. [15] determined when the Kronecker product stabilizes and provided another

condition for the reduced Kronecker coefficient to be nonzero.

Proposition 5.1.2 ([15] Theorem 1.2). Let A\ and p be partitions. The sequence of symmetric

functions {3,\[,1] * S p[n] }nzo stabilizes, and the stabilization begins at n = |\| + |u| + A1 + 1.

Proposition 5.1.3 ([15] Theorem 3.2). Let A and p be partitions, then
max{|v| 4+ vi| v partition, g5 , > 0} = |X| 4 |p| + A1 + 1.

Proposition 5.1.3 will be used later in the proof of Theorem 5.1.4.
By the definition of the Heisenberg product (see Diagram (4.4)), when b is much greater than a
and c, the right hand side of Equation (4.6) behaves like the Kronecker product. A natural question

is whether we can develop a stability result for this degree component.
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Theorem 5.1.4. Given nonnegative integers r and t and two partitions \ and u, the sequence
{(S)\[n]#sﬂ[n—r])n+t}n>0 of symmetric functions stabilizes, and the stabilization begins at n =

Al 4 | + A+ pg + 3t + 2r.

We give an example of the stabilization of the Heisenberg product.

Let us take A = (1,1), u = (1). We check the stability of the two lowest degree components

of S(1,1)[n] #3(1)[n71} .

S1117S11 = (S21,11+51,11,11) + (831+520+250 1 14+511.1,1) + (S3+52.1),
S2117S21 = (Sa,21+S41,11+5331+5322+25321,1+531,1,1,1F52221+5221.1.1)
+ (85143542 +4541,1+253 34853214653 1,1,1+352,20+652.21,1+4521,1,1,1+51,1,1,1,1,1)

+ (8545541 + 7532+95311+85221+75211.1+25111.1.1)

+ (S4+3S3,1+28272+38271’1 +S11.1 1).

sty

The lowest degree component (s(1,1)(]#5(1)[n—1])n for n > 5:

(83,1,1#53,1)5 = S5+ 3841 + 4830 + 45311 + 45221 + 352111 + S1.1,1.1,1,

(S41,17S21)6 = S6 + 3551 + 4542+ 45411 + 2533 + D321 + 383111 + S2022 + 252911

+ 82,1,1,1,15

(S51.17S51)7 = S7+ 3861 + 4852 + 45511 + 2543 + 5S421 + 354111 + S331 + S322 + 2539211
+ 83,1,1,1,15

(S61.17S6,1)8 = Ss + 3571 + 4S62 + 456,11 + 2553 + 5521 + 385111 + Sa31 + Sa22 + 254211

+ S41,1,1,15

To ease comparison, we create a table for this. The coefficients are the coefficients in the expansion
in the Schur basis, of, respectively (in this order):
Sn; S(n—1,1), S(n—2,2) S(n—2,1,1), S(n—3,3)» S(n—3,2,1)» S(n—3,1,1,1),

S(n—4,3,1)) S(n—4,2,2)) S(n—4,2,1,1)» S(n—4,1,1,1,1) -
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n coefficients in (S,—21,1#Sn—21)n

3 DO 1

4 11 ® 2 3 1

5 11 3 @ @ 2 5 O 1
6 1 3 4 4 @ & 3 ONONO)
n>711 3 4 4 2 5 3 @O 1 2 1

Table 5.1: Schur expansion of (s,—211#Sn—2,1), forn > 3.

We color the number red if it reaches the stable value and the circled numbers are where we
estimate the corresponding sequence of Heisenberg coefficients will stabilize using Corollary 5.2.2.
We can see that when n > 7, the Schur expansion of this degree component always has the
same Heisenberg coefficients in the Schur expansion, and the only difference is the first part of
the indexing partitions. The stabilization of the sequence of the lowest degree components of
Sp—2.1,175n—2.1 happens at n = 7 (using Theorem 5.1.4 with » = 1 and ¢ = 0, the stabilization

beginsatn =2+4+1+4+14+1+2=7). Whenn > 7, we have

(Sn—211%Sn—21)n = Sn + 3Sn—11 + 4Sp—22 + 48,211 + 25,33 + DSp_321 5.1)

+38,-31,1,1 + Sn—4,31 + Sn—422 + 28,4211+ Sp—41,1,1,1-

s byt 14y Ly byt

From Table 5.1, we can also see that different columns (i.e. sequences {h'{ﬁQ 11),(n—2 1)} for
different v) stabilize at different steps, we give an estimate for this in Corollary 5.2.2.
We also compute the second lowest degree component (5(1,1)[,1]#3(1)[“,1})”“ forn > 5, and

create a table (see Table 5.2 on the next page) for the result, where the coefficients are the coeffi-

cients in the expansion in the Schur basis, of, respectively (in this order):

Sn+15 S(n,1)5 S(n—1,2)) S(n—1,1,1)> S(n—2,3)» S(n—2,2,1)» S(n—2,1,1,1)» S(n—3,4)» S(n—3,3,1)» S(n—3,2,2)>
S$(n—3,2,1,1)» S(n—3,1,1,1,1)» S(n—4,5)» S(n—4,4,1) S(n—4,3,2)» S(n—4,3,1,1) S(n—4,2,2,1)» S(n—4,2,1,1,1),
S(n—4,1,1,1,1,1)y S(n—5,5,1)» S(n—>5,4,2)» S(n—>5,4,1,1)s S(n—>5,3,3) s 45(7175,3,2,1)7 S$(n—5,3,1,1,1)» S(n—5,2,2,2)

$(n—5,2,2,1,1)» S(n—5,2,1,1,1,1)
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This computation shows that the sequence of the second lowest degree components of s,,_9 1 175,21
stabilizes at n = 10 (using Theorem 5.1.4 with » = 1 and ¢ = 1, the stabilization begins at

n=2+14+1+1+3+2=10). Whenn > 10, we have

(Sn—211%Sn—21)n+1 = Sn+1 + TSn1 + 158p—12 + 175,111 + 155,93 + 345,221

+ 195,921,011 + 8834 + 278,331 + 185,322 +295,_3211

14ty

+10sp-31,1,11 + 28p—a5 + 105,441 + 125,432 + 16,4311
(5.2)

+ 12854221+ 10842111 + 28p-41,1,1,1,1 + Sn—551 + 25,542

+ 385411 + Sn—533 + 48,5321+ 35p—531,1,1 T Sn—5222

5Lyt

+ 28552211+ Sn—521,1,1,1-

To prove Theorem 5.1.4, we first prove a stability property of the Littlewood—Richardson co-

efficient.

Lemma 5.1.5. Ler \, i and v be partitions with |v| = |\ + |ul,

(1) If vy — vy > |A

(2)If iy — po > |\

+
14 _ aV
s then ¢ = cf .

+
4 _ 4
, then Cxp = X e

Proof. By Proposition 2.3.1, 017 P (o, B, and ~y are partitions) counts the number of semi-standard
skew tableaux of shape «/ and weight o whose row reading word is a lattice permutation. Let
T 5 be the set of these tableaux. We show that |7} | = ]Tj\’:rﬁ\

Note that 7% , = () unless ;1 C v, and p C v if and only if 4™ C v, hence it is enough to
consider the case ;1 C v. The skew diagrams v/p and v /™ differ only by a shift of the first row.
Since v; — vy > ||, the first row (may be empty) of v/ is disconnected from the rest of the skew
diagram, and similarly for v* /u ™. This gives us a natural bijection between Ty, and T/\V:ﬁ‘ Hence
T} ,| = T ,+|, and (1) is proved.

The proof of (2) is the same, as j1 — po > |\| also implies that the first row of v/p is discon-

nected from the rest of it. O]
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Remark 5.1.6. When A, i, and v do not satisfy the conditions in Lemma 5.1.5, the one unit shift
of the first row may fail to be a bijection between TK L and Tﬂﬁ‘ However, it is still a well-defined
injection from Tf’ . to T;’:ﬁ, which means ci u < CK:ﬁ. In other words, the sequence {CKZ(J’;‘()”)}
is weakly increasing and is constant when n is large.

Theorem 5.1.4 states that FStab({(s,\[n]#sM[n,r])n+t}n) = [N+ |p] + A1r 4+ p1 + 3t + 2r. We

first show that FStab({ (sxpm#Suin—r)nte }) < [Nl + [ + A+ 0 + 3t + 2, Le.

M=) = PXp1] uln—r+1) (5.3)

forallv - n+t+1whenn > |\ + |p| + A\ + p1 + 3t + 2r.
To prove (5.3), we express the Heisenberg coefficient in terms of the Littlewood-Richardson

coefficients and the Kronecker coefficients.
Lemma 5.1.7. For each v - |,

v A ) v
h)\,u = Z a8 Cgap 9.1 Cos Crp (5.4)

ata,pkFcThkn
B,m,dkb

where max(n,m) <l <n+m,a=1l—m,b=m-+n—1I,andc=1—n.

Proof. Consider the diagram (4.4) we used to define the Heisenberg product. Given partitions
A nand g - m, Vy®V, is a representation of S, X S, (= Sass X Sptc). We compute the

Heisenberg product of V) and V), in three steps.

(1)

/—\
SQXSbXSbXSC( Sa+b><8b+c = SnXSm
<2><J /
S, % Sp x_S.C Sutbie =S (5.5)

\/ﬂ’

Souip X So= Sy x S.

First, we restrict the representation from S,, x .S,, to .S, x Sy x Sy x S,
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Res§ (5ss,xs.(Va®@ V) = D Py &, Va @ V@V, @V (M
Brhpre
Second, pull back to S, x Sj x S, along the diagonal map of Sy. Fora - a,pF c,and ,nF b

we have,
Resg:aa (Va0 V3@ V,0V,) =P gh, Va® V0V, 2)
o-b

The final step is the induction from S, x Sy X S, to S,yp+c(= S;). Break this step into two

substeps as in (5.5). Given « - a, 6 - b, and p I ¢, we have:

Indgixsbxsc(va ® V;s ® V:O) = Indg@xsclndgﬁgsxsc(va ® ‘/;5 ® ‘/P) (3)

o T v
o @ a5 Crp 2

TEn
vkl

Combining (1), (2), and (3) together, gives

_ Sl SaXSbXSbXSC SnXSm
(Va @ V)i = Indg, 5, . 5. Resg g s " Resgl g gyxs. (Va © Vi)

o A " ) T v
- @ Ca.8 Cnp 98 Cos Crp &
ata,pkc,TEFn

B,mdEburEl
So for v [,
v A o 1) T v
Ap 2 : Ca,6 Cnp 98 Cas Crp
ata,pkFeTHEn
B,n,d+b
as claimed. U]

We set ¢f , = 0 when A, p, or v is not a partition. Then (5.4) holds for all sequences v with sum
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l. Applying (5.4), to prove (5.3), it is enough to show that, when n > ||+ |u| + Ay + pq + 3t + 27,

E An]  pln—r] 6 T v
Ca,5 Cnp 98m Cas Crp =

(a,8,m,p,0,7)ET
E { Aln+1]  plnt+l-r] 5 * v
Ca* 75* C,r]* 7p* gﬁ* 177* Ca*16* CT*?p*

(a* 75* 7’,7* 7p* 76* 7T*)6T*

(5.6)

forallv Fn+t+ 1, where

T = {(045777”0,5,7')|04|—T‘+t,,0|—t,7'l—n,ﬁ,n,cﬂ—n—r—t};
T* — {(a*,ﬁ*7n*7p*,5*77_*) | Ol*}_T—Ft,p*'_t,T*}_?’L—Fl,

gm0 Fn—r—t+1}.
Define f : T'—— Z>q and f* : T —— Z> as follows:
Aln n—r T v
f(%ﬁﬂ?y% 57 T) = CQEB} CZ,[p } gg’ﬂ] Ca,5 Crps

w( % ok %k % ok _x\ _ A[n+l] pulndl-r]  s* T* v
e, BEn, p* 0%, T") = e g Coe e G e Coesv Con i

Then Equation (5.6) becomes:

D fw)y= > frw). (5.7)

ueT u*eT*

Some terms in the sums of (5.7) vanish. Let us consider only the nonvanishing terms.

Let Ty = T~ f~1(0) and Tj = T* ~. f*~1(0), then (5.7) is equivalent to

Do)=Y frw). (5.8)

ueTy ureTy

Lemma 5.1.8. Whenn > || + |u| + A1 + w1 + 3t + 2r, the embedding o from T to T*:

ola, 8,n,p,60,7) = (a, 87,07, p, 67, 77)
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induces a map o|r, from Ty to T. Moreover, f|1, = f* o ¢|r,.

Proof. For all u = («a, B,m,p,0,7) € Ty, we show that 5, n, §, and 7 have large enough first
parts so that we can apply Proposition 5.1.2 and Lemma 5.1.5 to the Kronecker coefficients and
the Littlewood-Richardson coefficients appearing in the definition of f.

Since n > |A| + |p| + A1 + p + 3t + 2r, we have
Alnfi = Alnla =n = [A[ = A = |p[+ 1 +3t+2r Z 7+t (= o)
and
pln—rhi—pn —rla=n—r—|pf —p = A+ A +3t+7 21t (= p]).
Using Lemma 5.1.5 (1), we get

An] A[n+1]

_ pln—r] __ plntl-r]
Cog = Cop+ and ¢ =c

nt.p

As B C M), |B] < |\ <n—7r—tand (B); < A Similarly, we have |7| < |u| <n —r —t and
(77)1 < ju1. Since 3 and 7 are both partitions of n — 7 — t, they can be written as § = f[n — r — t]

and 1 = 7j[n — r — t] respectively. They both have large first parts. More specifically, we have
no—r =t > N ]+ M 26 > (B4 7]+ (B)+ ()1

By Proposition 5.1.2, we have
s _ 6t _ 8
918777 - gﬁ+»77+ - ggzﬁ.

From Proposition 5.1.3,

(0] + ()1 < [B + 7] + (B)r + (@)
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for otherwise ggm = 0, which implies that f(u) = 0, a contradiction. Hence,
6] = 01 + 02 < A+ |p| + A1+ g,
which gives us
M —0e>n—r—t—|\N—|pu =\ —pw >2t+r>|a

Applying Lemma 5.1.5 (2), we get

+
T T
Cas = Coa,é*’

Since ¢, 5 # 0, after Proposition 2.3.1, we have
Ty <d+|a] and 7 > 0.
So
T —Ta >0 — (da+af) 22t +7r—(r+t)=t=]|p|

Hence, by Lemma 5.1.5 (2), we get

CT,p = CT+,p'
So
f(au 57 m, P, 57 T) - f*<90<a7 67 m, P, 57 T))(% 0)7 (5.9
which means ¢(7y) C T and f|r, = f* o |- O

To show that ¢ is a bijection between 7 and 7], we construct a reverse map.

Lemma 5.1.9. When n > |\ + |p| + M\ + w1 + 3t + 2r, the map ¢ : (o, B,1m,p,0,7) —

(o, B7,m7, p,0=,77) is well-defined from Ty to Ty. Moreover, f*|r: = f o ¢.
Proof. Take u = («a, B,m,p,0,7) € T§, we first show that 5~, 1,6, and 7~ are partitions.
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Since f*(u) # 0, we get ciEgH] # 0. Applying Proposition 2.3.1, we must have 5 C A and

A[n + 1] — 81 < |al. Hence,
Bi—=PFa>(n+1—=[A o) =X 2> |p| +m+2t+7r+1> 1

So [~ is a partition. Similarly, we can show that n~ is a partition. Using Proposition 5.1.2 and

Proposition 5.1.3 as we did in the proof of Lemma 5.1.8, we see that §~ is a partition for
0 —0>2t4+r+1>1
As ¢, 5 # 0, we have 79 > 07 and 75 < d5 + |«|. This shows that 7~ is a partition because
Tm—T>0—(0a+|a])>t+1>1.

Then by the same argument as in the proof of Lemma 5.1.8, we can show that f*

7; = fo¢, which

implies that ¢(7;) C To. O

Proof of Theorem 5.1.4. Combining Lemma 5.1.8 and Lemma 5.1.9, we know ¢ is a bijection

between 7j and 7. With this and (5.9), we prove (5.8), and hence

FStab((s,\[n}#sy[n,r])n+t) < ’)\‘ + ‘,u‘ + A+ pg + 3t + 2r.

To prove that stabilization begins at |A| + |u| + A1 + p1 + 3t + 2r, it is enough to show that
there exists v - n + t with 1, = 15 (then v~ is not a partition) such that hi[n} ] # 0 when

n = |\ + |u| + A1 + p1 + 3t + 2r. We use the Formula (5.4) for hY | # 0 (replace A and v

A[n],p[n—r

by A[n] and p[n — r] respectively, and set [ = n + t), and take
a=(a)=(r+1t),p=(c) =),

B=An]—a=Mn—|A—7r—=t A, e,...) =(p| + M+ +2t+71 A, .0),
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n=pn—rl—p=@n—r—lu =t p,p,...)=(MN+M+pm+2+rm,...),

0= (5—|—ﬁ)[n—r—t] = (n—T—t—|B|—’ﬁ‘,52+772,ﬁ3—{—773,. ) = (/\1—|—[L1+2t+7“, )\1—{_:“17' : ')7
T = (51,52+ ]04],53,...) = ()\1—|—,ul—|—2t—|—7‘,/\1+u1+r+t,)\2+u2,...),
v=(m,m+pl,...) =M+ +2t+r, A+ p 26+, N+ po, ).

By the Pieri Rule, 1 = Ci{g] e cr.s = ¢, as a and p have only one part each. Since

6] = |B| + [7], we have Gy = g%ﬁ %ﬁ (note that § = 3 + 7)) which is also nonzero according

to Proposition 2.3.1.

S0 M) uin—r) 7 0and v = vy = A1 +Ao+2¢+r, this proves that n = |||+ +p+3t+2r
is where the stabilization begins. [

When n < |A| + |u| + A\ + w1 + 3t + 2r, following the same arguments as in the proof of
Lemma 5.1.8 (except for using Proposition 5.1.1 and Remark 5.1.6 instead of Proposition 5.1.2
and Lemma 5.1.5), we can show that the map ¢ in Lemma 5.1.8 induces an injection from 7 to

1§ with f|g, < f* o ¢|r,. This gives us the following corollary:

Corollary 5.1.10. Given three partitions )\, i, and v and two nonnegative integers r and t, the

hu[n—i—t]

sequence { Al aln—r]

} is weakly increasing.
n

5.2 Stable Heisenberg Coefficients

Given partitions A, p, and v, Theorem 5.1.4 tells us that the sequence {h”+(n) } is
Atm)opt+(n) [

eventually constant. We write EK, ,, for that constant value, and call it a stable Heisenberg coeffi-

cient. Stable Heisenberg coefficients generalize reduced Kronecker coefficients. By the way we

define a stable Heisenberg coefficient, we have

Ef\’ u= hii% u+(n)» for all nonnegative integers n.
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The reason we restrict n to be a nonnegative integer is that A + (n), u + (n), and v + (n) need to

be partitions. But we can drop this restriction and extend the definition by setting

E::EZ;W(H) = EK’#, for all nonnegative integers n.
We call a finite integer sequence o = (v, g, . . ., ) an h-partition if ag > a3 > -+ > a3 > 0.

A stable Heisenberg coefficient, in the new definition, is indexed by three h-partitions, and
EV . EV+(n) f i
ap = P (n) ptn), for all integers n.

where A, i, and v are h-partitions.

Murnaghan [3] pointed out that the reduced Kronecker coefficients determine the Kronecker
product. Briand et al. [15, Theorem 1.1] gave an exact formula to recover the Kronecker coef-
ficients from the reduced ones, and Bowman et al. [27] interpreted this formula in terms of the
representation theory of the partition algebra. Analogously, the stable Heisenberg coefficients also
determine the Heisenberg product, even for small values of n. This can be proved using vertex
operators on symmetric functions, and the idea of the proof is the same as the proof of the stability
of the Kronecker product in [17]. We prove this in Appendix B.

Consider the lowest degree component of s 1 14521 as an example. Let n = 4, then (5.1) gives

(S21.1#S21)a = Sa + 3831 + 4S22 + 48011 + 2813 + Ds121 (5.10)

+ 351,111 + 8031 + So022 + 250211 + S0,1,1,1,1-

IR ] sLststy

We use the Jacobi-Trudi determinant (2.23) as the definition of Schur functions. We no longer

require A to be a partition, and A can be any finite integer sequence. Then (2.23) gives us 0 or £1
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times some Schur function. Applying (2.23) to the right hand side of (5.10), we have

$1,3 = —S2,2, S031 = —S2,1,1, S0.2,1,1 = —S1,1,1,1, and

1<ty

$1,2,1 = 50,2,2 = S0,1,1,1,1 — 0.

So (5.10) gives us

(S2,1,17S21)a = Sa+ 3831 + 2522+ 35211 + S1.1.1.1,

byt

which coincides with the result we had in Section 5.1. This example shows the process to recover
the Heisenberg coefficients from the stable ones. The following theorem generalizes the formula

in [15, Theorem 1.1], and recovers the Kronecker coefficient as a special case.

Theorem 5.2.1. Let A, i, and v be partitions with |v| > |A| > |u|, then
Afv|= A=l o
SR D O ) By (5.11)
i=1
where V' = (1 — i+ 1,0+ 1o+ 1,. .., 01 + 1, Vig1, Viga, - . - )-
Consider an example. From the example we computed in Section 5.1, we know that hgﬁ?l),(ll) =
2. On the other hand, using the Formula (5.11), we have
(272) _ _(272) _(173) _(_273a3)
h(2,1,1),(2,1) = hi11),21) ~ Peiey T eie) (5.12)

+(-3,3,3,1)
- h(2,1,1),(2,1) +o

From (5.1), we have

—(2,2) -—(1,3)
h(2,1,1),(2,1) =4, h(2,1,1),(2,1) = 2,

and

hgﬁ?l),(m) =0, when ¢ > 3.
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So (5.12) gives us

(2,2) _ —
h(2,1,1),(2,1) =4-2=2

Proof of Theorem 5.2.1. From Theorem 5.1.4, we know that when n > |\| + || + Ao + pg +

3(lv] = |Al) + 2(JA| = |i|) — |A], the Heisenberg coefficients of (s (n)#S,+(n) Jn+t | Stabilize, i.e.

(3)\+ #S;H- )n—HV\: Z hiy n),u+(n)S

THn+|v|

= Z h)\—i-(n )ut(n) ST

TEn+|y|

- Z E;;(n)sT.

TEn+|y|

So

—7—(n)
(At = Y Py Se—u. (5.13)

TEn+|y|

To get hf , from (5.13), we determine which s;_(,)’s would give us +s,. Suppose the length
of 7 is [. From the Jacobi-Trudi formula, we know that s._(,) = +s, if and only if the length of v
isatmost [ and (11 — n, 72, 73,...,7) + ([ — 1,1 — 2,...,0) is a permutation of (vy,vs,...,v;) +

(I —1,1—2,...,0). This happens when there is an i (1 < ¢ < [) such that
n—n+{l-1)=vy+1—1,

P =t (=), =234, i
+{l=jd)=vi+(1—j), j=i+1Li+2,...,1,

which is equivalent to

7 —(n) =",

56



and when this happens,

Sr—(n) = (—1)1'7181,.

So the coefficient of s, in (sx#s,,) | is
R
W, =) (=1)7'hy,. (5.14)

Take n = 3|v| — |A| — |p| > [A + |7 + Ao + 2 + 3(Jv| — |A]) + 2(]A] — |g]) — |A] since

I < |t| =n+ |v|, (5.4) can be written as

A= |Al=[ul

ot
W Z (=1 1h>\7u'

i=1
[

hu[nth}

Now we use Theorem 5.1 to estimate when { Al uln—r]

} stabilizes for given partitions A, y,
n

and v and nonnegative integers  and ¢.

Corollary 5.2.2. The sequence of Heisenberg coefficients {hi%zr;][n_r]} stabilizes when n >
’ n>0
UM+l + v+ X4+ — 1) +r + 2
Proof. Formula (5.11) gives us
2n+-4t+r [ +t]
vn+] i_17vIn
Py - = Z (=) hp s> (5.15)

i=1

—v[n+t]f?

vn+t]
S0 i3y Aln] ln—r]

Aln] ] reaches the stable value when A = 0 for all ¢« > 2. By Theorem 5.1.4,

{(SA[H]#S#[H_T])nH}nzO stabilizes at n = || + || + A1 + g1 + 3t + 2r =: m, so

—v[n+t]t - n+t]T7 +(m—n)

_ _yv[n+t) i+ (m—n)
Aln],pu[n—r] h)\ plm—r] - h)\

[m],u[m—r]

57



Since for 7 > 2, we have

V[n—l—t]h—i—(m—n) :<Vi,1—i+1,n+t—’V|+1,V1+1,...,V,L',2+1,Vi,Vi+1,...)
+ (m —n)

=i —t+1l+m—-nn+t—|v|+Lnn+1,...,vio+1v,...).

Whenn > (A + |u] + [v| + M + 1 + 11 — 1) + ¢ + 7, we have

n+t—|v|+1>v 1 —i+1+m—mn, forall > 2.

i —n
So h;[n-‘y—t] +(m—n)

mlpfm—r] 0 for all 7 > 2, which proves the corollary. n

We go back to Table 1 and compute the lower bound for the stabilization of each column using
Corollary 5.2.2. We circle the number corresponding to those lower bounds. We can see that, in

this case, the lower bounds are the places where the stabilizations of the Heisenberg coefficients

n—3,3) h(n—3,2,1) and h n—4,1,1,1,1)

begin, except for h (n—2.1 1) (n—2,1)* Mn—2.11),(n—2,1)* (n—2.1,1),(n—2,1)*

5.3 Generalized Stability

Stembridge [4] vastly generalized Murnaghan’s stability notion by introducing the concept of

a stable triple.

Definition 5.3.1. A triple («, 3,7) of partitions of the same size with g5 > 0 is a K-triple.

It is K-stable if, for any other triple of partitions (A, u,v) with |A\| = |u| = |v|, the sequence

Ana }

it wtny S pso 18 eventually constant.

Thus, Murnaghan showed that ((1), (1), (1)) is K-stable. Stembridge conjectured a characteri-

zation for K-stability and he proved its necessity. Sam and Snowden [5] proved the sufficiency.
Proposition 5.3.2. A K-triple (v, 8,7) is K-stable if and only if g5, = 1 for all n > 0.

Sam and Snowden [5] also proved an analogous result for Littlewood—Richardson coefficients,

which can also be deduced from some earlier work (see [5, Remark 4.7]).
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Definition 5.3.3. A triple (a, 3,7) of partitions with |a| = |3| + |y| and c§ | > 0 is an LR-triple.

It is LR-stable if, for any other triple of partitions (\, y, ) with |A\| = |u| + |v|, the sequence

{C)\+na

pinB4ne § s 1S €ventually constant,

Proposition 5.3.4 ([5] Theorem 4.6). The following are equivalent for an LR-triple («, 3,7),
(a) (a,f3,7) is LR-stable.
(b) 5, =1
(¢) Cpfny, = Lforalln > 0.

Remark 5.3.5. Sam and Snowden [5] did not require cgﬁ > (), which should be added. For exam-

A+na

G Jiny ) is eventually zero.

ple, when £ is not contained in «, we have that cg’ﬁY = 0and {c

In Section 5.1, we showed that Heisenberg coefficients stabilize in low degrees, which is analo-
gous to Murnaghan’s stability result. It is worthwhile trying to also generalize stability for Heisen-

berg coefficients.

Definition 5.3.6. A triple (o, 3, ) of partitions with max{|f], |y|} < |a| <[]+ |y and h§_ > 0
is an H-triple. It is H-stable if, for any other triple of partitions (\, i, v) with max{|y|, |v|} <

AL < |pl + |v], the sequence {h;175 .}, ., is eventually constant.

Our result in Section 5.1 is that ((1), (1), (1)) is an H-stable triple.
We show that the K-stable triples and LR-stable triples are H-stable. As in Section 5.1, we

begin with a stability result for Littlewood—Richardson coefficients.

Lemma 5.3.7. Given partitions \, y, v, o, and a positive integer n > |u| with |\ +na| = |u|+ |v|
and v C A\ + na, then
(1) v — (n— |u|)a is a partition.

Ana . A(n+ha

(2) When n is large, we have ¢, 7" = ¢, o
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Proof. For part (1), we first show that (n — |u|)ae C v. It is enough to prove that ((n — |u|)a); < v;
for all i. When p = (0) (empty partition) or o; = 0, this is trivially true. We consider the nontrivial
case. Since

ul = A +nal = [v| = (A +na); — v,

we have

vi 2 (At na) —[ul = na; —|uf = (n = |p)ai + [pl(e; = 1) = ((n = |pu[)a)s.

We then show that v — (n — |u|)« is a partition. To see this, it suffices to show that

(v (n = luha); > (v — (n— |u))a)s1, forall i

that is,

v, — Vi—i—l Z (n — |[,L|)(O[Z — ai—i—l)- (516)

This is obviously true when o; = ;1. If @; > 441, note that v; > \; + na; — || and vy <

Aitr1 + noyyq, we have

Vi — Vig1 > Ni + 1o — |p] — (Mg + naia) > nog — ain) — [

> (n —[ul) (i — @ip).

So (5.16) holds, and we have proved part (1).
Part (2) follows from part (1) and Proposition 5.3.4, as ( «, (0), « ) is LR-stable. O

Similarly, we have the following result:

Lemma 5.3.8. Given partitions \, 11, v, o, and an positive integer n > ||, with |\| = |u|+|v+na/|

and v + na C ), then

(1) X — (n —|p|)a is a partition.
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. by Mo
(2) When n is large, we have c;, ,, , ., = Chrvt(ntl)a”

Remark 5.3.9. Proposition 5.3.4 does not give a lower bound for what large means for n in part (2)
of Lemma 5.3.7. However, it is not hard to see that when n > 2|u|, the connected components of
the skew shapes (A + na)/v and (A + (n + 1)a) /(v + «) are the same except for some horizontal

shifts. The Littlewood—Richardson rule then implies that ¢}ne = ¢\t (e

= Cuyta - Similarly, for Lemma

5.3.8 (2), n > 2|u| is enough to guarantee the stability.
Theorem 5.3.10. A K-stable triple is H-stable.

Let («, 5,7) with o, 8,7 F s > 0 be K-stable. Suppose A, 1, and v are partitions with A - p, u g,

and v F r and max{q,7} < p < ¢+ r. Theorem 5.3.10 states that the sequence {h) "% . 1 is

eventually constant. According to Proposition 5.1.7, we have

AMna o pu+nB  v4ny 68 T Mna
WaxnBwiny = D Cen Cnp Yom Ces Crp (5.17)

Kn

where

Ky ={(0,n,p,0,7) | 0,06 (g+r—p)+ns, §€EPp—1, pEPp—q, TEq+ns}
Define f,, : K,, — Z> as follows:

fnl&,0,m,p,0,7) = cg;"ﬁ e ggm CEs cf_;"a (the summands in (5.17)). (5.18)

Some terms in the sum of (5.17) vanish. Let us consider only the nonvanishing terms. Let K? =

K, ~ f.1(0). To prove Theorem 5.3.10, it is enough to prove

Sofaw)= > fan(u) (5.19)

0 0
ueKn uEKn+l

for n sufficiently large.
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We have a natural embedding ¢,, : K,, — K11,

on(§,0,m,p,0,7) = (&,0+B,n+7,p0+a,7+a).

We show that when n is large, ,, induces a bijection between K and K}, | with f,, = f,,11 0 ©,.
From the definition of K-stability, we know that there exists a positive integer N, such that for all
n > N, we have

e+ et (n+l)a
g§+2%777+n’7 o gC-‘r(n-i—l)B,w-‘r(n-i—l)’y’ (5.20)

foralle,(,mEq+r—p—+ (2p—q—r)s.

Lemma 5.3.11. Whenn > N + 3p — q — 2r, @,|go: K. — K9, is a well-defined bijection.

Moreover, fy|ko = fat1 0 @nlKo.

Proof. Take any u = (£,0,7,p,0,7) € K?. Since f(u) # 0, we have c’gj,‘”ﬁ #0.S060 C pu+np.

According to Lemma 5.3.7 and Remark 5.3.9, we know that § — (n — p + r)/3 is a partition of
(g+7r—p)+ (p—r)sand cgnﬁ = ngi%ﬂ)ﬁ' Similarly, we can show that n — (n — p + ¢)7,

T—(n—p+q)a,and 6 — (n — 2p + q + r)« are partitions, and

viny _ vty Ana . At(ndla - rta

Cop T Cnpty v Crp T Crtap 0 Ces T Cestar

Since ¢, 0, and 7 can be written as
d=0+Mn-2p+q+r)a, 0=0+Mn—-2p+q+7)B, n=n"+n-2p+q+71)y

for some partitions ¢', 0, and 1’ of (¢ +r — p) + (2p — ¢ — r)s. From (5.20), we have

0 _ I+«
Inp = In+B,04+v"

Hence, fo41(pn(u)) = fu(u)(# 0). So ¢,|ko is a well-defined embedding from K7 into K7, ;.

To construct the inverse map, we consider 1,41 (£, 0,1, p,0,7) = (£,0 — B,n—,p, 0 —a, T — ).

62



Nearly the same arguments show that the inverse map induces an injection from K, to K. So

©n|ko is a bijection. -
Proof of Theorem 5.3.10. Applying Lemma 5.3.11, we prove (5.19), hence Theorem 5.3.10. [

Theorem 5.3.10 shows that some Heisenberg coefficients in low degree components stabilize.

Our next result gives a stability result for the relatively high degree components.
Theorem 5.3.12. LR-stable triples are H-stable.

The idea of the proof is the same (without using stability of Kronecker coefficients) as the proof
for Theorem 5.3.10. Given an LR-stable triple («, 3,v) with « - a + b, 5 + a, and v b, and
partitions A - p, u - ¢, and v = r with max{q,r} < p < ¢+ r. We define f] : LR,, — Z>¢ as
follows:

+n v+n 1 T A+na
ﬂz(f}eﬂ%p, (57 T) - CZ@ d an, g 99777 C&(g CT; . (521)

where
LRn:{(£767n7p7577—) | 877776|_ <Q+T_p)7 £|_p_r+na’7 pl_p_Q+nb7 Tl_q+na’}

Applying Proposition 5.1.7, Theorem 5.3.12 states that

Yo ofw= Y fiaw (5.22)

u€LRY, u€LRY

for all large n, where LR® = LR, ~. f'-'(0).

Proof of Theorem 5.3.12. Consider the map ¢,, : LR, — LR, 1,

O (&,0,n,p,6,7) = (§+ B,0,n,p+ 7,6, 7+ ).

Using Lemma 5.3.7, Lemma 5.3.8, and the same idea in the proof of Lemma 5.3.11, it follows that

fi = fi.1 0 ¢, on LRY when n is large, and it is not hard to see that ¢, is a bijection between
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LRY and LR . So (5.22) is true, and hence we prove the theorem. [l

n

Proposition 5.3.2 and Proposition 5.3.4 (3) have a similar form. A natural question is whether
the necessary and sufficient condition for being an H-stable triple has the same form. The answer

is yes, and Pelletier [28, Theorem 3.6] proved the following direction.
Proposition 5.3.13. An H-triple (o, 3,7) is H-stable if hyg . = 1 for all n > 0.

Remark 5.3.14. By Propositions 5.3.2 and 5.3.4, Proposition 5.3.13 also shows that K-stable triples

and LR-stable triples are H-stable.

We prove the reverse direction and complete the characterization of H-stability using the mono-
tonicity of Heisenberg coefficients. This is deduced from the monotonicity of Littlewood—Richardson
coefficients and Kronecker coefficients. We start with the monotonicity of Kronecker coefficients.

Stembridge [17] proved the following for Kronecker coefficients.

Proposition 5.3.15. Let (o, 3,7) be a K-triple. Then

Ana

B +nv} is weakly increasing for any partitions \, i, and v with the same

(1) the sequence { g

size.

(2) ifg5., > 2, then g5, > n+ 1

Using the hive model of Littlewood-Richardson coefficients (see [8, 9]), we prove an analogous

result for Littlewood-Richardson coefficients.

Proposition 5.3.16. Let («, 3,) be an LR-triple. Then

A+na

B +m} is weakly increasing for any partitions \, i, and v with |\| =

(1) the sequence {c

|1l + v,

(2) ifc/‘g{7 > 2, then c’"‘g’m >n+ 1.

n -

Proof. We follow the notation used for hives in [9, Section 4]. Let & be a positive integer larger than
the lengths of \, u, v, a, 3, and . We define (coordinatewise) addition and scalar multiplication

on hives (as what we do for vectors and matrices).
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Ao

For (1), it suffices to show ¢;, , < ¢,15 .,

. Since ¢, > 1, there exists ahive A € Hy(a, 3,7).

Then the map: ¢ : Hy(A\, p, v) = H(A+ o, u+ B, v +7)
(@) =0+A

where © € H (A, u, v), gives a well-defined injection. So (1) is proved.

For (2), we have two different hives A; and A, in Hy(«, 8, 7) as §., > 2. Then iA1+(n—1i)Ay

n

(0 <4 < n) give n + 1 different hives in Hy.(na, nf3,nv),so g, > n+ 1. ]
Propositions 5.1.7, 5.3.15, and 5.3.16 together imply the following:
Proposition 5.3.17. Let (o, 3,7) be a H-triple. Then

(1) the sequence {hgjggy +m} is weakly increasing for any partitions \, p, and v with max{|u|, |v|} <

AL < [ul + [
(2) ifhg., > 2 then hyg ., > n+ 1.

Proof. For (1), itis enough to show hﬁyy < hﬁig,u e Since h;7 > (, by Formula (5.4), there exists
a sextuple (£, 6,7, p,d, T) of partitions with appropriate sizes such that C?ﬁ o ggm cis Cr, > 0.
The triples appearing in the coefficients on the left hand side are LR-triples or K-triples. As in the

proof of Theorems 5.3.10 and 5.3.12, applying Proposition 5.1.7, we write

A A+ _
T AR Sy

u€eA u' €N’

where A and A’ are sets of sextuples of partitions with appropriate sizes, f, and f], are the
summands given by the sextuples u and u’. We view the sextuples as vectors whose coordi-
nates are partitions, so we may define addition and scalar multiplication for them. The map
u — u+ (&0,n,p,6,7) = u embeds A into A’. From Proposition 5.3.15 and Proposition
5.3.16, we know that f,, < f!,, so (1) is proved.

For (2), if hg,7 > 2, then there are two possibilities.
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Case 1. There exists a sextuple (£,6,7,p,d,7) of partitions with appropriate sizes such that
cg@ o g‘gm ¢¢s ¢r, = 2. So all the five coefficients on the left hand side are positive and at
least one of them is at least 2. From Formula (5.4), Propositions 5.3.15 and 5.3.16, we have

na np ny nT
h nB,ny — cn§ nb Cnnnp gnenn Cnfn(S CnTnp Z n+ 1.

Case 2. Two distinct sextuples uv = (£,0,1,p,0,7) and v = (&,0", 0, p/,d',7') give positive
summands for A% .. Then iu + (n —i)u’ (1 < i < n) gives n + 1 different sextuples, and due
>n+ 1.

to Propositions 5.3.15 and 5.3.16, they all give positive summands for A% . so h'G

nB,ny’ nB,ny

Hence, we prove the proposition. [
Combining Proposition 5.3.13 and 5.3.17, we achieve the main theorem of this thesis.

Theorem 5.3.18. An H-triple («, 3,7) is H-stable if and only if hI'% . = 1 for all n > 0.

nB,ny
5.4 Additive Matrices

Manivel [29] and Vallejo [6] used additive matrices to produce examples of K-stable triples.
We first recall some definitions and results concerning additive matrices, then we give an analogous

result for H-stable triples.
Definition 5.4.1. A p x ¢ matrix A = (a; ;) with nonnegative integer entries is called K-additive
if there exist real numbers x;, x2, ..., Zp, Y1, Y2, - - -, Yg, such that

Qi > Qg == T; T Y; > T+ Y

forall i, k € [p] and 4,1 € [q].

Recall that in Section 4.2, we define M(f3, ), to be the set of nonnegative integer matrices
with row-sum (resp. column-sum) vector /3 (resp. ) and w-sequence «, where (3 and  are (weak)

compositions of some n and « is a partition of n.
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Proposition 5.4.2 ([6] Theorem 1.1). Let o, 3, and vy be partitions of the same size. If there is a

matrix A € M(B,7)a which is K-additive, then («, [3,7) is K-stable.

Moreover, Manivel [29, Section 5.3] showed that each K-additive matrix defines a regular face of
the corresponding Kronecker polyhedron, of minimal dimension.

One of the most important steps in Vallejo’s proof of Proposition 5.4.2 is is the Proposition
4.2.2. We introduce H-additive matrices and use Proposition 4.3.4 to show that each H-additive

matrix gives an H-stable triple.

Definition 5.4.3. A (p + 1) x (¢ + 1) matrix A = (a;;) with nonnegative integer entries and
a1 = 01s called H-additive if there exist real numbers x; = 0,2, ..., ZTpi1, %1 = 0,92, .. ., Yg+1,
such that

Q5 > Ak == T; +Yj > Tk + Y
forall (i, 1), (k,1) € [p+ 1] x [g+ 1] ~ {(1, 1)},

With this definition, the matrix in Example 4.3.3 is H-additive (consider setting zo = yo =
0,21 =1,20 = —1,y; = 1,95 = 3, y3 = —2). Recall that in Section 4.3, for (weak) compositions
« and 3, and a partition -y, we define H(«, ), to be the set of nonnegative integer matrices with
zero at the top left corner, row-sum vector (ignoring the first row) «, column-sum vector (ignoring

the first column) (3, and m—sequence 7.

Theorem 5.4.4. Let o, 3, and vy be partitions with max{|3|,|v|} < |a| < |B| + |y|. If there is a

matrix A € H(5,7) which is H-additive, then («, [3,7) is H-stable.

Remark 5.4.5. Theorem 5.4.4 is equivalent to Proposition 5.4.2 if || = || = |y|. The only

LR-stable triples it can produce are in the form (8 U, 3, ). It is not hard to see c’gfﬁ =

The proof for Theorem 5.4.4 is similar to Onn and Vallejo’s proof [6, 30] for Proposition 5.4.2
with some changes, as we are looking at slightly different matrices. Consequently, we only give a

sketch.
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We first recall some basic notions, many introduced in [6, 30], which will be used in our
proof. We move away from integers for a while and work with real numbers. For a vector a =
(ay,as,...,a,) € R™, we denote by 7(a) the vector formed by the entries of a arranged in weakly

decreasing order. We say that a is dominated by b (both are vectors in R™), written as a < b, if

m m k
Zai = Zbi and Zﬂ(a)i < Zﬂ'(b)i, forall k € [m].
i=1 i=1 i=1 ;

=1

If a < b and 7(a) # 7(b), then we write a < b. In particular, when a and b are partitions of some
integer n, then < coincides with the dominance ordering <, for partitions.
For a permutation p € S,,, we set a, := (ap1), Ap(2), - - -, Gp(m)). The permutohedron deter-

mined by a is the convex hull of the vectors of the form a,:
P(a) =conv{a,|p € Sy}

Proposition 5.4.6 (Rado [31]). P(a) = {x e R"|x < a}.

Suppose « and [ are two finite sequences of real numbers whose lengths are p and ¢ respec-
tively. Recall that in Section 4.3, for (weak) compositions « and 3, we define F(«, 3) to be
the set of matrices with real entries, zero at the top left corner, row-sum vector (ignoring the
first row) a and column-sum vector (ignoring the first column) 5. We consider the linear map

¢ Flo, f) — RpaHPHa,

(I)(A) = (a1,27 A1,3,---,01,g+1,021,022, -+, A2 g415 - - -, Ap4+1,1, Ap4-1,2, ap—l—l,q—l—l)y

where A = (a;;) € F(a, ). Amatrix A € F(c, () is real-minimal if there is no other matrix B €
F(a, B) such that 7(B) < m(A). Real-minimality has the following equivalent interpretations.
Proposition 5.4.7. Let A € F(«, 3). The following are equivalent:

(1) Ais real-minimal.
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(2) P(®(A)) N&(F(a, B)) = {B(A)}.

(3) there exists a hyperplane H C RPTP*4 containing ®(F («, 3)) such that

P(®(A)NH={P(A)}.

See [30, Section 5] for the proof of this proposition. Although the matrices we are working with

are different, the proof still applies.

Proposition 5.4.8. Let A € F(«,3), a = ®(A). Then A is real-minimal if and only if there is

some vector n € RPITPT4 sych that
(1) n is orthogonal to ®(F(a, 3)).

(2) For each transposition 0 = (s s+1) € Sp,yp+q SUch that as # a1, one has (n,ca —a) >
0.
Remark 5.4.9. The second condition is equivalentto (n,x —a) > 0 forall x € P(a),x # a.

Again, one can use the proof in [30, Proposition 6.1] to prove this. The definition of H-additivity
can be extended naturally to matrices with real entries, and we next show that real-minimality is

equivalent to H-additivity for real matrices.
Theorem 5.4.10. Let A € F(«, ). Then A is real-minimal if and only if A is H-additive.

Following Onn and Vallejo [30], we first construct a matrix. Let M = (m; ;) be a (p+ q) x (pq +

p + ¢) matrix with

, if1<i<pand i(g+1)<j<qg+i(qg+1);
mij =4 1, if p+1<i<p+4+gqand j=s—p+k(g+1), forsome 0 <k < p;

0, otherwise.
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For example, if p = 2 and ¢ = 3, then

0001111000 0O0
0000O0OO0OO0O1T1T11
M=[10001000100
01 0001O0O0O0T10Q0

Letry,ry, ..., r,y, be the rows of M. From the definition of M, it is obvious that these p + ¢
vectors are linearly independent. The set ®(F(a, )) is exactly the set of (transpose of) solutions
of the following matrix equation:

Mx =y

wherey = (v, ..., ap, b1,...,5,) Foravectorz = (zo,...2p11, Y2, .., Yg+1), We have

zM = O((z; + yj)(i,j)e{pﬂ]x[qﬂl)»

where we set x1 = y; = 0.

Proof of Theorem 5.4.10. Suppose A € F(a, ) is real-minimal, then there exists a vector n €
RPIHPH4 gatisfying the two conditions in Proposition 5.4.8. Since n is orthogonal to ®(F(a, §)), n

must be in the row space of M. So there are unique numbers s, ..., Tpi11,Y2, - - -, Yg+1 such that

TN = Zoly A A Tpalp + Yolpir + 0 F Ygi P

Letz = (%a,...Zp41, Y1, - - -, Ygt1), then —n = zM = —®((x; + y;)). Following the arguments in

[30, Theorem 6.2] proves this theorem. O

From Proposition 5.4.6, 5.4.7, and Theorem 5.4.10, we have
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Corollary 5.4.11. Let A € F(«, 5). Then A is H-additive if and only if
P(r(A)) N ®(F(a, 8)) = {D(A)}.
Vallejo showed that the Kronecker coefficient indexed by the K-triple produced by a K-additive

matrix is 1.

Lemma 5.4.12 ([32] Corollary 4.2). Let A € M(5,7). be K-additive where «, (3, and ~ are

partitions with the same size, then gg ., = 1.
The same is true for Heisenberg coefficients and H-additive matrices.

Lemma 5.4.13. Let A € H(S3, ) be H-additive, where o, (3, and ~y are partitions with max{ |3, |y|} <

Al < 1Bl + Iy

, then hga7 =1.

Proof. We first show that h > 1. Suppose 8 = (81,82, .-, 8p), ¥ = (71,72, -, 7). Since
A = (a;;) is additive, then there exists real numbers z;’s and y;’s (¢ € [p+1] and j € [g+1]) satisfy
the condition in Definition 5.4.3. After permuting rows and columns if necessary, we may assume
Tg > X3 > -+ > Tpyg and yo > y3 > -+ > y,4q. By H-additivity, this assumption implies that
a;; > a; 41 foralll <o <p+1,2<j<gqganda;; > a1 forall2 <i<p,1<75<g+1. Set
BY = (ag1, a3, aps11) » 7YY = (a12,a13, .- -, a1411), B? = B — BWY, and /P =y — 41,

then these four are all partitions and, by the Littlewood—Richardson rule, we have

p _ D _
Csm) g = C ) 42 = L. (5.23)

Let A be the the submatrix of A obtained by removing the first row, and A® be the submatrix
of AW obtained by removing the first column. We set a(!) = 7(A®Y) and a® = 7(A®). From
Remark 5.4.5, we have

0
a0 = Ca0) 0@ = 1, (5.24)

as @ = YD Ua® and oM = M U a?. Note that A® € M(B?,7?) ) is K-additive, so, due
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to Lemma 5.4.12, we have

a®
95 = 1. (5.25)

Using Proposition 5.1.7 and Equations (5.23), (5.24), and (5.25), we have hgﬁ > 1.

On the other hand, using Equation (2.38) and properties of Kostka numbers, we have

,ny <56#5775a> <h5#h%5a = Z hz A)vsa
AEH(Byy)

= () [H(B,Y)slhs  sa) Z > IH(B,Y)sl Ko se s 5a) (5.26)
)

€=0

= Z |%(67 7)5‘[((1,5

o<«

Since A € H(B, 7). is H-additive, according to Corollary 5.4.11, we have

Pla) N O(H(B,7)) = {2(A)}.

Hence, it follows that |H(5,v)s| = 0 for all § < «, and [H(3,7)| = 1. Equation (5.26) shows

that hg7 < 1, and proves the lemma. O]

Proof of Theorem 5.4.4. If a matrix A is H-additive, then nA is H-additive. Consequently, by
Lemma 5.4.13, "% =1 for all n > 0. By Proposition 5.3.13, («, 3, ) is H-stable. m

nB,ny

Remark 5.4.14. One may prove Theorem 5.4.4 without using Proposition 5.3.13. See [6, Section
5], and the proof there applies here. Also, as in [30, Theorem 7.1], given a rational matrix A with

zero at the top left corner, it can be decided in polynomial time whether A is H-additive.
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6. CONCLUSION

In general, we expect that Heisenberg coefficients share some properties which Littlewood—
Richardson coefficients and Kronecker coefficients have. The rectangular symmetry showed in
Chapter 4 and the classic/generalized stability results in Chapter 5 are examples of this. There are
some other directions we can try.

There are also combinatorial formulas for the Kronecker product of two Schur functions when
one of the index partitions is a hook shape partition or is a two row partition. Can we find combina-
torial formulas for the Heisenberg product s, #s, when p is a hook shape partition or a two-rows
partition? Formula (5.4) suggests that this is possible.

People have studied the Littlewood—Richardson cone and the Kronecker cone, and they showed
that the Littlewood—Richardson coefficient and the Kronecker coefficient have polynomiality [33,
34] and quasi-polynomiality [29] respectively. We can try to verify that whether the Heisenberg
coefficient have quasi-polynomiality.

The triples of partitions of nonvanishing Heisenberg coefficients form a semigroup, which
suggests us considering the cone, called Heisenberg cone, generated those triples. People already
studied and had some results about the Littlewood—Richardson cone and the Kronecker cone, and
these two cones sit naturally inside the Heisenberg cone. It would be interesting to explore relations

among the three cones.
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APPENDIX A

PROOF OF THE ASSOCIATIVITY OF THE HEISENBERG PRODUCT

In this appendix, we prove the associativity of the Heisenberg product using representation
theory.

We study three types of double cosets. We start with the double cosets of Young subgroups.
Let o« = (a1,a9,...,qq) and 5 = (B1, s, ..., Bm) be two (weak) compositions of n. For each

o € S,, we getan [ X m matrix A = (a;;) of nonnegative integers, where

ai; = {ar+- a1+ 1, . a0+ Fa fNo{fi+ B+ 1, Bt 6 (AL

It is not hard to check that A € M(«, ().

Proposition A.0.1. (Young subgroup double coset theorem) Let o and 3 be two compositions of

n. The map o — (a;;) given by (A.1) induces a bijection from the set of double cosets S,0Sg to

M(a, B).

For a proof, see [35]. In particular, when | = m = 2, the Young subgroups S, and Sz can be

written as S, = 5; X S,_; and Sg = S; X S,_;, and the element in M(«, /) has the form

a ()
7 (A.2)
j—a n—i—j+a

where max{0,7 + j — n} < a < min{i, j}. Let o, € S,, be one of the elements (for this element

see [36, Chapter 5]) corresponding to the matrix in (A.2), such that

Sﬁ N a(;lSaaa = Sa X ija X Sifa X SnfifjJra (A3)

045830, NSy = SuX SitaXSjaXSnijra (A.4)
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Let T, := S, X Si—q X Sj_q X Sp—i_j+a, then T, is a subgroup of S, and it can also be viewed as
a subgroup of Sz by switching the middle two factors S;_, and S;_,. Combining (A.3) and (A.4)

and applying Mackey’s Decomposition Theorem, we get
s
Resg Indg” = €P) Indj? Res;” . (A.5)

To visualize this, we consider the diagram

SXSTL]\ /SXSHZ (A6)

Sa X Si—a X Sj—q¢ X Sp—i—jta

\/

The left hand side of (A.5) follows the blue arrows and the right hand side follows the red arrows.

Another type of double coset is the following. Let o F n, then S, x 5, is a subgroup of S, X .S,,.
Note that 5, can also be viewed as a subgroup of .S,, x S, along the diagonal map, and it is not
hard to show that S, - (S, X S,,) = S, X S,,. S0.5,\ Sy, X S, / Sa X Sy, has only one double coset.
Choosing the identity element to be the representative of the double coset and applying Mackey’s

Decomposition Theorem, we get
SnXSn SnXSn Sn SaXSn
Resg" Indg"l's" = Indg” Resg® . (A.7)

where the two restrictions in the above equations are the pull backs of the diagonal maps. Similarly,

we can show that

a+b><sc><sa+b+c a+b><Sc><Sa+b+c Sa+b><sc SGXSbXSCXSa+b+c
Resg™" s, Indg s S axs, . = Indg s L Resgl o s : (A.8)

The last type of double coset has the form (G x H')\ (G x H) / (G’ x H) where G’ and H' are



subgroups of finite groups GG and H respectively. It is easy to show that there is only one double
coset. We choose the identiy element to be the representative of the double coset and apply the

Mackey’s Decomposition Theorem,

Resg g Indgsfy = IndGrfhy ResG 7, (A.9)
Let U, V, and W be representations of .S;, S,,, and S, respectively. To show that the Heisenberg

product is associative, we need to show that
(U)W = U(VH#W) (A.10)
We first compute the left hand side of (A.10). By the definition of the Heisenberg product, we have

(U#V)#W = EB Indg'm " Resgt ) ndg i Resg)  URVEW.
(A.11)
To visualize this, see the (solid) blue arrows in Diagram (A.20). Since all the groups in Diagram
(A.20) are Young subgroups, we just write their index compositions for convenience. Note that the
arrows for (A.11) in Diagram (A.20) has the pattern “ "\, 7. Our goal is straightening this
pattern by applying Mackey’s Decomposition Theorem to get a pattern of “ \ " 7. To achieve
our goal, we need the following straightening steps. Applying (A.5), we have

S m—i,n S m—i,n S m—i—j,j,m S m—i,n
Resg! "™ Indg"™ " = @Ind (et Resgm . (A12)

S(l+ m—i—j,j,n) S(lm i,mn) S(k,l*k,l«l»mfifjfk,k«l»jfl,n) S(k,l*k,l+m7i7j7k,k+jfl,n)

See the “block” in (A.20) labeled by (A.12). The left hand side follows the dashed blue arrows
and the right hand side follows the dashed red arrows, and we illustrate the following steps in the

diagram in the same way. Applying (A.5) again, we have

S m—i,n S m—i,n Skl km zn S 1,1, m—1i,n
Resg"" "™ Indg™ "™ @Id< Resg'~ ) (A.13)

: s s eSs
(k,l—k,m—i,n) (I—i,i,m—1i,n) (t,l—i—t,k—t,i+t—k,m—i,n) (t,l—i—t,k—t,i+t—k,m—1, )
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Applying (A.9), we have

S(i4m—i—j,j,n) S(i4m—i—j,j,n)
Resg A Indg v , =
(4m—i—j,jdsn—3) (sl =k It m—i—j—k,k+j—1,n)

(A.14)
Indg(lerfifj,j,jjnfj) " Re g(k,lfk,l+m77f7j:fk,k+j:7l,7.1) N
(k,l—k,l+m—i—j—k,k+j—1,j,n—3) (kl—k,l+m—i—j—k,k+j—1,j,n—j)
Applying (A.7), we have
Res (Hm—imi.dim=i) [ g ttm—i=isimn) — Tnd>@+m—i-jin=j) S(m—i—jl—kk+i—1jn—3)
St4m—i—jjn—j) S(14m—i—j,l—kkti—1,j,n—5) Stpm—i—jl-kkti—tin—g)  S(4+m—i—jl—kktj—lin—j)
(A.15)
Applying (A.9), we have
Reg. (tm—imil=kkti=bin=i)n 4O Utm—ijlkkti-tin=3)  _
S(l+m—i—j,l—k,j+k—lﬂl—j) S(k,l—k,l+m—i—j—k,k+j—l,j,n—j) (A16)
S(i4m—i—jl—k,j+k—ln—j) S(4m—i—j =k k+j—ln—j)
Indg - . Resg o . .
(ki=k,l+m—i—j—k,k+j—l,n—j) (k,l=k,l+m—i—j—k,k+j—1,n—3)
Applying (A.9), we have
Skl —k,m—i Skl —k,m—i
ReSSEle k:i w{) i~k jtk—1,j .)Indsik’l T;tn)k i)
JA—kJl4+m—i—j5—k, —1l,j,n— J—i—tit+t—k,m—1i,n
J J J J (A17)
IndS(k,l,k,ler,i,j,k,ijkfl,j,nfj) SS(k,lfift,ithfk,mfi,n)
S(k,l7i7t,i+t7k,l+m7ifjfk,jJrkfl,j,nfj) S(k,lfift,ithfk,l+mfifjfk,j+kfl,j,n—j) :
Applying (A.8), we have
Ress(k,l—k,l+m—i—j—k,j+k—l,j,n—j) dS(k,l—k,l+m—i—j—k,j+k—l,j,n—j) —
Sk, l—kl+m—i—j—k,j+k—l,n—3) Sk i—i—tyitt—kltm—i—j—k,j+k—l,jn—5)
(A.18)
IndS(k,l—k,l+m—i—j—k,]’+k—l,n—j) Sk l—i—t,itt—k,l4m—i—j—k,j+k—1j,n—j)
Sk l—imt,itt—k,l+m—iej—k,j+k—l,n—j) Sk l—imt,itt—k,l+m—iej—k,j4+k—l,n—j)
Applying (A.9), we have
S(k:,lfift,H»tfk:,an'L',n) S(k:,lfift,H»tfk:,an'L',n)
ReSS(lc,lfift,i+t7k,l+m7ifj7k,j+k7l,n—j) dS(t,lfift,kft,H»tfk,mfi,n) -
(A.19)
Inds(k,l7i7t,i+t—k,l+m—i—j7k,j+k—l,nfj) St =it k—t,itt—k,m—in)
St d—imt, k—t,itt—kl+tm—i—j—k,j+hk—ln—7) St d—i—tk—t,itt—kltm—i—j—kjtk—l,n—j)"
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To better understand what we get after all the straightening steps, we parametrize our indices i, j, k,
and ¢. Let

a=t,b=j+k—1l,c=n—j, d=101—1i—t,
e=k—t, f=i+t—k g=l+m—i—j—k.

These new indices can be visualized using the following Venn diagram

(A.21)

where all the numbers in the red (green, blue respectively) circle add up to [ (m,n respectively).

Then Diagram (A.20) shows that

(U#V)#W = @ Indge "= =5 Res ™ T gV @ W, (A.22)

S(ab,e,de,f,9) S(a,b,e,de,f,9)

where the direct sum are taken over all the possible a, b, ¢, d, e, f, g fit the Venn diagram (A.21). By
the symmetry of the right hand side of (A.22), it is not hard to see that (U#V)#W = U#(VH#W),

which shows the associativity of the Heisenberg product.
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APPENDIX B

ANOTHER PROOF OF THE STABILITY OF HEISENBERG COEFFICIENTS

We give another proof of the stability of Heisenberg coefficients using vertex operators. Note
that some of the notations we use here are different from those in [17].

Recall that we defined a scalar product (2.31) on symmetric functions. The adjoint, with respect
to this scalar product, of the operation of multiplying by a symmetric function f € A is denoted

by Dy : A — A. That is,

(Dy(g), h) = (g, fh)  forall g,heA (B.1)

Let A" be the algebra of symmetric formal series, and o, 0_; € A", where oy :== hg + hy + - -,
and o_; = ey — €1 + e5 — - - -. We can naturally extend the scalar product and the adjoint operator
to A". In Section 5.2, we extend the indices of Schur functions from partitions to finite integer

sequences.

Definition B.0.1. The linear map I" : A — A" is defined by

I'(s0) =Y _ Safn) (B.2)
nez
and extending to A linearly. Here, « = («y,...,q;) is a finite integer sequence and «[n| =

(n—ag,ag,...,qq).

This map can be interpreted using the operator we introduced.

Lemma B.0.2 ([17] Lemma 3.2). For any f € A, we have I'(f) = 01 D,_,(f).

Lemma B.0.3 ([17] Lemma 3.3). D,, and D,_, are ring automorphisms of A, with (D,,)™' =

D,_,. Moreover, D, _,f = f(X —1)and D,,(f) = f(X + 1).
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Let ) be a partition, then it is not hard to see

S(X+1) =) a)su(X) (B.3)

m

where a;} = 1if A\/p is a horizontal strip (no two boxes in the same column); aﬁ = ( otherwise. In

particular, a), = 0 unless y C \.

Lemma B.0.4. Let \ be a partition and f € A, then

Dy(o1 f) =01 Y a) Dy, (f). (B.4)

HCA

Proof. For any g € A, we have

(Dsy(01f),9) = (o1 f,sng) = (f,Do(529))
=(f,(sn9)(X+1)) (LemmaB.0.3)
= ([ia(X +1)g(X +1))

=" @) (f.5.(X)g(X +1)) (Equation (B.3))

HCA

= Z ai (Ds,(f),Ds(g)) (LemmaB.0.3)

HCA

:Z CL;><O'1Dsu(f)7g>a

HCA

which proves the lemma. 0

Lemma B.0.5 ([17] Theorem 2.1). Let {U\} and {V\} form dual bases of A, and f,g € A. Then,
(01 f) * (019) = 01 ) (D, (f)) (D (9)) (Ua % Vi), (B.5)
a,B

where the sum is taken over all partitions o and 3 and * is the Kronecker product.

85



Let r, t, A, and p be as stated in Theorem 5.1.4, then ) (s ,\[n}#su[n_r])mt can be written as

> (De,(I'(51)) * Dy (T'(54))) 50 55. (B.6)
aﬁk:i—r

By Lemma B.0.2 and B.0.4, we have

Dy, (I'(s3)) = Dy, (01 Ds_, (51))

(B.7)
=01 Z a? DSW<DU—1(SA))
Y
Similarly, we have
D, (I(5,)) = D, (01 Do (5,)
(B.8)
=01 Z a,f Dy, (Do_,(s4))
p
Using Lemma B.0.5, we have
B = D > aja] (01 Ds,(Day(52))) * (01 Ds (Da_y (1)) 50 55
att+r v,p
Bt
= Z aﬁ Gg 01 Z(Dsn (st(DU—1(8A>)> (Ds, (Dsp(Do—1(3u))) (8n % 87) Sa Sp
a,B,7,p T
= Z ag aﬁ D,_, (Z (Ds,(Ds, (52))) (Ds, (Ds,(51))) D, (85 % 5-) Do, () Dm(sﬁ))
a,B,7,p T

=01 Dy (Y aal (D (De,(52))) (Da (D, (5,))) (5 % 57) (X4 1) s (X41)55(X+1)
(B.9)

where o = t+r, 8 F t,7, p,n, and 7 are all partitions. Note that a summand in the last expression
of (B.9) is zero unless

NCANYCATCu, and p C i (B.10)

The conditions in (B.10) shows that the degrees of the Schur functions (in variables set X') appear-
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ing in the Schur expansion of the summation of the last expression of (B.9) are bounded above by

d := ||+ |u| + 2t + r. Suppose the summation is equal to Y a, s,. Then by Lemma B.0.2 and
lv|<d
Equation (B.9), we have

Z(S/\[n}#s,u[nfr])n-l-t =01 Da_l ( Z ay Sl/) = Z 01 Da_l (au 81/)

nez v|<d lv|<d

= Z Z Ay Sy[n]-

neZ |v|<d

(B.11)

This shows the stability of the degree component (s A[n}#su[n,ﬂ)nﬂ, and it is not hard to see that
this degree component stabilizes when n > 2d = 2|\| + 2|u| + 4t + 2r. Equation (B.11) also

proves that the stable formula for (sxn#5um—r])nt+ applies for even small n’s, which is why we

have (5.13).
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