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ABSTRACT

Classical toric varieties are among the simplest objects in algebraic geometry. They arise
in an elementary fashion as varieties parametrized by monomials whose exponents are a finite
subset A of Z". They may also be constructed from a rational fan 3. in R™. The combinatorics
of the set A or fan ¥ control the geometry of the associated toric variety. These toric varieties
have an action of an algebraic torus with a dense orbit. Applications of algebraic geometry
in geometric modeling and algebraic statistics have long studied the nonnegative real part of
a toric variety as the main object, where the set .4 may be an arbitrary set in R™. These
are called irrational affine toric varieties. This theory has been limited by the lack of a
construction of an irrational toric variety from an arbitrary fan in R".

We construct a theory of irrational toric varieties associated to arbitrary fans. These are
(R )™-equivariant cell complexes dual to the fan. Such an irrational toric variety is projective
(may be embedded in a simplex) if and only if its fan is the normal fan of a polytope, and in
that case, the toric variety is homeomorphic to that polytope. We use irrational toric varieties
to show that the space of Hausdorff limits of translates an irrational toric variety associated

to a finite subset A of R" is homeomorphic to the secondary polytope of A.
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1. INTRODUCTION

Toric varieties form an important class of algebraic varieties that are among the simplest
objects in algebraic geometry, which provide “a remarkably fertile testing ground for general
theories” [1]. The rich interaction between algebraic geometry and combinatorics has been
important in both areas [2, 3, 4, 5.

Demazure defined toric varieties in 1970 [2]. At that time a toric variety was referred
as “the scheme defined by the fan ¥ [2], “torus embeddings” [3], and “almost homogeneous
algebraic variety under torus action” [6]. A toric variety is commonly defined to be a normal
variety Y containing a dense torus T with the action of the torus T on itself extending naturally
to an action of T on Y [1]. These normal toric varieties enjoy a functorial construction using
rational fans . A (not necessarily normal) affine toric variety Y, is a variety parametrized
by monomials having exponents in A C Z" |7, §|.

Toric varieties have found applications in many other fields. In [9], the connections be-
tween the toric geometry and mirror symmetry are explored. The role of toric surfaces as
generalizations of Bézier patches in geometric modeling is described in [10]. The nonnegative
real part of a toric variety is relevant for geometric modeling [11] and toric Bézier patches are
defined naturally when A is any finite subset of R".

Toric varieties in disguise were studied in algebraic statistics long before they appeared in
algebraic geometry. Log-linear models [12] are the nonnegative real part of a toric variety Y.
These are more flexible than toric varieties in algebraic geometry, as the set A can be any
finite subset of R™. In 1963, Birch [13] showed that the nonnegative part of a toric variety Y4
is homeomorphic to the cone generated by A.

These applications of toric varieties in geometric modeling and algebraic statistics led to
the study of the nonnegative real part of a toric variety Y, for a finite set A C Z" and then
to relax the condition on A so that it may be any finite subset of R™. These resulting objects
are called irrational toric varieties. In [14|, Hausdorff limits of translates of irrational toric
varieties were studied. When A C Z", the space of Hausdorff limits is homeomorphic to the
secondary polytope of A [15]. When the exponents A C R" are not integral, all Hausdorff
limits were identified in [14] as toric degenerations and thus were related to the secondary fan
of A, but the authors were unable to identify the set of Hausdorff limits with the secondary
polytope. This obstruction was due to deficiencies in the theory of irrational toric varieties,

in particular a construction using arbitrary fans and a relation to polytopes.



We develop a theory of irrational toric varieties constructed from arbitrary fans in R".
Such an irrational toric variety is an (R )™-equivariant cell complex with a dense orbit whose
cells are dual to the cones of the associated fan. Their construction is functorial; maps of
fans correspond to equivariant maps of irrational toric varieties and the fan may be recovered
from the toric variety. We also complete the work in [14], identifying the space of Hausdorff
limits with the secondary polytope.

This dissertation is organized as follows. In Section 2, we provide basic terminology and
results on geometric combinatorics. In Section 3, we recall various constructions of classical
toric varieties. We study some properties of classical toric varieties in Section 4. We construct
affine irrational toric varieties and abstract irrational toric varieties, and establish some of their
main properties in Section 5. We study some global properties of irrational toric varieties in
Section 6. In Section 7, we identify the space of Hausdorff limits with the secondary polytope.

We give a summary of the thesis and discuss future directions in Section 8.



2. SOME GEOMETRIC COMBINATORICS

This section will develop a background on geometric combinatorics which we will be using
to construct toric varieties. We refer the reader to [1, 16, 17, 18, 19] for a more complete

background.
2.1 Polyhedral Cones

Let Nz be a free abelian group of rank n and let My := Hom(Nz,Z) be its dual group.

We have a canonical Z-bilinear pairing
<, >3Mz><Nz—>Z7

where (z,y) = x(y).
By scalar extension to the field R we have n-dimensional real vector spaces N := Ny ® R

and M := M7 ® R with a canonical R-bilinear pairing
(,):MxN—=R.

When M = R" and N = R", the pairing ( , ) is the usual inner product in R".
Let R. be the positive real numbers, R> be the nonnegative real numbers and R< be the

nonpositive real numbers.

Definition 2.1. A subset o of N is called a polyhedral cone if there exists a finite set S =
{v1,...,v,} in N such that
2 :R2U1+"'+R2UT.

The cone o is said to be generated by S and denoted by o = cone(S). The dimension dim o
of o is the dimension of the linear subspace (o) := 0 4 (—0o). A polyhedral cone o = cone(S5)
is called rational if S C Ny,

Note that a polyhedral cone o is convex. That is, when x,y € o then Az + (1 — Ny € o
for all A € [0,1]. It is also a cone, i.e, if x € o then Az € o for all A € R>.

Example 2.2. Let N = R? with canonical basis {ej,es}. Consider the three cones o; =
cone{e;}, oo = cone{ey, ez}, and o3 = cone{2e; — €9, €5} in R% These are shown in Figure
2.1.

Note that o has dimension 1, whereas both o9 and o3 have dimension 2. ]
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Figure 2.1: Examples of cones in R2.

Definition 2.3. Given a cone 0 C N, dual of o in M is
o :={ue M| (u,v)>0forallveoc}

Example 2.4. Let {ef,e3} denote the dual basis of (R?)*. The duals of the cones given in
Example 2.2 are given by oy = cone{e}, e;, —e3}, 0 = cone{ef, es} and of = cone{el, el +
2e}. These are depicted in Figure 2.2. In particular the duals are all polyhedral cones in M.

We will prove in Corollary 2.10 that this is true for all polyhedral cones. O
ey + 2¢e}
es 9 es
| o 1 1o 2 o3
O 00— O O
€1 €1 €1
—e} 4

Figure 2.2: Examples of dual cones.

The following theorem from the theory of convex polytopes is useful to prove properties

of polyhedral cones. Its proof can be found in |20, Section 2.2, Theorem 1].



Theorem 2.5. Let C' be a nonempty closed convex set in N, and let z € N \ C be a point.
Then there exists a hyperplane H of N which strictly separates x and C', i.e., x is in one of

the open halfspaces bounded by H, and C' is in the other open halfspace bounded by H.

This theorem has a useful corollary which we will use to prove that the dual of the dual

cone is itself.

Corollary 2.6. Let 0 C N be a polyhedral cone and x € N \ 0. Then there exist an element
u € o such that (u,x) <0.

Corollary 2.7. Let 0 C N be a cone. Then (0¥)” =o.

Proof. By definition, for every element v € o and u € 0", we have (u,v) > 0. Hence
o C (¢¥)Y. For the reverse inclusion we will use Corollary 2.6. Assume that z € (¢¥)" \ 0.
Then there exists an element u € o such that (u,v) < 0, therefore u ¢ (¢¥)Y, which is a

contradiction. Hence we get the reverse inclusion. O

Given m € M define

H,, :={ve N|{mv)=0}=m",
H :={veN|(m,v) >0}

Note that when m # 0, H,, is a hyperplane in N, and H,' is a closed halfspace in N. The
hyperplane H,, is a supporting hyperplane of a cone o if o C H., and when this happens H
is a supporting halfspace.

The following theorem gives an alternate description of polyhedral cones in terms of sup-

porting hyperplanes. For a detailed proof we refer to [18, Theorem 1.3].

Theorem 2.8. A cone o is polyhedral if and only if it can be written as an intersection of

finitely many closed halfspaces.

Next, we show that the dual of a polyhedral cone o is again a polyhedral cone. First we

need a lemma.

Lemma 2.9. Let S = {vy,...,v,} C N and 0 = cone(S) be a polyhedral cone in N. Then,
oV ={ue M| (u,v) >0 for allv € S}.

Proof. Let C' ={ue M| (u,v) >0 for all v € S}. Every element in S is also in o. Hence by

definition, for any element m € ¢V, we must have (m,v) > 0 for all v € S. Hence ¢¥ C C.

5



Next assume u € C. For any element v € o, we can write it as v = Y _._, \jv; for
some Aj,..., A\, € Rs. Since the pairing is linear, we have (u,v) = >"._, \i(u,v;), which is
nonnegative as each term in the summand is nonnegative. Hence u € ¢¥. This completes the

proof. O

In the previous lemma, since each v; € S gives a closed halfspace H;} in M, we can deduce

that 0¥ = ,.cg H,;. Combining this with Theorem 2.8 gives us the following corollary.
Corollary 2.10. Let o be a polyhedral cone in N. Then ¢ is a polyhedral cone in M.

2.2 Faces

We can use supporting hyperplanes and supporting halfspaces to define faces of a cone.
These are again polyhedral cones and play an important role when constructing abstract toric

varieties associated to fans.

Definition 2.11. Given a polyhedral cone ¢ C N, a face of ¢ is a set of the form 7 = H,,No
for some m € o¥. A face 7 # o of o is called a proper face. A face 7 of ¢ is denoted by 7 < o,
whereas we write 7 < ¢ when 7 is a proper face.

A facet 7 of o is a face of ¢ with codimension 1, i.e., dim(7) = dim(o) — 1.

Example 2.12. Consider the cone o3 in Example 2.2. We illustrate its proper faces and
hyperplanes that give these faces in Figure 2.3. First consider k = e} + €5 € oy. Then the

hyperplane corresponding to k is given by
Hy={ve N | (kwv)>0}={(a,b) € N|a+b=0}.

Intersecting Hj, with o3 will give the origin {0} as a face of o3.

Next consider [ = ej. Then the hyperplane corresponding to [ is given by H; = {(a,b) €
N | a = 0}. Intersecting H, with o3 yields the face 7 = cone{es}.

Taking m = 2e} + e} yields the hyperplane H,, = {(a,b) € N | 2a + b = 0}. Intersecting
H,, with o3 gives the proper face 15 = cone{2e; — ey }.

In this example, 71 and 7, are 1-dimensional faces of o3. Since dim o3 = 2, they are also

facets of o3. O
We continue with some properties of faces of a polyhedral cone.

Lemma 2.13. Let 0 = cone{vy,...,v.} C N be a polyhedral cone. Then:



€9
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03
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Figure 2.3: Faces of a cone.

1. Fvery face of o is a polyhedral cone.

2. Intersection of any two faces of o is again a face of o.
3. A face of a face of o is again a face of 0.

4. Let T be a face of o. Then o C 7.

Proof. Let A = {vy,...,v.} and 7 = H,, N o for some m € ¢". Then 7 is generated by
{v; € A| (m,v;) =0}. Hence it is again a polyhedral cone in N.

Suppose 7 = H,, N o and 7/ = H,, N o for some m,m’ € ¢¥. The intersection of these
facesis TN 7' = (H,, N H,) No. We will prove that TN 7" = Hypyp N

First note that the sum m + m’ € ¢". Then, for any v € (H, N H,/) N o, we have
(m 4+ m',v) = (m,v) + (m’,v). Each summand vanishes. Hence (m + m/,v) = 0 which
implies 7N 7" C Hpyqe N o. Conversely, for any v € H,, 1y N o, we have 0 = (m +m/,v) =
(m,v) + (m’,v). Since v € ¢ and m,m’ € ¢”, we have (m,v), (m’,v) > 0. Hence both
summand has to be 0, in which case v € (H,,, N H,,) N o. This gives Hy1py No C 7N T/,
which completes the proof.

Let v be a face of 7 which is a face of 0. We claim that v is a face of . Since v < 7 and
7 =< 0, we can write v = 7N H, and 7 = o N H, for some v € 7¥ and u € ¢¥. We want to

find a positive number p € R. so that v + pu € 0¥ and 7 = 0 N Hy4p. We claim that

[ {u, v3)]|

=1+ max
p v ET (u, Ui)

satisfies the desired properties.



First note that when v; ¢ 7, (u,v;) > 0. Hence p € R.. To see v 4+ pu € ¢, we look at
(v+pu,v;) for any i € {1,...,r}. Observe that when v; € 7, (u,v;) > 0, hence (v+pu,v;) > 0.
If v; ¢ 7, then

(v + pu,v;) = (u,v;) + plu, v;) > (u,v;) >0,

where the final inequality holds because (u, v;) > 0 for all i, with equality if and only if v; € 7.
This proves that v + pu € ¢".

Next we want to show v =7NH, =ocNH,NH, =oN H,y, Foranelement w € 7,
we have (u,w) = (v,w) = 0. This implies that (v + pu,w) = 0. Hence w € 0 N Hytpy. For
the reverse inclusion, it suffices to check that for every v; € o N Hypy, we have v; € . For
v; ¢ 7, we showed above that (v + pu,v;) > 0. So if v; ¢ 7, then v; ¢ Hyipu. Now, suppose
v; € 0NHyipy. Then v; has to bein H,. So we have 0 = (v+pu, v;) = (u, v;) +p{u, v;) = (u,v;).
This means that v; € H,. Sov; € o N H, N H,. Hence 7 = 0 N H,yp,. In particular v is a
face of o.

Lastly, since 7 is contained in o, for any element m € ¢¥ and ¢t € 7 C o, we have (m,t) > 0.

Hence m € 7V. Thus oV C 7V. O

For a cone o := cone(A), a face 7 = H,,, N o of o is generated by a subset F := {u € A |
(m,u) =0} of A. We call F a face of A and denote it by F < A.

Definition 2.14. Given a face 7 of a polyhedral cone o C N, we define
™t ={me M| (m,u)=0forallu e},
™ ={meas’|{(mu)=0foralucr}=0c"N1"
We call 7* the face of ¥ dual to 7.

In Corollary 2.10, we have seen that ¢ is again a polyhedral cone in M. Now, we will

relate the faces of o to faces of its dual ¢V.

Definition 2.15. Given a polyhedral cone o € N, the relative interior, denoted by Relint(o),

of o is the topological interior of ¢ in its span (o).
The following theorem gives a relation between faces of o and oV.
Theorem 2.16. Let 7 be a face of a polyhedral cone o C N. Then

1. 7 is a face of 0.



2. The map T — 7 1s an inclusion reversing bijection between the faces of o and the faces

of oV.

Proof. Let v € Relint(7). Sincev € 0 = (¢¥)¥, F = H,No" is a face of 0. We will show that
F = 1*. Pick an element u € 7*. We have (u,t) = 0 for all ¢ € 7. In particular (u,v) = 0.
Hence u € F. Conversely, take any v € F. If {vy,..., v} is a generating set of 7, since
v € Relint(7), we can write v = ajv; + - - - + axvg, where each a; is positive. Then we have
(u,v) = ay(u,v1) + -+ - + ag(u, vg). Since u € o, we have (u,v;) > 0 for all 7. Since the a;’s
are strictly positive, we must have (u,v;) = 0 for all 4, which means for any ¢t € 7, (u,t) =0,
i.e., u € 7t. Thus v € 0¥ N 7+. This proves 7* = F. Hence 7* is a face of V.

For the second part of the theorem, first note that the map is inclusion reversing. If 7 C 7/

*

are two faces of o, then 7+ O (7/)*, which implies 7* D> (7/)*. Moreover, every face of o
arises this way. If I is a face of 0¥, then F = H, N oV for some v € 0. Pick the smallest
face 7 of o containing v. We claim F' = 7*. For any element u € 7%, we have u € 7+ NoV.
Since v € 7+ and v € 7, we have u € H,. Hence v € H,N oY = F. Conversely, pick an

element u € F. Note that v € v*. By assumption, 7 C u™ .

Hence v € 7*. By definition
of 7%, we have 7 C (7*)*. Since the mapping is order reversing, we have 7* O ((7*)*)*. On
the other hand, any element m € 7* is orthogonal to every element of o N (7*)+ C (7%)*, so
7 C ((7*)*)*, which implies 7* = ((7%)*)*. Combining this with the surjectivity we deduce

that the mapping is bijective. O

Corollary 2.17. The polyhedral cone o has a unique minimal face W with respect to inclusion.

In particular, W satisfies the following properties.
1. W= (")t
2. W=0on(-0).
3. W is the largest subspace contained in o.

Proof. Because of the correspondence between faces of o and ¢, the minimal face W of o
must correspond to the maximal face of ¢, namely ¢V itself. Thus, the minimal face of o is
(U\/)* — (Uv>\/ N (O.V>L — (Uv>i_

To show (0¥)* = 0N (—0), pick any v € (¢V)*. By definition, v € (¢¥)¥ = ¢ and also
v lies in ((—0)¥)¥ = —o. Hence v € 0 N (—0). Conversely, given any v € o N (—o), for any
element u € 0", we have (u,v) > 0 (since v € ¢) and —(u,v) = (u,—v) > 0 (since —v € o).
Thus (u,v) =0, i.e., v € (¢)*. Hence W = o N (—0).

9



First note that since W is a face of o, it contains 0, it is closed under addition, and
closed under scalar multiplication. Hence W is subspace in . Then note that for any linear
subspace W’ in ¢ and any v € ¢V, we must have W’ C ut. Hence W/ C W. So W is the

largest subspace contained in o. O]
Definition 2.18. W is called the lineality space of o.

The following example from [16, Example 1.2.11] illustrates Corollary 2.17 when dimo <
dim N.

Example 2.19. Let o = cone{ey, es} C R3. Figure 2.4 shows o in R? and ¢V in (R?)*.

I
|
I
I

A4

Figure 2.4: A two-dimensional cone in R? and its dual in (R3)*.

The maximal face of o is itself. Then

o ={m e (R*)* | (m,v) =0 for all v € 7}
={m e (R%)" | (m,e1) = (m, ez) = 0}
= cone{+ej}.

Hence the minimal face of ¢V is the z-axis. Note also that dim o + dim ¢* = 3. O

We next prove some useful properties of faces.

Lemma 2.20. Let 7 be a face of a polyhedral cone o in N. If v,w € o such that v +w € T,

then v,w € 7.

10



Proof. Since 7 is a face of o, there exists an m € ¢¥ such that 7 = H,, No. Since v,w € o,
we have (m,v), (m,w) > 0. On the other hand, since v +w € 7, we have (m,v 4+ w) = 0. So,

we must have (m,v) = (m,w) =0, i.e., v,w € T. O

Lemma 2.21. Let 7 be a face of a polyhedral cone o in N. Then for any w € 7V, there are

u,v € 0V with v € 7+ such that w = u — v.

Proof. Let o = cone(vy, ..., v,), and 7 = H,, No for some m € ¢". Note that if v; ¢ 7, then
(v;;m) > 0. Hence define

k := max —| {w, vi)| .
vi¢T <m,v,~>

1

Note that since m € 7+, km € 7+ as well. We claim that w + km € oV. If v; € T,

(w+ km,v;) = (w,v;) + k{m,v;) >0 as all terms that appear are nonnegative. If v; ¢ 7,

(w+ km,v;) = (w,v;) + k(m,v;) = (w,v;) + maxw

iy > 0.
vigT (M, ’Ui> <'U m>

Hence w + km € ¢V. So pick u = w + km and v = km. O

Using the correspondence given in Theorem 2.16, we can prove a stronger version of
Corollary 2.5. That is, when two cones intersect in a common face, we can separate these

cones by a hyperplane.

Lemma 2.22 (Separation Lemma). Let o and o’ be polyhedral cones in N that meet in a

common face T = o N a'. Then, there exists an element m € o¥ N (—0o’)" such that
r=H,Noc=H,Ndc.

Proof. Let v = 0 + (—o’). Notice that ~ is a polyhedral cone. Fix any m € Relint(v"). Then
by Theorem 2.16, (y¥)* = v N H,, is the smallest face of v, and v N H,, = v N (—7). Hence
YN H,y, = (0 —0')N (o’ — o). We claim that m satisfies the desired properties. Since o C 7,
we have m € 4¥ C ¢v. Since 7 C o, we have 7 C 7. Also since 7 C ¢/, we have 7 C —7.
Hence 7 C yN(—=v) =yN H,, C Hy.

Conversely, given any element v € H,, N o, we have
veH,NocCyNH,=vN(—y) C —y=0"—o0.

Hence v = w — w’ for some w € o and w’ € ¢’. This means that v +w € o No’ = 7. By

11



Lemma 2.20, we have v € 7. This proves 7 = H,, N o. Similar arguments can be made to
show 7= H,,Nao’. O

2.3 Monoids

Monoids play an important role in constructing toric varieties associated to rational poly-
hedral cones. We will define these objects and give some important properties which will be
helpful later.

Definition 2.23. A monoid is a nonempty set S with an associative operation x: S x S — S
that has an identity element 1g, 1gx s = sforall s € S. If S and T are monoids, a map
f: S — T is called a monoid homomorphism if f is compatible with the structure of the
monoids, that is f(s*t) = f(s) % f(t) and f(lg) = 17.

A monoid S is called an affine monoid if S is finitely generated and isomorphic to a

submonoid of a free abelian group.

Example 2.24. The monoids N" and Z" with usual addition are affine monoids. Also for a

given finite set A € Z", the monoids ZA and NA are again affine monoids. O

Definition 2.25. Given an affine monoid S C M, the monoid algebra C[S] is the vector
space over C with S as a basis and multiplication induced by the monoid structure of S. To

be more precise

C[S] = {Z cmX™ | em € C and ¢, = 0 for all but finitely many m},

meS

m*m/’

where the multiplication is distributive and induced by Y - x™ = x

Example 2.26. The polynomial ring C [N"] = C[xy,...,z,] is a monoid algebra. The ring
of Laurent polynomials C [Z"] = C [xf, e ,x,ﬂ is a monoid algebra.

For the set A = {2,3} C Z, consider the affine monoid S = N.A. Then the corresponding
monoid algebra is given by C[S] = C[t?,#3] C C[t].

For the set A = {(3,0),(2,1),(1,2),(0,3)} C Z?, consider the affine monoid S = NA.
Then the corresponding monoid algebra is given by C [S] = C|[s%, s%, st?, %] C C s, ]. O

Given a rational polyhedral cone ¢ C N, we are particularly interested in the monoid
Sy := 0V N My. These monoids play an important role when we construct toric varieties

associated to o.
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Proposition 2.27 (Gordan’s Lemma). S, is finitely generated.

Proof. Since o is rational, so is ¢¥. Take a generating set {ui,...,u,.} C ¢¥ N My for ",
and define K := {d>_ tu; | 0 < t; < 1}. Since K is closed and bounded in M ~ R",
it is compact. Since My is discrete, the intersection K N My is finite. (If this intersection
were infinite, then by compactness there has to be a limit point x of any infinite sequence of
elements. But then x is an element of the discrete set K N My all of whose neighborhoods
contain other points of K N My, which contradicts the discreteness.)

Next we claim that K N My generates S, as a monoid. To prove this, let w € S,. Since
w € oY, we can write w = ) ._, a;u;, where a; > 0 for all . Then write a; = z; + t;, where
z; i1s a nonnegative integer and 0 < ¢; < 1. Hence, u = Z:Zl Ziu; + 2221 t;u;. Note that the
former sum is in My and since My is closed under subtraction, the latter sum is in Mz. It is
in K by definition. Hence the latter sum is in K N M. Since each u; is also in K N My, w is

a nonnegative integer combination of elements in K N My. O]

Example 2.28. Consider the cones in Figure 2.1. Their duals are given in Figure 2.2. The
monoids Sy, Ss,, and S,, are generated by the sets {e7, e5, —e5}, {ef,e5}, and {e, el +€5, e+

2eb}, respectively. This also shows the cone generators and monoid generators may differ. [

Next we would like to understand the relation between S, and S, for some face 7 of o.

We begin with a lemma.

Lemma 2.29. Let 0 C N be a polyhedral cone. For an element m € oV, let T = H,, No.
Then, 7V =¥ + Rs(—m).

Proof. Since both 7V and 0¥ 4+ R>(—m) are polyhedral cones, it suffices to show that they
have the same duals. We claim that (6¥ + R>(—m))Y = o N (—m)". To see this, take an
element v € o N (—m)Y. For any element u + r(—m) € ¢ + R>(—m), since v is both in
o and (—m)Y, we have (u + r(—m),v) = (u,v) + r(—m,v) > 0. On the other hand, any
element ¢t € (0¥ + R>(—m))" must in particular be in (¢")¥ and (—m)". Hence we have
(0¥ 4+ Rs(—m))Y =0 N (—m)".

For an element v € o, since m € ¢", we have (m,v) > 0. Thus, v € (—m)" if and only
if (—=m,v) > 0. Hence (m,v) = 0. So o N(—m)" = H,, No = 7. Since (7V)" = 7, 7V and

0" 4+ R>(—m) have the same duals, so they are equal. O

Example 2.30. Consider the cones 7 = cone{ey }, o1 = cone{ey, es}, and o5 = cone{ey, —e; —
ea} in R%. Their duals are given by 7V = cone{ze}, e5}, o/ = cone{e},es}, and o) =

cone{—e}, —e} + e} }.
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First consider 7 as a face of ;. For the vector m; = e} € oy, we have 7 = H,,, N o1 and
v =0) + Rx(—my).

Now consider 7 as a face of gy. For the vector my = —e} € o, we have 7 = H,,, N oy and
7V =0) + Rs(—my). O

Using Lemma 2.29, we deduce a result on lattice points in a face of a polyhedral cone.

Corollary 2.31. Let o be a rational cone, and m € oY N Mg. Then S; = S, + Z>(—m),

where T = H,,No.

Lemma 2.29 also helps us to understand what S, looks like when 7 is the intersection of

two rational polyhedral cones.

Theorem 2.32. Let o and o' be two rational polyhedral cones, and 7 = o N o’ be a face of
both o and o'. Then S; = Sy + Sy.

Proof. By the Separation Lemma, we have 7 = H,,No = H,,,N¢’ for some m € ¢”N(—o’)¥N
My. Hence S; = Sy + Z>(—m) = S, + Z>(—m). In particular, S, + Sy» C S;. On the other
hand, since m € (—o’)¥ N Mz, we have —m € S,.. Hence S, = S, + Z>(—m) C S, + S,. So,
S; =S, + S, as desired. O

Example 2.33. We continue with Example 2.30. The monoids S, S,,, and S,, are generated
by the sets {xef,e5}, {ef,es}, and {—ej, —e] + €5}, respectively. Then one has S, = S,, +
Zz(—ml) and ST = Sag + Zz(—mg). l

2.4 Fans

We now introduce objects called fans, which we will use when we construct abstract toric

varieties. We start with an important type of polyhedral cones.
Definition 2.34. A polyhedral cone o C N is called strongly convex if o N (—o) = {0}.
This condition can be stated in several ways.

Proposition 2.35. Let 0 C N be a polyhedral cone. Then the following are equivalent.

1. o 1is strongly convex.

2. o contains no positive dimensional subspace of N.
3. {0} is a face of 0.

14



Proof. (1) and (2) are equivalent, since o N (—o) is the largest linear subspace of o. (1) and

(3) are equivalent because o N (—o) is the smallest face of o. O
Definition 2.36. A fan ¥ in N is a finite collection of polyhedral cones in N such that

1. Every face of a cone in ¥ is also in .

2. The intersection of two cones in ¥ is a face of each cone.

A fan X is called rational if every cone in X is rational. It is called strongly convex if every
cone in 3 is strongly convex. The support of ¥ is |X| = (J,c,0 € N. The fan ¥ is called
complete if |X| = N.

Example 2.37. Figure 2.5 are some examples of rational fans in R?. The fan on the left is
not complete whereas the other two are complete. Note that any intersection of the cones in

each fan is a face of each cone and a cone in the fan. O

A
€2 €2
0o 01 0o
€1 —€ €1
01
09 03
261 — €9 —€2
Y
> 2o 23

Figure 2.5: Fans in R2.

Let > and X' be two fans in real vector spaces N and N’, respectively. Then the product
of ¥ and ¥ in N x N’ is given by

YxY:={oxo |oceXand o € X'}

Lemma 2.38. The product ¥ x ¥/ is a fan in the real vector space N x N'. Moreover, ¥ x 3/

is strongly convez if both ¥ and X' are strongly convex.
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Proof. Note that a face of o x ¢ has the form 7 x 7/, where 7 is a face of ¢ and 7’ is a face
of ¢’. Since ¥ and Y’ are fans, we have 7 € ¥ and 7/ € Y. Hence their product is in ¥ x 3.
Also let oy X 07,09 X 05 € 3 X ¥, Again since ¥ and ' are both fans and intersection of any
two cones in a fan is a face of each, (01 Nog) X (0] X 04) is a face of both o1 x ¢} and o9 X 0%,.

Now assume that both ¥ and ¥’ are strongly convex, and let o € ¥ and ¢’ € 3. Since both
o and ¢’ are strongly convex, Oy is a face of o and Oy is a face of /. Hence Onyn» = On X Onv

is a face of o x ¢/, and thus o x ¢’ is strongly convex. Hence ¥ x ' is strongly convex. [

Example 2.39. Consider the fan >3 in Figure 2.5. It can be viewed as a product of two fans,

where each fan consists of three cones R>, R<, and 0. U

For a cone o in N, let (N,)z be the sublattice of Ny generated (as a group) by o N Nz.
The lattice (N, )z has the quotient lattice N(o)z := Nz/(Ny)z, and the dual lattice of N(o)z
is given by M(c)z := 0N Mgz [1, Page 52|. The star of a cone o can be defined abstractly as
the set of cones 7 in ¥ that contain ¢ as a face. Such cones are determined by their images

in the real vector space N(o), i.e., by
7=(r+ N,)/N, C N/N, = N(o).

These cones {T: 0 < 7} form a fan in N(o), and we denote this fan by star(c). (We think of
star(o) as the cones containing 7, but realized as a fan in the quotient lattice N(o)z.)

We next show that star(o) is indeed a fan, and we explore some of its properties.

Lemma 2.40. Let ¥ be a strongly convex fan in N and o € 3. Then star(o) is a strongly

convex fan in N(o). Moreover, if 3 is complete, then star(o) is also complete.

Proof. We will first show that star(o) is strongly convex. Let 7 be a cone in star(o). We need
to show 7 N (—7) = {0}. Assume that 7 € 7N (—7). Then we can write

V=101 +w; = —vy + wy (2.1)

for some vy, vy € T and wy, wy € N,. Since every element of N, can be written as a difference
of elements of o, we have

wy =ay — B, wy =g — P,
for some aq, as, 1, P2 € 0. Hence by (2.1) we have
U1+ Vg = wy —wy = (a2 + B1) — (a1 + Ba).
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Therefore, we have
v1 + vy + (a1 + B2) = g + B

Since v1 + vy € T, a1+ P2 € 0 C 7, and ay + 1 € 0, by Lemma 2.20 we have v; + vy € 0.
Again by Lemma 2.20 we have vy,v, € 0. So v € N,, i.e., v = 0. Hence star(o) is strongly
convex.

Next, we show star(o) is a fan in N (o). Let 7 and 75 be two cones in ¥ containing 0. We
claim that 77 N7 = 71 N 75. Reverse inclusion is immediate as any element © € 71 N 75 is both
in 77 and 7. Now, let v € 771 N 7. Then v = v; + w; = vy + wy for some vy € Ty, V9 € T, and
wy,we € N,. Write w; = o — 3; for some oy, 5; € 0. Then v1 + 51 + fo = v + a1 + an € .
So vy + f1+ P2 € mN1e. Then v = (vy + B + Po) + (w1 — f1 — f2) € 1 N7+ N,. Hence
v € 11 N Ty. We conclude that 71N75 = 71 N 7. Since 71, 7o € X, their intersection is a common
face of both. Since both contain o, their intersection will contain o as a face. In particular,
71N T3 € star(o) is a face of both 77 and 75.

For a cone T € star(o), let p := ut N7 be a face of 7 for some u € M(0)z = o+ N My,
Note that for the face p, we have p = ut N 7. Since p is a face of 7 which contains o, we
deduce that p € star(o). Hence star(c) is a fan.

Next assume X is complete. Let v € Relint(o). Since N is complete, the set

N =N\ | A,
Vito

is open in N as the union of the closures Cl() is closed. Since v € N’ there exists an open
ball B, := {w € N | |[v—w| < r} such that B, lies entirely in U, ,7, where |-| is the Euclidean
distance. Hence B, C star(c). Let p € N(c). We claim that p € star(c). Let p € N such
that its image in N(o) is p. If p € B,, then p € B, C star(o). If p ¢ B,, let |v — p| := R.
Then r» < R. Hence for s :=r/2R >0 and t := (1 —r/2R) > 0, ¢ :== tv + sp is in B,. So

there exists a cone 7 > o, such that ¢ € 7. Then

1 t
p=—-q—-vET+N,,
5 5

as (—t/s)v € N,. So D € star(c). Hence star(o) is complete. O

2.5 Polytopes

Polytopes provide a natural source of fans. We will define and give some properties of

polytopes, and later we will define toric varieties associated to polytopes.
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Definition 2.41. A polytope in M is a set of the form

P := conv(S) = {Z)\aa | Aa >0, Z)\a = 1},

a€sS a€esS

where S € M is finite. We say that P is the convex hull of S.
It SC My ,ie., Pisthe convex hull of lattices in M, then P is called a lattice polytope.

Example 2.42. The n-simplez in R™ is given by A,, = conv{0, ey, ..., e,}. The 2-simplex can

be seen in Figure 2.6.

€2

0 €1

Figure 2.6: The 2-simplex.

Another polytope in R? is given by the set S = {e; + e, €1 — €9, —€1 + €9, —€1 — €3}, which

can be seen in Figure 2.7. U

€9

—€1 €1

—€2y

Figure 2.7: The polytope P = conv{#e; 4 ey} C R
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The dimension of a polytope P € M is the dimension of the smallest affine subspace of
M containing P.

Given a vector v € N and a scalar b, we get the affine hyperplane H,;, := {m € M |
(m,v) = b} and the closed half-space H, := {m € M | (m,v) > b}. A subset F of P is
called a face of P if there exist v € N and a scalar r such that F' = H,, N P and P C H;fb.

Notice that, if we take u = 0, we get F' = P. Hence P is always a face of itself. A proper
face of P is a face that is not equal to P, and a facet of P is a face with codimension 1. A
face of P with dimension 0 is called a vertex of P. and a face of P with dimension 1 is called

an edge of P.

Lemma 2.43. Let P = conv(S) be a polytope, and let F' be a face of P. Then F' is the convex
hull of SN F.

Proof. Let F' = H,, N P for some v € N and a scalar b. Define the subsets Sy := {a € S |
(a,v) = b} and S := {a € S| (a,v) > b}. Since P C H,,, we have S = Sy U S-. Also note
that Sy = SN F. We will show F' = conv(Sp). Let u € F. Since also u € P, we can write it

as a convex combination u = Zaes Ao where A\, > 0 and ZaES Ao = 1. Then we have

b—(u,v)—<2)\aa,v>

a€sS
= Z Ao{a, v)
a€esS
= Z Aola,v) + Z Ao{a,v)
a€So a€S>
= b( Z )\a> + Z Ao(a, v)
a€Sy a€ES>
>b

and the equality holds if and only if A, = 0 for all @ € S~. In this case u =) _ 5y Aal, Where
> acs, Aa = 1. Hence P = conv(Sp). O

We list some immediate results following from Lemma 2.43.
Proposition 2.44. Let P C M be a polytope. Then

1. A face of P s a polytope.

2. P has only finitely many faces.
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3. Any face of a face of P is a face of P.
4. The intersection of any two faces of P is a face of P.
5. Every proper face of Q) of P is the intersection of the facets containing Q).

Definition 2.45. Let P C M be a polytope. Then the cone of P is defined by
C(P)={\-(v,1)e M xR |veP, A>0}.

Example 2.46. Consider a pentagon P in R?, which is a polytope. Figure 2.8 illustrates the
cone of P. Il

Figure 2.8: The cone of a pentagon P.

Note that C(P) = cone(S x {1}), where P = conv(S) is a strongly convex cone in M x R.
The faces of C'(P) are the cones over the faces of P with the cone {0} corresponding to the
empty face of P.

A polytope P can be written as a finite intersection of closed half-spaces [18, Theorem
1.1], ie.,

s
_ +
P = ﬂ Hviybi’

=1

for some vy,...,v, € N and scalars by, ..., bs.
When P is full dimensional, that is dim P = dim M, its representation as an intersection

of closed half-spaces has a nice form because each facet F' of P has a unique supporting
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hyperplane and corresponding closed half-space,
Hrp={m € M | (m,ur) = ar} and Hf ={m € M | (m,ur) > ar},

where (up,ar) is unique up to multiplication. We call up an (inward) facet normal of the

facet F'. Then one can write
P=() H{.

FCP
is a facet

For simplicity we will assume P is full dimensional and contains 0 in its interior.
We have already seen the connection between cones and polytopes. Next we will develop

a theory of duality of polytopes similar to cones.

Definition 2.47. Let P C M be a polytope. Then we define the polar of P by
P°={ve N | (m,v) > 1 for all m € P}.

Example 2.48. Consider the polytope P in Figure 2.7. The facet normals of P are +e; and
+ey. Hence the polar P° is given by the inequalities |z| + |y| < 1 for xz,y € N. The polytope
P? is pictured in Figure 2.9. O

€2

Figure 2.9: Polar P° of the polytope P = conv{=e;, +ey} C R2

With C(P) the cone of P, the dual cone C(P)Y consists of vectors (v,r) € N x R such
that (u,v) +r > 0 for all u € P. It follows that C'(P)" is the cone of P°. This allows us to

use the theory we developed in Section 2.1.
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Theorem 2.49. Let P C M be a polytope. Then
1. P° is a polytope in N and (P°)° = P.

2. For any face F' of P, F* :=={v € P° | (u,v) =1 for allu € F} is a face of P°. The
map F — F* is one to one and order reversing correspondence between the faces of P
and P°.

3. If P is a lattice polytope, then so is P°.
We next construct a fan using a polytope P called the normal fan of P.

Definition 2.50. Let P C M be a polytope with conv(A) = P, and F be a face of P. For
each face F := F N A of A, define a set o by

or :={veN|(fv) <{a,v) forall f e F anda € A}.

The following proposition shows that oz is a cone by associating it to a cone over a

particular face in the dual polytope.
Proposition 2.51. The set o 1s a cone in N.

Proof. Define C' := R - F'*, which is a cone in N. We claim that op = C. For any element
v € C, we can write v = af* for « > 0 and f* € F*. In particular f* € P°, hence for any
a € A, we have (a,v) = a(a, f*) > a. On the other hand, since f* € F*, we have (f, f*) =1
for all f € F. So we have (f,v) = a(f, f*) = a. Hence (f,v) < (a,v) for all f € F and
a€ A Thusv € or.

Conversely, suppose v € ox. Since 0 belongs to the interior of P, for all f € F we have
(f,v)y < (0,v) = 0 with equality if and only if either f = 0 or v = 0. Since F'is a face of P,
it must be on the boundary, and 0 is an interior point of P, therefore u # 0. If v = 0, then
v € C and we are done. If v # 0, then we have (f,v) > 0. Let (f,v) = «a for some o > 0.
Then v = a(2v) and (f, v) = 1, which implies v € F*. Sov € C. O

The following lemma is an immediate consequence of |16, Proposition 2.3.7].

Lemma 2.52. The collection
Yp :={or | F is a face of A}
of cones forms a fan in N.

22



Definition 2.53. The fan Xp defined above is called (inner) normal fan of P = conv(A).

Example 2.54. Consider the 2-simplex A, given in Figure 2.6. It has three vertices 0*, €],
and ej. It has three edges F| = [0%,e]j], F» = [0%,e}], and F3 = [e},el]. Then one has
oo = cone{ey, ea}, 0., = cone{—ey, —e; + e}, and 0., = cone{e; — e9,e5}. For the edges
op = cone{es}, op, = cone{e;}, and o, = cone{—e; — es}. These cones give the fan ¥s in
Figure 2.5. U
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3. CLASSICAL TORIC VARIETIES

We will now see different constructions of toric varieties. According to Theorem 3.20 these
constructions are equivalent. We will omit the proofs of some results in this section. The

proofs of these results can be found in [1, 16, 19].
3.1 Affine Toric Varieties

Let C* be the group of nonzero complex numbers. A (complex) algebraic torus T is an
algebraic group isomorphic to (C*)™ with componentwise multiplication.

We will need the following useful facts about tori. We refer to [21, Chapter 16] for proofs.
Proposition 3.1.

1. Let T be a torus and H C T be an irreducible subvariety of T which is also a subgroup.

Then H is a torus.

2. If a morphism ¢: T1 — Ty between two tori is a group homomorphism, then the image

of ¥ is a closed torus in Ts.
We now introduce two important lattices associated to a torus T.

Definition 3.2. A character of T is a morphism y: T — C* that is a group homomorphism.
A one parameter subgroup or cocharacter of T is a morphism \: C* — T that is a group

homomorphism.

Example 3.3. Let u = (uq,...,u,) € Z". The homomorphism defined by

X": T — C~
(tlﬁ s 7tn) — tu = t71L1 .. tzn
is a group homomorphism. Hence x* is a character of T. 0

Proposition 3.4. All characters of T arise in the way described in Example 3.3.

Proof. Let x: T — C* be a character of T. Also let T; be the coordinate subgroup of T with

all but the i-th coordinate equal to 1. Each T} is isomorphic as a group and variety to C*
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under the map ¢;(t1,...,t,) =t;. Let x;: C* — C* be the morphism induced by x restricted

to T;. Since x is a group homomorphism, we have

X =X1"""Xn,

where each y; is a character of C*. Each y; is a single variable Laurent polynomial of the
form f(t)/g(t). Since it must map C* to C* and be defined everywhere, the only possible
zeros of f(t) and g(t) is 0. Thus, each x;(t) = t* for some integer u;. Hence we have

X(t1, .. ty) =t -+ - tin for some uy, ..., u, € Z. O

Example 3.5. . Let v = (vy,...,v,) € Z". The homomorphism defined by

A CC— T
to— (.t
is a group homomorphism. Hence A’ is a cocharacter of T. O

Proposition 3.6. All cocharacters of T arise in the way described in Fxample 3.5.

Proof. Let x;: T — C* be the character given by x;(t1,...,t,) = t; and let \: C* — T
be a cocharacter of T. Then the composition x; o A: C* — C* is an automorphism of C*.
So there exists an integer v; so that x; o A(t) = t¥. Hence A"(t) = (t*',...,t"") for some
Vi, ...,V € Z. O

For an arbitrary torus T ~ (C*)™, its cocharacters and characters form free abelian groups
Nz and My, of rank n, respectively. We say that an element u € My, gives the character x*, and
an element v € Nz gives the cocharacter \V. There is a natural pairing ( , ): Mz x Ny — Z.
Given a character xy" and a cocharacter \”, the composition y“ o \": C* — C* is a character
of C*, which is given by t — ¢! for some [ € Z. Then, we define (u,v) = [. We can identify
Nz with Hom(Mz,Z) and My with Hom(Nz,Z). Hence it is customary to write a torus as
T to indicate its cocharacters. Note that Ty ~ Nz ®7 C*.

Definition 3.7. An affine toric variety is an affine variety V' that contains Ty as a Zariski

open subset such that the action of Ty on itself extends to an algebraic action of Ty on V.

Example 3.8. The basic examples of affine toric varieties are (C*)™ and C". A less trivial

example is the cuspidal cubic curve C' = V(2* — y?) C C? with torus

C\{0} = {(£*,t%) | t #0} ~C*.
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Note that C' is a nonnormal toric variety. Another example of an affine toric variety is the
variety V = V(zy — zw) C C* with the torus V N (C*)* = {(t1,to, t3, t1tats!) | t; € C*} ~
(C*)3. O

We will now construct affine toric varieties from a given finite set A in M. For A =

{ai,...,as} C Mgz, every element a; € My gives a character x%: Ty — C*.
Definition 3.9. Let A = {ay,...,as} be a finite subset in M. The affine toric variety Y, is
the Zariski closure of the image of the monomial map

(I)AZ Ty — (O

to— (x®(t),...,x*()).
We will justify this definition in Proposition 3.11, but first let us look at some examples.
Example 3.10. Consider the set A = {2,3} C Z. Then the monomial map is given by

Dy C* — C?

t— (£, 1%).

The closure of the image of ® 4 is the cuspidal cubic of Example 3.8.
For another example, consider the set A = {(3,0),(2,1),(1,2),(0,3)} € Z*>. Then the

monomial map is given by

Dy ((Cx)z — C*

(5,1) —> (8%, 5%, st* 17).

The closure of the image of ® 4 is the affine cone over the twisted cubic. U
Proposition 3.11. Y, is an affine toric variety.

Proof. First note that the map ® 4 in Definition 3.9 can be regarded as a map of tori ® 4: Ty —
(C*)*. Hence, by Proposition 3.1 the image T := ®4(Ty) is a closed torus in (C*)*. As
Y4 =T, we have Y4 N (C*)* = T. Hence T is Zariski open in Y. Also, since T is irreducible,
so is its Zariski closure Y.

We next examine the action of T. For every ¢t € T, if W C C? is a subvariety, then ¢ - W is
a variety. Now T =t¢-T C t-Y,. After taking Zariski closure we have Y4 C ¢ - Y. Replacing

26



t with 71 we get an inclusion Y4 C t7!-Y,. Hence we get Y4 = t - Y. Therefore the action

extends and Y, is an affine toric variety. O]

In particular, the torus T defined in the previous proof has character lattice Z.A, the
sublattice generated by A, and so dim Y, = rank(Z.A) [16, Proposition 1.1.8|.

3.2 Toric Ideals

We will now see a construction of affine toric varieties via toric ideals. We begin with
a finite set A = {ay,...,as} C Z". Each element a@; in A gives a Laurent monomial t% €
Ct*']:=C 5", ..., t5"]. Consider the map

% : Clyr,...,ys) — C[t7] (3.1)

Y 1.

Definition 3.12. The kernel of the map ®% in (3.1) is called the toric ideal I 4 associated to
A.

Example 3.13. Consider the set A = {(0,1),(1,1),(1,2)}. Then the map ®%: C[z,y, 2] —
C [s*!, t*1] is defined by sending x +— t, y — st, and z — st>. This map has kernel I4 =
(zz —y?) C Clz,y,2]. O

In Example 3.13, the toric ideal is generated by a set of binomials. This is true for all

toric ideals.

Notation 3.14. Let A = {ay,...as} C Z" be a finite set, and w = (wy,...,ws) € Z°. Then

Aw denotes the sum .

Aw = Z a;w.

=1

Lemma 3.15. The toric ideal I 4 is spanned as a complex vector space by the binomials
{y" =" | u,v € N* with Au = Av}.

Proof. Let u,v € N* with Au = Av. Since t** = t*¥, the binomial y* — y lies in the kernel
of ®%. We next show that [ is spanned by these binomials. Fix a term order < on C|t],
and let f € I4. Suppose f cannot be written as a linear combination of binomials. We may
assume that the initial term in(f) = c,y* of f is minimal with respect to < among those

which cannot be written as a linear combination of binomials. Note that ®%(f) = 0. In
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particular, ¢,t* must cancel during the expansion of ®%(f). That means f has a summand
g with in.(g) < inx(f) such that ®%(c,y*) = ®%(g). Set f' = f — c,y* + g. Note that
O*(f') =0, ie., f € I4 and ino(f') < ing(f). Since in(f) is minimal, f* has to be 0, but

then this means f is a multiple of a binomial which is a contradiction. O]

Note that the definition of 14 gives an injection

Cly, ..., ys]/1a — C[t*'].

Since the ring on the right is an integral domain, we deduce that toric ideals are always prime.
The ideal I4 defines an irreducible variety V(I4) C C®. This variety is indeed a toric
variety [16, Theorem 1.1.17].

Theorem 3.16. V(1) is an affine toric variety.

In Theorem 3.20, we will relate the affine toric variety V' (I4) to the affine toric variety Y.
3.3 Toric Varieties Associated to Affine Monoids

We now connect affine monoids to toric varieties. We first construct an affine toric variety
associated to a given affine monoid S C My. Then we will show the equivalence of the
constructions we have seen so far.

For an affine monoid S C Mz, let A= {ay,...,as} be a finite set in My so that NA = S.
First note that C[S] = C[x*™,...,x%] is finitely generated, and since C[S] C C[Mg], it is
an integral domain. So it defines an irreducible variety Spec(C[S]) over C. We also have a

C-algebra homomorphism

7 Clys, ..., ys] — C[My]

yi — X"
Hence the kernel ker() is the toric ideal 4. Note that we get an isomorphism
Clyr, - - -, ys)/ ker(®%) ~ Im(®%) = C[S].

Corollary 3.16 implies that Spec(C[S]) ~ V(I 4) is an affine toric variety.

Definition 3.17. Let S C My be an affine monoid. Then the variety Spec(C|[S]) is called

the affine toric variety associated to S.

28



Example 3.18. Let A = {2,3} C Z and let S = NA. The kernel of the matrix A = (2 3) has
basis (3 — 2)T. Hence SpecC [S] ~ V(z® — y?) is the cuspidal cubic of Example 3.8, which

we have already seen is an affine toric variety. O

Example 3.19. Let A = {(1,0,0,1),(0,1,0,1),(0,0,1,—1)} € Z* and let S = NA. The
kernel of the matrix A whose rows are the elements of A is spanned by (1,1, —1,—1). Hence
Spec C [S] ~ V(xy — zw). We have already seen in Example 3.8 that the variety V (zy — zw)

is an affine toric variety. O

We now state a result |16, Theorem 1.1.17] which tells us that the different constructions

of affine toric varieties we have seen so far are equivalent.
Theorem 3.20. Let V' be an affine variety. The following are Ty equivariantly isomorphic.
1. Vis an affine toric variety.
2. V. =Yy for a finite set A in a lattice.
3. Vs an affine variety defined by a toric ideal.
4. V = Spec(C[S]) for an affine monoid S.

We return to a special type of monoid we introduced in Section 2.3. Recall that, for a
rational polyhedral cone o € N, S, := 0¥ N Mg is an affine monoid. Hence U, := Spec(C|S,])

is an affine toric variety, called the affine toric variety associated to o.

Example 3.21. Consider the cone o3 given in Figure 2.1. In Example 2.28 we saw that the
affine monoid S,, is generated by the set {ef, e} + €}, e} + 2e5}. The C-algebra C[S,,] can
be represented as C[S,,] = C|[z1, 2129, 2123]. Hence U,, = V(xz — y*) C C? is the affine toric

variety associated to o3. U

The torus of the affine toric variety U, has character lattice ZS, C My, where ZS, =
{my —ms | m; € S,}. Note that My/ZS, is torsion free. To see this, let km € ZS, for some
k > 1 and m € My. Then km = m; — my for some my, ms € S,. Since both my,ms € ¢V,
which is a polyhedral cone, we have

1 k—1

my + meo = Eml + TmQ €o.

29



Hence m = (m+my) —mgy € S, — S, = 7S, which proves the claim. If o is strongly convex,
then ¢ is full dimensional. So, rank(ZS,) = rank(Mz) = n. Hence we have ZS, = My,
which implies that the torus of U, is Ty.

Note that we can represent C[S,] as a coordinate ring in different ways, according to a
choice of generators of S,. Different choices provide different representations of U, in different

complex vector spaces.

Example 3.22. Let us consider the cone o = {0} C R". The dual cone is 0¥ = (R")*. We can
choose different systems of generators of S,. For example both A; = {+£e], ..., xe’} and Ay =
{ef,...,e5,—(ef+---+¢€)} generate S,. Let us first consider the set A;. The corresponding
monomial algebra is C[t*!] ~ C[z1, ..., 72,]/I,, where I, is generated by {12, 41— 1, Toy 10—
1,...,xp29, — 1}. Hence U, = V((z12p41 — 1), ..., (zpz2, — 1)). Note that U, = (C*)" using
the projection C** — C" on the first n coordinates.

With the second system of generators As, C[S,] = Clxy,..., 2Ty, Tpi1]/l,, where I, is
generated by {z;---z,2,41 — 1}. Hence U, = V(x; - - - 2,51 — 1), which is again a copy of
(C*)™ that lives in C"*1. O

3.4 Toric Varieties Associated to Fans

Toric varieties associated to fans are constructed by gluing affine toric varieties associated
to cones. We will start with a familiar example of a toric variety to motivate the later

constructions.

Example 3.23. Let us denote by (tg,t1,t2) the homogeneous coordinates of the complex

projective space P? := CIP2. It is covered by three coordinate charts:

e U corresponding to tg # 0 with affine coordinates (¢ /to, ta/to) = (x,y),

e U, corresponding to t; # 0 with affine coordinates (to/t1,t2/t;) = (z71, 7 y),

e U, corresponding to to # 0 with affine coordinates (to/t2,t1/t2) = (y~', zy™1).

Next consider the fan 3 := 3, in Figure 2.5. Its dual fan is given in Figure 3.1.

e S,, is generated by {ej, €5}, hence C[S,,] = Clz,y] and U,, = C?Ly).

® S, is generated by {—ej, —ej + €3}, hence C[S,,]| = Clz™", 27y and Uy, = C{, 1,y

® Sy, is generated by {—e3, e — e3}, hence C[S,,] = Cly !, ay™!] and Uy, = C}, 1,1y
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Figure 3.1: Dual fan of 3.

We see that three affine toric varieties correspond to the three coordinate charts of P2
Indeed, the structure of the fan gives a gluing between these charts allowing to reconstruct
the toric variety P? from U,,. Let us explain what we mean by gluing U,, and U,, along U,,
where 7 = oy N 0;.

Note that 7 = H .« Nog = Her N oy, By Corollary 2.31, we can write S; = S,, +
Z>(—€}) = Sy, + Z>(e7). The affine toric variety U, is represented by U, = CX x C, in
Uy, and U, = C:_l x Cy-1, in U,,. We can glue U,, and U,, along U, using the change of
coordinates (z,y) — (z7!, 27 'y), and obtain P2\ {(0:0:1)}. O

This example is a particular case of the general construction. Let 7 be a face of a cone o.
Then by Corollary 2.31, S; = S, +Z>(—m) where m € 0¥N My and 7 = H,,No. The monoid
S, is obtained from S, by adding one generator —m. As m can be chosen to be an element
of a generating set {ai,...,ax} for S,, we may assume m = q;, and denote ayy; = —m.
Hence, the generating set for S, has one more relation than the generators of S,, namely
ar + ax+1 = 0. This corresponds the multiplicative relation ¢4t 1 = 1 in C[S;| and this is the
only supplementary relation we need to obtain C[S;] from C[S,]. As the generators t; are the

coordinate functions on the affine toric varieties U, and U, this means that the projection

CkJrl — (Ck

(Z‘l, B 7xk7xk+1) — (xla s 7xk:)
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identifies U, with the open subset of U, defined by z; # 0. Hence we have the following
lemma from [19, Page 225].

Lemma 3.24. There is a natural identification U, ~ U, \ (t; = 0).

For cones 0,0’ € 3, let 7 = 0 N ¢’ be their common face. Lemma 3.24 allows us to glue
together U, and U, along their common part U,. Let us write (vy,...v;) for the coordinates

on U,. Then there is an isomorphism U, ~ U,, \ (v; = 0), and we obtain a gluing map

~

¢a,a’: Ua\(uk:()) = UT —> UC,—/\(UZZO).

Definition 3.25. Let ¥ be a strongly convex rational fan in N. Let Y := [[ .5, U, be the
disjoint union of affine toric varieties. Define an equivalence relation ~ on Y, where x € U, is
identified with 2’ € U, if ¢, . (2) = 2’. The resulting space Ys. = Y/~ is called the (abstract)

toric variety associated to the fan X.
The next theorem [16, Theorem 3.1.5| justifies Definition 3.25.
Theorem 3.26. Let 3 be a strongly convex rational fan in N. Then Yy is a toric variety.

Example 3.27. The construction of P? in Example 3.23 can be generalized to P" considering

the fan X C R™ generated by all proper subsets of {e1,...,e,, —(e1 +--- +e,)}. Let ag

be the cone generated by {ei,...,e,}, and for i = 1,...,n, let o; be the cone generated by
{e1,...,€i-1,€i41,...,€en,—(€1 + -+ + €,)}. Then the affine toric varieties U,, are copies of
C", corresponding to the classical charts of P" and glued together to obtain P". U

Example 3.28. Consider the fan ¥ = X3 in R? in Figure 2.5. The duals of the cones
0o = cone{ey,ex}, o1 = cone{—ej,ex}, 09 = cone{—e;, —ey}, and o3 = cone{e;, —es} are
of = cone{ei,e3}, of = cone{—e}, e5}, 05 = cone{—e},—e€5}, and oy = cone{e], —e3}.
These cones give the monoids S,, generated by {ej,e5}, S, generated by {—e},e5}, S,
generated by {—ej, —e5}, and S,, generated by {e}, —e3}. The C-algebras obtained from
these monoids are C[S,,] = C[z,y], C[S,,] = C[z7',y], C[S,,] = C[z™,y7!], and C[S,,] =
Clz,y']. These C-algebras give us the affine toric varieties U,, = (C%x’y), Uy, = C%x—l,yy
Us, = (C%x,lﬁy,l), and U,, = (C?z’y,l). Consider the common face 7 = oy N o1 of the cones oy
and oy. Note that, 7 = H_.:Nog = He; Noy. Considering 7 as a face of 0y gives U, = C xC,
in U,,, and considering 7 as a face of oy gives U, = (C;_1 x C, in U,,. We glue U,, and U,,

along U, using the change of coordinates (z,y) — (z7!,y), and obtain P! x C with coordinates
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((to : t1),y) (where & = to/t;). Similarly, gluing U,, and U,, yields P! x C with coordinates
((to : t1),y1). Lastly, gluing these two gives Yy, = P! x P! with coordinates ((to : t1), (S0 : 1))
(where y = s¢/s1). O

The nature of the gluing process is compatible under taking products. In Example 3.28,

the fan ¥ can be viewed as the product ; x 5 of the fans given in Figure 3.2.

Z2 A
00
-« g1 gq > 0
0
21 o1
Y

Figure 3.2: Fans ¥; and Yy with Yy, ~ P!

We have seen in Example 3.27 that Yy, >~ Yy, ~ P!. Note that we have Yy, ~ Yy, X Yy,.
This is true in general. To prove this, we will first study the product U,, «, for cones o, € ¥
and oy € Y. Once we describe these objects, we will be able to glue them to obtain the toric

variety associated to the fan Yy x Y.

Lemma 3.29. Let o1 € X1 and o9 € Y5 be two cones. Then,
Up, X Ugy = Uy, %oy
Proof. First note that o) x 0f = (01 X 02)¥. Indeed, for (u,uz) € oy X 0,

((u1,ug), (v1,v2)) = (u1,v1) + (ug, v9) >0

for any (vi,v3) € o1 X 09. Hence o) x 05 C (07 X 09)V.

Conversely, if u = (uj,uz) €
(01 X 09)Y, then for any (vi,v5) € o7 X 09, we have (u, (v1,v2)) > 0. In particular, we
have (u, (v1,0)) = (ui,v1) > 0. Hence u; € o). Similarly one has uy € oy. Therefore
u € oy x oy. This proves oy X 0y = (01 X 02)". This property implies Sy, x5y = Sy, B Sop

and C[Sy, xo,] = C[S,,] ®c C[Sy,]. Thus we get Uy, X U,, >~ Uy, «, as desired. O
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Note that the toric variety Yy, x5, is obtained by gluing affine toric varieties {Uy, xo, }. On
the other hand Yy, X Y, is obtained by gluing affine toric varieties {U,, x U,,}. In Lemma

3.29 we showed that these pieces are isomorphic. Hence this implies the following theorem.

Theorem 3.30. Let ¥y € Ny and X5 € Ny be two strongly convex rational fans. Then,
Y21><22 = Yzl X YEQ‘

We have seen in Section 2.5 that lattice polytopes have normal fans. We will now see

examples of toric varieties associated to normal fans of polytopes.

Example 3.31. Consider the polytope P given in Figure 2.6. In Example 2.54, we saw that
its normal fan is the fan > in Figure 2.5. By Example 3.23, the corresponding toric variety

YZ is IP)2. O

P

Example 3.32. Consider the polytope P of Figure 2.7. Its normal fan is the fan >3 given in
Figure 2.5. Hence by Example 3.28, the corresponding toric variety Yy, is P! x P, O

We end this section with a theorem that classifies normal toric varieties. Its proof is given
in [16, Corollary 3.1.8|.

Theorem 3.33. Let Y be a normal separated toric variety with torus Ty. Then there exists
a fan X C N such that Y ~ Ys.
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4. PROPERTIES OF CLASSICAL TORIC VARIETIES

In Section 3 we have seen different constructions of toric varieties. We will now study their
properties. We will start by defining projective toric varieties. By Theorem 4.7, a normal
toric variety Ys can be embedded into a projective space only if ¥ is the normal fan of a
lattice polytope. Then we study the orbits of the torus action on Ys. We will associate each
such orbit with a cone in the fan. Recall that a toric variety Yy is a normal and separated
toric variety by Theorem 3.33. We will give an equivalence relation between the category of
normal toric varieties with toric morphisms and the category of rational fans with maps of
fans. Lastly, we show that a toric variety Yy is compact in the classical topology if and only

if the fan ¥ is complete.
4.1 Projective Toric Varieties

We turn our attention to toric varieties as subvarieties of projective space P". We first

observe that P is a toric variety with torus

Ten =P"\ V(xg---x,) ={[ag:...:a,) €P" |ag---a, # 0}
={[l:ty:...:t,) €P" | ty,... 1, €C}

The torus Tpn acts on P" via coordinatewise multiplication which makes P a toric variety.

Let us understand the torus Tpr as a quotient. As with projective space we have
Tpn = (C¥)™/ C.
Then we have an exact sequence of tori
1 — C* — (C)" 5 Tpn —> 1, (4.1)

where m(xo, 21, ...,2,) = [ag, ..., a,] € Tpn.

Applying Hom(—,C*) to (4.1), we conclude that the character lattice Hom(Tp», C*) of
Tpn is Mz = {(ao,...,a,) € Z" | 31" ja; = 0}. Similarly, if we apply Hom(C*, —) to
(4.1), we deduce that the cocharacter lattice Hom(C*, Tpn) of Tpn is the quotient Nz =
Zz )z, .. 000).
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Let Ty be a torus with lattices Mz and Nz. For a finite set A = {ay,...,as} C Mz, we

defined the affine toric variety as the Zariski closure of the image of the map

Dy Ty — C°

to— (1%, ).
Now, we can compose the map ® 4 with the homomorphism 7 : (C*)* — Tps-1 by regarding
® 4 as a map to (C*)°.

Definition 4.1. Let A € My be a finite set. The projective toric variety Y, is the Zariski

closure of the image of the map mo ® 4 in P~ 1.
Proposition 4.2. Y, is a toric variety.

The proof of this proposition can be done similarly to the proof given in Proposition 3.11.
We refer to [16, Proposition 2.1.2| for its proof. We will describe the torus of a projective

toric variety in Proposition 4.6, but first we give some examples.

Example 4.3. Consider the set A = {(d,0),(d—1,1),...,(0,d)} C Z%. Then the map mo® 4
is given by

Tody: (C)? — P

The toric variety Yy is the rational normal curve in P4 U

Example 4.4. Consider the triangle given by nA = {(x,y) € R* | 0 < z,y,x +y < n}. Let
A =nANZ? Then the map 7o ®4 is given by

Tod,: (C*)? — p("3")-

sty [Losct:s®ostot? . os™ s et
(s,8) — [

The toric variety Y4 is the Veronese embedding of P? in p("3%)-1, O

Example 4.5. Consider the set A = {0,2,3} C Z. Then the map 7o ® 4 is given by

Tody 1 C* — P?

to— [1:87:8°].
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The toric variety Yy is the cuspidal cubic. O

For a given set A = {ay,...,as} € My, set ZA = {>"7 ca; | ¢; € Z,>";_ ¢; = 0}.
Then the following proposition identifies the character lattice of a projective toric variety |16,

Proposition 2.1.6].

Proposition 4.6. Let Y4 be the projective toric variety corresponding to A C My. Then the
lattice Z! A is the character lattice of the torus of Yy.

We end this section with a theorem which classifies projective toric varieties. We refer to
[19, Section VIL.3]| for its proof.

Theorem 4.7. Let X be a fan in N. Then the toric variety Ys, is projective if and only if
s the normal fan of a full dimensional polytope P in M.

4.2 Torus Orbits

We will study the action of Ty on the toric variety Ys. The torus Ty is a group acting on
itself by multiplication. We first describe the action of T on the affine toric variety U,. Then
we will define the torus action on the abstract toric variety Ys. We will show that there is a
bijective correspondence between T y-orbits in Yy and cones in . We will end this section
with a structure theorem.

Let ¥ be a fan in M, and let ¢ € X be a cone. Consider the affine toric variety
U, = Spec(C[S,]). By Theorem 3.20, we may assume U, ~ Y, C C°® for a finite set
A = {ay,...,as} € My. There is a bijective correspondence between the complex points
of Y4 and the monoid homomorphisms S, — C as follows: Given a point p € U,, define a
map v: S, — C by sending m € S, to x"(p) € C. This gives a monoid homomorphism.

Conversely, we can construct p € Y, as follows. Let p = (v(a1),...,7(as)). We claim
p € Yy . It suffices to show 2" — x¥ vanishes at p for all exponents u,v € Z° with Au = Awv.

Since « is a monoid homomorphism, we have

s

H’V(ai)ui =v(Au) = y(Av) = HV(%‘)W-

i=1

Hence p € Y. This gives us a bijection between the points of the affine toric variety Y, and
semigroup homomorphism from S, to C. We will often refer to p as an element in U,, where

we actually mean its image under the isomorphism Y, ~ U,.
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Lemma 4.8. Let p € U, and vy be its corresponding monoid homomorphism. Fort € Ty, the

monoid homomorphism corresponding to t - p is m — x™(t)y(m).

Proof. Let A = {ay,...,as} C My, and 0 = cone(A). Hence U, = Y, C C*. The action of the
torus Ty on U, is given by a map Ty x U, — U,. Since both sides are affine varieties, it comes
from a C-algebra homomorphism C [S,] — C[Mz] ® C[S,] given by x" — x™ & x™, which
becomes C [z1,...,x5] /14 — C [tf,...,tf] [IA@Cly1,...,ys| /14 given by x; — t;y;. Sot-p
is given by (x* (t)v(a1), ..., x* (t)v(as)). Hence the corresponding monoid homomorphism is
given by m — x™(t)y(m). O

Definition 4.9. For each cone ¢ in ¥, the homomorphism 7, : S, — C defined by

1 ifme Mz;n ot
'70(m) =
0 otherwise

for m € S,, is called the distinguished homomorphism. The point z, € U, corresponding to

the monoid homomorphism ~, is called the distinguished point.

Example 4.10. Consider the cone o3 in Example 2.2. The generators of S,, are m; = ej,
my = e] + €5 and mg = e} + 2e5. Let 7y be the face of o3 generated by 2e; — ep. Then
my,my ¢ 7i- and mz € 7i-. Then v, (m1) = 7., (my) = 0, and v,, (m3) = 1. The distinguished
point is given by x,, = (Vr,(m1), vr, (M2), 77 (m3)) = (0,0,1). Similarly, if 7 is the face of
o generated by ey, then we obtain that v,,(m;) = 1 and ~v,,(ms) = 7,,(m3) = 0. Hence
z., = (1,0,0). Considering ¢ as a face of itself, we get the distinguished point z, = (0,0, 0).
Lastly, the origin 0 is a face of o, which will give the distinguished point zo = (1,1, 1). O

Note that 7, is a monoid homomorphism, as ¢¥ N ot is a face of ¢¥. Hence, if m,m’ € S,
and m +m’ € S, Not, then by Lemma 2.20 we have m,m’ € S, No™.

We now begin to explain torus orbits of a toric variety.

Lemma 4.11. Let 0 € N be a cone. Then there is a bijection between the set

0, =U,-|JU:

T<0

and the set of monoid homomorphisms

{y € Hom(S,,C) | v(m) # 0 if and only if m € o= N Myz}.
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Proof. Let 7 be a face of . Since dualizing reverses inclusions, we have S, C S;. Then the
points of U, that are not in U, are the homomorphisms v € Hom(S,, C) that do not extend
to a homomorphism 4 € Hom(S,, C). An extension is available unless there exists an element
m € S, such that y(m) = 0 but m is invertible in S;. Let v € Hom(S,, C) be a homomorphism
such that y(m) # 0 if and only if m € o+ N My. For a proper face 7 = o N H,,, we have
m € (oV\ o) N Mgz, because m € o+ N Mz implies 7 = 0. Hence v cannot be extended to a
homomorphism in Hom(S;, C).

Now suppose v € Hom(S,,C) with y(m) # 0 for some m € (6" \ o) N Mz. Assume
{a1,...,ax} C My generates oV. Then m = cya; + - - - + cxay, for some integers ¢; not all zero.
Since y(m) # 0, we must have y(a;) # 0 for all i with ¢; # 0. Note there exists a; ¢ 5,1
with ¢; # 0 (If such j does not exist then m € o= N M). But this implies that v extends to
So + Z(—a;) = S;, where 7 = 0 N H,, is a proper face of 0. n

Let v € Hom(S,, C) be a homomorphism that vanishes on (¢ \ 0&) N Mz and is nonzero
on o N Mz. For an element t € Ty and m € S, (t-y)(m) = x™(t)y(m), which again vanishes
on (0¥ \ ot) N Mz and is nonzero on o N Mz. Hence t -y € O,, which shows that O, is a

T n-orbit. Moreover, since v, € O,, we have O, = Ty - 5.

Example 4.12. In Example 4.10 we have the following orbits.
O, = {(0,0,0)} is the orbit through the distinguished point z, = (0,0, 0).
O, = {0} x {0} x C* is the orbit through the distinguished point z,, = (0,0, 1).
0., = C* x {0} x {0} is the orbit through the distinguished point z,, = (1,0,0).
Op = (C*)? is the orbit through the distinguished point zq = (1,1, 1). O

We summarize the results of this section in the following theorem [16, Theorem 3.2.6].
Theorem 4.13. Let X C N be a fan, and Ys, be the toric variety corresponding to . Then
1. There 1s a bijective correspondence between cones in ¥ and T y-orbits in Y.

2. The affine toric variety U, is the union of T n-orbits,

m:U@

70

Example 4.14. Consider the fan > = 35 in Figure 2.5. Let us examine the orbits and affine
toric varieties contained in Yy ~ R2.

It contains three 2-dimensional cones, three edges, and one vertex.
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1. The vertex 0 corresponds to the orbit Oy = {(z 1y : 2) € P? | x,y,2 # 0} ~ Ty C P2
Note that Uy = O ~ (C*)?, as 0 has no face other than itself.

2. The edge 71 of ¥ is generated by e;. The distinguished point in U, is (1:0: 1). Hence,
O, ={(x:0:2)eP?| 2,240} and U,, = Oy U O,,.

3. The edge 7, of ¥ is generated by e;. The distinguished point in U, is (1 : 1: 0). Hence,
O ={(x:y:0)€P? |2,y # 0} and U,, = Oy U O,,,.

4. The edge 73 of ¥ is generated by —e; — eg. The distinguished point in Uy, is (0:1:1).
Hence, O, = {(0:y:2) €P?|y,2# 0} and U,, = Oy U O,,.

5. Consider oy. The distinguished point in U,, is (1 : 0 : 0). Hence, O,, = {(0:0: 2) €
P? |z # 0} and U,, = Oy UO,, UO,,.

6. Consider o;. The distinguished point in U,, is (0 : 1 : 0). Hence, O,, = {(0:y:0) €
P?| 2 #0} and U,, = Oy UO,, UO,,.

7. Lastly, consider oy. The distinguished point in Uy, is (0: 0 : 1). Hence, O,, = {(0:0:
z)eP?| z#0} and U, = 0, UO,, UO,,. O

4.3 Toric Morphisms

We will define toric morphisms between toric varieties and maps between fans. Then we
will show a toric morphism gives rise to a map of fans, and a map of fans gives rise to a toric

morphism. This will give an equivalence between two categories.

Definition 4.15. Let 3; and ¥, be two fans in real vector spaces N; and N,, respectively.
A Z-linear mapping ¢: (N;)z — (Ny)z with induced map ¢r(z @ 1) = ¢(2) @ r is called a
map of fans if for every cone o, € ¥, there exists a cone o5 € Yy such that Q_S(Ul) C 0s.
A morphism ¢: Y5, — Y5, is called toric if ¢(Ty,) C Ty,, and ng]TNl is a group homomor-
phism.

Example 4.16. Let N; = R? with basis e; and ey. For r € N, let 3, be the union of four cones
o1 = cone{ey, e}, o9 = cone{ey, —es}, 03 = cone{—e; +rey, —es}, 04 = cone{—e; +reg, a0},
and their faces, shown in Figure 4.1.

Also, let Ny =R, and let X be the fan given in Figure 3.2. Consider the mapping

¢: (N1)z — (N2)z

ae; + bey — a.
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01

02

A\

Figure 4.1: The fan X,.

Note that ¢(01) = ¢(02) = ¢(cone{e;}) = ¢(cone{—e; +1e3}) = Rs € %, ¢(03) = ¢(04) =
R< € ¥ and ¢(cone{es}) = d(cone{—ey}) = ¢(0) = 0 € X. Hence ¢ is a map of fans between
>, and . O

Lemma 4.17. Let 0y C Ny and oy C Ny be cones. A toric morphism ¢: U,y — U,, is
equivariant, i.e., (t-p) = ¢(t) - ¢(p) for allt € Ty, and p € V.

Proof. Suppose the action of Ty, on U,, is given by a morphism ®;. We need to show that
the following diagram

®,
TNl X Uo’l Ua'l
Plp,, X ¢ ¢
,
TNQ X U'O-2 Uo’2

commutes. Replacing U,, by Ty, in the above diagram, we get
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TNl X TNl TNl

¢|'[[‘N1 X ¢‘TN1 ¢
®,

TNQ X TNQ r]I‘NQ.

Since ng\TNl is a group homomorphism, this diagram commutes. Also note that since Ty, X Tx;

is dense in Ty, X U,,, the first diagram also commutes. Hence ¢ is equivariant. O

Lemma 4.17 generalizes to show that any toric morphism ¢: Yy, — Yy, is an equivariant
mapping. We want to state a theorem which gives a correspondence between maps of fans

and toric morphisms. We start with the following lemma.

Lemma 4.18. Let 01 C Ny and 0y C Ny be two cones. A homomorphism ¢: (Ny)z — (Na)z
induces a toric morphism ¢: Uy, — U,, extending ¢: Ty, — Ty, if and only if Q_ﬁR(al) C 0.

Proof. Let ¢*: (Ms)z — (M;)z be the map dual to ¢. Note we have ¢ = Spec ¢* when ¢*

is considered as a map between coordinate rings C [(Ms)z] — C[(M;)z]. Also ¢gr(oy) C oy if

and only if ¢y (02) C o1, which is exactly when évh_v : 0y — oy is a monoid homomorphism.
B 2

Hence ¢ is a toric morphism if and only if ¢r(0q) C 0s. O

We now state the main theorem of this section. A toric morphism gives rise to a map of

fans and vice versa.

Theorem 4.19. Let 3; C N; be fans fori=1,2.

1. If : Ny — Ny is a map of fans between X1 and Yo, then there exists a toric morphism
¢: Ye, = Yo, such that ¢l = $R1: Ny ® C* — N, ® C*.

2. If ¢: Ys, — Ys, is a toric morphism, then ¢ induces a map of fans ¢: (N1)z — (No)z.

Proof. Take the open cover {Ugi}gi621 of Yy,. For each o; € ¥4, there exist a cone o} € ¥
such that ¢(o;) C o]. By Lemma 4.18, we have toric morphisms ¢,,: U,, — Uyr. Now let
01,07 € ¥ be two cones, and let 7 € ¥ be their intersection. Then we have U,, N Uafl =U,.
Hence for u € 7N (Ny)z and ¢ € C*, ie, u® z € (N1)z ® C = Ty,, we have ¢, |, (u®c)=

d(u)@c = ¢ |, (u®c). If we take oy = {0}, then Uygy = Ty, , and we get ¢y : T, — Tay,

Ur
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which is a group homomorphism by definition. Hence ¢: Yy, — Y5, is a toric morphism. This
proves the first part.

For the second part, let v € (IN1)z, and consider the cocharacter A\Y: C* — Ty,. Since
ng|TN1 is a group homomorphism, the composition ng|TN1 o AV: C* — Ty, gives an element
¢(v) € Ny and linearity is preserved. Hence ¢: N3 — Ny gives a map ¢: (N1)z — (Na)z. We
claim ¢ is a map of fans. Since a toric morphism is equivariant, Ty, -orbits are mapped into

Tn,-orbits. Hence by Theorem 4.13 cones in 3; have to be mapped into cones in ¥,. O]

4.4 Limits of One Parameter Subgroups and Compactness

In this section we first show a way to recover the fan ¥ from the toric variety Ys. The key
idea is to look at limits £1£r(1) AV(s) for various v € N. Next we show that a toric variety Ys is
compact if and only if the fan ¥ is complete.

The following lemma [16, Proposition 3.2.2] shows that the limits %1_133 A’(t) of one parameter

subgroups are exactly the distinguished points for the cones in the fan.

Lemma 4.20. Let 0 € N be a cone and v € Nyz. Then
VET = liI% A\°(s) exists in U,.
S—>

Moreover, if v € Relint(c), then liH(l) AV(s) is the distinguished point x,.
s—
We next illustrate Lemma 4.20 in an example.

Example 4.21. Consider the fan ¥ = ¥3 of Figure 2.5. We showed in Example 3.23 that
Ys, = P2. The torus Tp: = {(1,s,t) € P? | s,¢t # 0} = (C*)?> C P2. Let v = (a,b) be a point
in Nz = Z2. Then we have \’(s) = (1,5% s") € Tp2. We will analyze (1, 5% s) as s — 0. The

reader can compare these limits with Example 4.14.

— 0 i a by _
1. a,b=0: l1_r)1(1)(1,5,5)—(1,1,1).

— 0 i a b
2.a>0,b—0.£1_r>1(1)(1,3,5) (1,0,1).

— - 1; a b
3.a—0,b>0.£1_>r%(1,3,5) (1,1,0).

— R E a by —_ 1; a oa) _ 1; —a _
4. a=b<0: lg%(l,s,s)ng%(l,s,s)fhm(s ,1,1)=(0,1,1).

s—0

- 1; a by _
5. a,b>0: £1_r)r(1)(1,3,s)—(1,0,0).

6. a<0,a—b<0: lir%(l,s“, s®) = lim(s7¢,1,5°7%) = (0, 1,0).
s5—

s—0
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7.a>0,a—b>0: lir%(l,sa, s®) = lim(s7%, 547 1) = (0,0, 1).
s—

s—0
The regions explained above corresponds to cones of the fan 3. This way we can recover the

fan from these limit points. O
We now state the main theorem of this section.
Theorem 4.22. Let Yy, be a toric variety. Then the following are equivalent.

1. Yy, is compact.

2. The limit im \(s) exists in Ys, for all v € Ny.

s—0

3. X 1s complete.

Proof. Assume Yy is compact and let v € Nz. For a sequence s; in C* converging to 0, we get
the sequence \’(s;) € Ys. Since Yy is compact, this sequence has a convergent subsequence.
We may assume lim A\Y(s;) = p € Ys. Since Y is covered by affine open subsets, there exists
a cone o € X suclh_?}jlat p € U,. Pick m € S,. Since the character y" is continuous, we have
X" () = i (N (1)) = lim {7
i—o0 i—00
Since s; — 0, for the last limit to exist we must have (m,v) > 0 for all m € S,. Hence we
have v € 0. Then by Lemma 4.20, the limit il_l)r(l) AV(s) exists in U,.

Now assume that the limit il_l}(l) AV(s) exists in Yy, for all v € Nz. Pick any v € Ny. The
limit ngl_r}(l) AY(s) exists in Yy, hence it is an element of U, for some ¢ € ¥ . Again by Lemma
4.20, v € 0. Hence ¥ is complete.

Now assume Y is complete. We want to show that Yy is compact. We will apply induction
on n = dim N. When n = 1, the only complete fan is given in Figure 3.2. In this case we
have Yy, = P!, which is compact. Now assume that the statement is true for all complete fans
of dimension strictly less than n, and consider a complete fan ¥ in N. Let {7; | ¢ € N} be
an infinite sequence in Yy. Since Yy is a union of finitely many orbits O,, we may assume
{~; | i € N} lies in an orbit O,. If o # {0} then the closure O, of O, in Yy is isomorphic to
Yitar(o) Which has dimension < n — 1 [16, Proposition 3.2.7]. Since X is strongly convex and
complete, by Lemma 2.40 star(o) is also strongly convex and complete. Hence by induction
{7: | i € N} has a convergent subsequence in Y.

Now assume the sequence {~; | i € N} lies entirely in Oy = Ty. Define amap L: Ty — N
as follows. A homomorphism v € Ty = Hom(Mz,C*) is mapped to L(y) € Hom(Mz, R),

where L(y)(m) = —log|y(m)|.
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Apply L to {v; | i € N} to get a sequence {L(~;) | © € N} in N. Since ¥ is complete,
there exists a cone o in ¥ such that the intersection {L(v;) | ¢ € N} No is infinite. Passing to
a subsequence, if necessary, we may assume {L(v;) | ¢ € N} lies entirely in 0. Then for any

m € Sy, since L(;) € o, we have

log [yi(m)| = —(m, L(v:)) < 0

for all i € N. Hence {v; | i« € N} is a sequence of mappings to the closed disk in C. The
monoid S, is generated by a finite set {mq,...,m,}, and since the closed disk is compact,
{7i(m;) | i € N} has a convergent subsequence in C for all j. Hence {7; | ¢ € N} has a

subsequence converges to a homomorphism v € Hom(S,, C). Hence Yy is compact. O
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5. IRRATIONAL TORIC VARIETIES

In Section 3 we constructed toric varieties corresponding to rational fans. We now develop
a theory of irrational toric varieties associated to fans in a finite dimensional real vector space

that are not necessarily rational.
5.1 Irrational Affine Toric Varieties

Let M and N be finite dimensional dual real vector spaces. The vector space N is the
torus for our irrational toric varieties. When N acts on a space, we will write Ty, and use a
multiplicative notation for its group operation. We identify T with the group Hom.(M, R.)
of continuous homomorphisms from M to R.. Here, an element v € N is sent to the ho-
momorphism 7, whose value at u € M is exp(—(u,v)). When t = ~,, we write t* for 7,(u).
Elements of M are called characters of Ty, and elements of N are called cocharacters of Ty .

For a linear subspace L of N, we write T}, for the corresponding subgroup of Ty .

Notation 5.1. Let A be a finite subset of M. We will use A as an index set, so that
RA = R, R;‘ = R‘f‘, and R“g = RIEAI is the set of |A|-tuples of real numbers, positive
real numbers, and nonnegative real numbers whose coordinates are indexed by elements of A,

respectively.

Definition 5.2. Let A be a finite subset of M, and define a map given by

oa: Ty — RS
t— (t"|a € A).
The closure X 4 of the image X of Ty under ¢ 4 is called an irrational affine toric variety.

The map ¢(A) is a group homomorphism from Ty to ]Rf. Note that X 4 inherits a Ty~

action from the homomorphism ¢ 4.

Definition 5.3. Let A be a subset of M. The annihilator of A is a set
At ={ve N|(a,v)=0forall a € A}.

The kernel of p is T4o. Hence X9 is identified with the quotient T /T 4. (>~ N/AL).
In Lemma 3.15, we saw that a complex affine toric variety satisfies some binomial equations.

This is true for irrational afline toric varieties.
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Proposition 5.4. The irrational affine toric variety X 4 is the set of points
Zy={z€RE | z*=2" for all u,v € RS with Au = Av}. (5.1)

Proof. Let z = (t* | a € A). For any u,v € RZ with Au = Av

U — H(ta)ua _ t'Au _ tAv _ H(ta>va — v
acA acA
Hence, X4 C Z4.
To show the reverse inclusion, first let z € Z4 N RZ. Let B C A be a basis for the linear

span of A. Any element m € A can be represented as the sum

m:Z/Bm,bbv

beB

where f,,, € R for all b € B. Let B’ := {b € B | Bnp > 0}, and consider the vectors
u:=(ug|acA), v:=(u,|ae ), and v:= (v, ] a € A)in RS given by

1 ifa=m . —Bma faeB\B Bma faeB
ua = ) ua = 9 and U(l — .
0 otherwise 0 otherwise 0 otherwise
Note that
Alu+u') = Av

+u’

This implies 2* 2. Hence

Zm = szﬁm’b . (5.2)

The image of ¢ 4 is identified with the quotient T /T 4.. Replacing Ty with Ty /T 41, we may
assume X is identified with T. Note that in this setting, A spans M, and B is a basis for
M. Let B* be the dual basis for N, write b* € B* is the dual basis element to b € B. Consider
the map

f: N —RZ
v— (Hexp(—ﬁa’bvb*) |a € A>,

beB
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where v = Y.z vp+b*. Note that by (5.2), Z4 NRZ C Im(f). Let ¢ = v, € Ty. Then for
any a € A,

t* = exp(—{a, )

—exp (= (X b))

beB

= H exp(—</3a,bb> U>)

beB

= H exp(—Bapvp+ ).

beB

Therefore, f(v) = @a(t). Let v ="73",. 5 vpb*, and set vy := —log(2) for all b* € B*. Then,

alt) = £0) = ( T[ewpl~o0t5) [0 € 4)

beB

= (ewp(sustonta) o € 4)

beB

(Hzf“‘b | aEA)

beB

= Z.

Now, let z € Z, \ RZ. Consider the cone F generated by the set F := {a € A | 2, # 0}.
We claim F' is a face of cone(A). Pick any element w € F+. We will show F' = cone(A) Nw=.
Let m € (F) N A. Then m = Fx — Fy for some z,y € RZ. Similar to (5.2) we have

Zm H zYe = H 250,

aceF acF

This implies z,, # 0, i.e., m € F. Therefore F = (F) N A.

Assume F' is not a face of cone(.A). Then there exist an element x € A so that (x,w) # 0.
Assume (x,w) > 0. Then (a,w) > 0 for all a € A\ (F). Otherwise, if (y,w) < 0 for some
y € A\ (F), then rmx + ry € F for some scalars 7,75 € Ro. Let maz + ryy = FA for some
A€ RZ. Asin (5.2), we must have

Ty T2 A
Za Zy = H Zaa.
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Note that z;'z;> = 0, as v,y & F, but [[,c» z)a = 0, which is a contradiction. So, for

a € A\ (F), we have (a,w) > 0. Then cone(A) Nw’ = F. Hence, F is a face of cone(A).

A
>

v € F¥Y C N such that 2/ = px(v). Note that z, = 2/ if a € F and 2z, = 0 otherwise. Next,

Set 2/ = (27 | f € F). By similar arguments to when z € RZ, we can find an element

consider the curve
oa(v+rw) = (exp((—a,v +rw)) | a € A)

for a scalar r € R. Since a € A and w € cone(A)Y, we have (a,w) > 0, and it is equal to 0

only if a € F. Hence

lim exp({—a,v +rw)) =
r—00

{O if a ¢ F,

exp({(—a,v)) if a€ F.

Thus, lim, o, w4(v + rw) = z, which implies z € X 4 as it is a limit point in X 4. Hence, we

get the reverse inclusion Z4 C X 4. O

For each face F C A, ]RJ;' is naturally included in ]R“g, where ]RéT is the set of points z € R“z“

whose coordinates z, are zero for a ¢ F. Then X% is the image of the composition

YA A TF F
TN 7 RZ R27

where 7 is the projection of Ré‘ onto ]R; . Proposition 5.4 implies that X% C X 4 and X 4 is

the disjoint union

Xa = || x5 (5.3)
F=<A

We end this section with an application of Birch’s Theorem [13].
Proposition 5.5. The irrational affine toric variety X 4 is homeomorphic to cone A.
Proof. Let A = {ai,...,a,}. Consider the map

m: X4 — cone(A)

p r—).Ap.

We will show that this map is a bijection. Let b € cone(A). Then b lies in the relative
interior of a face cone(F) of cone(A) for some subset F of A. After rearranging, if necessary,

we may assume F = {aq,...,ax} for some kK < m. Then we can write b = aju; + ... + aguy
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for some uy,...,u, € R.. Consider the set
Cr(b) :=={p e RE | Fp=1b}.

We will show that the intersection X% N Cx(b) contains only one element. We claim that this
implies that 7 is a bijection. Let p € X% N Cx(b). Then m(p) = b, which implies 7 is onto. To
show injectivity, suppose for some element ¢ € X 4, we have Aq = b. Since X 4 is the disjoint
union | |, 4 X%, we have ¢ € X%, for some 7' < A. Then b = Ag = F'q lies in the relative
interior of cone(F"). Hence we must have F/ = F, as b also lies in the relative interior of
cone(F). So g € X3 N Cx(b). This implies p = ¢, which implies 7 is injective.

Define a function

H:RE — R
k
p — =Y pilog(p;) — 1).
i=1
The Hessian matrix of H is a diagonal matrix with entries (—1/pq,...,—1/px), which is a

negative definite matrix. Hence H is strictly concave on R¥. The restriction of H on Cx(b)

is strictly concave as well. So it attains its maximum at a unique point p* € Cx(b).
Consider F as a matrix with columns aq,...,a;. For any vector w in the kernel of the

transpose matrix F7, the directional derivative of H vanishes at p* [22, Section 1.2]. So we

get

k OH k
02;% a_m(p):_;UiIOg(pi)' (5.4)
That means (log(p}),...,log(p;)) lies in the column span of F. Pick a vector p € R™ such
that log(p;) = >_7_, #1j(ai);. Then pj =t where t = (exp(u1),...,exp(u,)). Hence p* €
XN Cx(b).

To see that X% N Cx(b) contains no other point, suppose ¢ € X% N Cx(b). Then
(log(q1), .- .,log(gr)) lies in the column span of F. Hence for any vector u in the kernel
of the matrix F7, the directional derivative of H vanishes at ¢. So ¢ is a critical point of the
function H [22, Section 1.2|. Since the Hessian matrix is negative definite at ¢, this point is

a maximum of a strictly concave function H, therefore ¢ = p*. O
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5.2 Irrational Toric Varieties Associated to Cones

We will construct irrational affine toric varieties associated to arbitrary cones in N, and
show some properties of them.

Let C € M be a cone. Define Hom.(C,R>) to be the set of all monoid homomor-
phisms ¢: C' — R that are continuous on the relative interior of each face of C. We equip
Hom,.(C,R>) with the weakest topology such that every map to R given by point evaluation
is continuous. That is, a sequence of homomorphisms {¢, | n € N} € Hom,.(C,R>) converges
to a homomorphism ¢ € Hom.(C,R>) if and only if for every u € C, the sequence of real

numbers {¢,(u) | n € N} converges to ¢(u).

Example 5.6. Let M = R and C' = [0,00). Note that C' is a cone in M. Let ¢ €
Hom.(C,R>). Since ¢ is a monoid homomorphism, we have ¢(0) = 1. Set a := ¢(1) > 0.
Then for any n € N, ¢(n) = o™ Also since a = ¢(1) = p(n - (1/n)) = (p(1/n))", we
have p(1/n) = o'/". For any positive rational number r = m/n with m,n € N, we have
o(r) = o(m - (1/n)) = (p(1/n))™ = (a'/")™ = a". By the continuity of ¢ on the interior
(0,00) of C, p(s) = a® for all s > 0.

For any a € R>, define a map ¢,: R> — R by

a’® s>0,
9004(3) =
1 s=0.

If we set 0° := 1, then ¢(s) = a® for any a,s > 0. For any a € R> we write ¢, for the
monoid homomorphism such that ¢, (s) = a®. Figure 5.1 displays the graphs of ¢, for several
o € Rz.

1 C
Figure 5.1: Monoid homomorphisms in Hom.(C,R>).
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Since lim,_,0 Yo = o, the evaluation map ¢ — (1) induces a homeomorphism between
Hom,.(C,R>) and R>. O

Lemma 5.7. Let C be a cone in M. For any monoid homomorphism ¢ € Hom.(C,R>), the
set {m € C'| p(m) > 0} is a face of C.

Proof. As in Example 5.6, for any s € R> and m € C, we have p(sm) = (p(m))°. Suppose m
lies in the relative interior Relint(F') of a face F' of C', and ¢(m) = 0. Then for any s > 0, we
have p(sm) = 0. For any w € Relint(F), there exists an s > 0 such that w — sm € Relint(F).
Hence p(w) = p(w — sm)p(sm) = 0.

Now let S := {m € C | p(m) > 0}. Note that for my,mys € S, p(my + my) =
w(mq)p(mg) > 0 as both ¢(my) and ¢(msg) are positive. Also note that for any nonneg-
ative real 7 and m € S, ¢(rm) = ¢(m)” > 0. Hence S is closed under addition and scaling
by nonnegative real numbers. So S is a cone. By previous arguments, if S meets the relative
interior Relint(F') of any face F' of C, then it has to contain Relint(F'). Note that for any
m € F and w € Relint(F'), we have m+w € Relint(F'). So 0 # p(m+w) = p(m)p(w). Hence
©(m) # 0, which implies m € S. Thus F' is a subset of S. As a convex union of faces of a

cone is a face of that cone, we showed that S is a face of C. n

Definition 5.8. For ¢ € Hom.(C,R>), the face supp(y) := {m € C | p(m) > 0} of C is
called the support of .

Example 5.9. Let L be a linear subspace of M. Then for any ¢ € Hom.(L,R>) and
x € L, since © + (—z) = 0 in L, we have ¢(x) - p(—2z) = ¢(0) = 1. So ¢(z) > 0. Hence
Hom,(L,Rs) = Hom.(L,R..), which is isomorphic to Tpv = Ty /T ~ N/L*. O

Consider the map

C —MoC

m+— (m, m).
Applying Hom.(—,R>) to this map induces another map

p: Hom.(M,R>) x Hom.(C,Rs) — Hom,.(C,R>)

tp) — t-p,
where (¢ - ¢)(u) = t“p(u) for u € C. This gives an action of Ty on Hom.(C,R>).
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Lemma 5.10. Let A be a finite subset of M and set C' = cone(.A). Then the map

fa : Hom,(C,Rs) — RZ
© — (p(a) |a € A),

is a T -equivariant homeomorphism between Hom,.(C,Rx) and the irrational affine toric vari-

ety Xa. In particular, Hom.(C,R>) is homeomorphic to C under the map ¢ — Y .., p(a)a.

Proof. Let ¢ € Hom.(C,R>), and suppose that an element m € C' has two representations
m = Au = Av for some u,v € Rg‘. Note that

p(m) = p(Au) = [ (p(a))". (5.5)
acA
Hence f4(p) satisfies the system of equations (5.1), and therefore is a point of X 4 by Propo-
sition 5.4.

Now assume z € X 4. Then by Equation (5.5), the function

o A—R>

av— 2,

extends to a monoid homomorphism C' — R>. By the decomposition (5.3), there exists a
face F of A such that z € X%. So ¢ is continuous and does not vanish on F' = cone(F). We
claim that ¢, is zero on C'\ F, hence it lies in Hom.(C,R>). Note that, if b € A\ F, then
2 =0, and so p(b) = 0. If m € C'\ F, then in any expression m = Au of m for some u € R4,
there exists an element b € A\ F such that u, # 0. Then

ool = (o) v X ) =0

ac A\{b}

which proves the claim.
The maps ¢ — fa(p) and z — @, are inverse bijections between Hom,.(C,R>) and X 4

which are continuous and therefore homeomorphisms.
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For t € Ty,

falt-@)=((t-p)(a)|a€A)=(t{a)p(a) |a € A) =t (p(a)|ac A
=t- faly).

Hence f4 is a Tiy-equivariant homeomorphism between Hom,.(C, R>) and the irrational affine
toric variety X 4. Moreover, by Proposition 5.5 it follows that Hom,.(C, R>) is homeomorphic
to C under the map ¢ — >, p(a)a. O

Example 5.11. Let a = (—/2,1) and b = (1,0) two points in R?. Consider the cone C
generated by a and b. A map ¢ € Hom.(C,R>) is is determined by its values ¢(a) and ¢(b),

which may be any two nonnegative real numbers. Hence the map

¥ : Hom.(C,Rs) — C
¢ pla)a+ o)

is a homeomorphism.

Adding a generator ¢ = (1,1) of C, for a map ¢ € Hom.(C,R>), we have
pl) = plat (14 V2)b) = pl(a)p(b) V2.

Hence the map ¢ — (¢(a), ¢(b), ¢(c)) is a homeomorphism between Hom.(C,R>) and X, .}

Moreover, the map
o — p(a)a+ e(b)b + p(c)e = p(a)a + p(b)b + p(a)p(b) " (a + (1+ V2)b)

is a homeomorphism between Hom,(C, R>) and C|, which is different from . Figure 5.2 shows

the cone C' and the irrational affine toric variety X(qp.c}- O

We have seen that faces F' of the cone C' correspond to homomorphisms ¢ € Hom,.(C,R>)
that vanish on C'\ F' and are nonzero on F. Let (F) denote the linear span of F. Note
that Hom.((F),R>) = Hom.((F),R-) as a monoid homomorphism in Hom.((#"),R>) does
not vanish on (F). Hence Hom.((F),R>) is a single Ty-orbit which may be identified with
Ty /T

Notation 5.12. We write ep € Hom.((F'),R>) for the constant homomorphism, that is
ep(m) =1 for allm € (F).
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C = cone{a, b, c}

°
a C

Figure 5.2: Cone and irrational affine toric variety.

Note that Hom,((F),R.) = Ty-cp. Restricting er to F' and extending it to C' by assigning
erp(m) =0 for all m € C'\ F gives a Ty-equivariant map

®p : Hom.((F),R.) — Hom.(C,R>),

which sends the constant map ep to the element of Hom,(C,R>) (still written er) defined by

1 ifmekF

erp(m) = .
0 ifmeC\F

Let Op =Ty -ep C Hom.(C,R>) be the Ty-orbit through p. Note that O is the image
of Hom,.({(F'),R-) under the map ®p.

Corollary 5.13. Let F be a face of a cone C. Then O consists of monoid homomorphisms
in Hom,.(C,R>) that vanish on C'\ F and are nonzero on F. The map ®p is an inclusion

and we have the decomposition

Hom,(C,Rx) = [] Or.

F=C

Proof. By the definition of the map ®p, its image consists of monoid homomorphisms that
vanish on C'\ F' and are nonzero on F.

Conversely, let ¢ € Hom.(C,R>) that vanishes on C'\ F' and is nonzero on F'. Restricting
¢ to F' gives a monoid homomorphism in Hom.(F,R. ), and hence has a unique extension to
(F). Hence ¢ lies on the image of ®p, i.e. ¢ € Op.

The map @ is an injection since an element of Hom,((F), R>) is determined uniquely by

its restriction to F'.
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The decomposition of Hom,.(C,R>) into the orbits Op for faces F' of C follows from the
decomposition (5.3) and Lemma 5.10. O

Let F be a face of C. Then there exists an element v € CV such that F = C Nvt and
foru € O\ F, (u,v) > 0. For s € R, we have the element 7, in T whose value at u € M
is ys(u) = exp({—su,v)). The map from R — Ty defined by s — 74, is a one-parameter
subgroup of Ty.

Lemma 5.14. With these definitions, we have ep = limg 0 Vso - EC-

Proof. If 74, - ¢ has a limit as s — oo in Hom.(C,R>), then its value at u € C' is

) ) _ 0 ifueF
lim (Y5 - €0)(u) = Hm 5, (u)ec(u) = lim exp({—su,v)) = :
S5—00 $§—00 5—00 1 if u ¢ F
Hence lim,_, o Ve - €¢ 1S €F. O

Lemma 5.14 implies that ep € Oc. As Op = Ty.cp, we deduce the following.

Corollary 5.15. If F C E are faces of the cone C, then Op C Og. In particular, O¢ is
dense in Hom.(C,R>), and
Or = [J0or.

F<E

5.3 Irrational Toric Varieties Associated to Fans

We next define the irrational toric variety corresponding to an arbitrary fan ¥ in N. For
a cone o € X, define V, := Hom.(c",R>), the irrational affine toric variety associated to the
dual cone of o. For a face 7 < o, the inclusion 7 C ¢ induces a map V. — V, by restricting a

monoid homomorphism 7¥ — Rs to ¢¥, as 0¥ C 7.
Lemma 5.16. The map V, — V, is a Ty-equivariant inclusion.

Proof. Let f : V. — V, be the induced map. Then for ¢t € Ty and ¢ € V., we have
flt-o)=(t-9)|,v=t-p|l,v =t f(p). Hence the map is Ty-equivariant.

Let w € 7. By Lemma 2.21, there are u,v € ¢ with v € 7+ such that w = u — v. Since
7+ C 7V is a linear space, we have ¢(v) # 0 and ¢(w) = p(u)p(v)~t. Hence ¢ is determined

by its restriction to ¢V. Hence f is injective. O
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Example 5.17. Consider the cone o generated (1,v/2) and (0,1) in R2. Let 7 be its face
generated by (0,1). Then ¢ is the cone C' of Example 5.11 and 7 = {(z,y) € R* | y > 0}.
The points a = (—v/2,1), b = (1,0), and ¢ = (1,1) lie in both dual cones ¢¥ and 7V, and
7V has an additional generator d := (—1,0). Figure 5.3 displays the cones ¢ and 7, their

duals, and the associated irrational affine toric varieties X440 ~ Vo, and X444y ~ V>. The

/’ 1) "‘
Wi
W 100,

-

Figure 5.3: Cones, their duals, and associated irrational affine toric varieties.

inclusion V. < V; is induced by projecting X,54y to the quadrant R{;’b} and then applying
the inverse of the projection from Xy, . The image of Xy, 4y in Xy,p 0 only omits the

a-axis. U
Definition 5.18. Let 3 be a fan in N. The irrational toric variety Xy associated to X is
YZ = U Vg,
oED

the union of the irrational affine toric varieties V,, for o € X glued together along the inclusions

V.=V, fort <o.

Example 5.19. Let X € R be the fan given in Figure 3.2. In Example 5.6 we showed that
Vi &£ Rs. One can similarly show that V,, = R>.
Note that 0¥ = R, and for f € Vj, we have

1= f(0) = fF(DS(=1) = [floy (1) floy (=1). (5.6)



Two elements g € V,, and h € V,, are glued together if there exists an element f € V
such that f ]Ulv =gand f |02V = h. Since g and h are determined by their values at 1 and —1,
respectively, (5.6) implies that they are glued if g-h = 1. Using Figure 5.4, we will explain this
gluing process. We place two copies {(1, ;) | oy € V,,, } ~ V,, and {(as, 1) | a5 € V5 } =V,

of R> on the nonnegative orthant Rzz.

~

Figure 5.4: Irrational toric variety corresponding to fan X..

Let « be the point of intersection of a ray passing from the origin with the line segment
between (1,0) and (0, 1). This ray cuts the line z = 1 and y = 1 at points (1, a;) and (as, 1),
respectively. Note that we have oy, = 1. This means we glue these two points together. We

identify it by «. This procedure identifies Xy, with the blue line segment. O

For each cone o € ¥, let x, € V, be the distinguished point ¢,., where o+ C ¢V is its
lineality space. We also let W, be the Ty-orbit through z,, so that W, = O,..

Theorem 5.20. Let X be a fan in N. Then the irrational toric variety Xx, is a Ty -equivariant
cell complex. FEach cell is an orbit and corresponds to a unique cone o € X. The cell corre-
sponding to o is W, ~ N/{(c), and 7 C o if and only if W, C W,.

Proof. Let 0 C ¥ be a cone. By Corollary 5.13, the set V,, is a Ty-equivariant cell complex
whose cells are T-orbits that corresponds to faces 7 of o, where the orbit W, is identified
with N/(7). By Corollary 5.15, the cell W, is contained in any closure W, for a face 7 of 0.
Since Xy is obtained by gluing the sets along common open subsets, these facts also hold for
Xs. [
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Corollary 5.21. The collection {V, | o € X} of irrational affine toric varieties forms a

T -equivariant open cover of Xx. by irrational affine toric varieties.

Proof. As Xy is the union of the V,, which are T-equivariant as is the gluing, we need only
show that each V is open in Xy. Hence it is sufficient to show Xy \ V; is closed in Xy. Note

that if we have 7 < p and 7 £ o, then p A 0. Hence by Theorem 5.20, we have

Xs\V, = Jw:, = Uv~.

7RO TR
As X5 \ V, is a union of closed sets, it is closed as well. O

By Theorem 5.20, an orbit W, lies in the closure of an orbit W, if and only if ¢ is a face

of 7. The following corollary is a consequence of these facts and the definition of star.
Corollary 5.22. For any cone o € X, the closure of the orbit V; is the toric variety X q)-
Theorem 5.23. If ¥ C N is a rational fan, then X5 = Ys(R>).

Proof. Both Xy and Yy(Rs) are constructed by the same gluing procedure from the sets
V, = Hom,(c",R>) and Hom,(S,, R>) from the cones o € 3. Hence it is sufficient to show
that these two sets are equal for each cone o. Let 0 C M be a rational cone. Then ¢ is
generated as a cone by the monoid S,, and let A C S, be a generating set for o¥. The map
fa of Lemma 5.10 maps both V,, and Homyen (S,, R>) to X 4, with both maps isomorphisms.
Thus the restriction map identifies V,, with Hom,on (S5, R>), which completes the proof. [

5.4 Maps of Fans
Let ¥; € Ny and ¥5 C N, be two fans and let Xy, and Xy, be the irrational toric

varieties associated to X; and X, respectively. Let ¢;: T, x Xy, — Xy, be the actions of
Ty, on Xy.. A map ¢: Xy, — Xy, of irrational toric varieties is a continuous map together
with a homomorphism W: Ty, — T, of topological groups such that the following diagram

commutes

M’l Lﬁ . (5.7)

We next show that the association X +— Xy is functorial.
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Theorem 5.24. Let 31 C Ny and s C Ny be fans. If V: ¥y — Y5 is a map of fans, then
there is a continuous map ¢: Xx, — Xx, such that the diagram (5.7) commutes, where the

homomorphism V: T, — Ty, is induced by the linear map V: Ny — Ns.

Proof. Let 31 C Ny and ¥y C N; be two fans, and ¥: ¥; — ¥, be a map of fans. The linear
map U: N; — N, induces a homomorphism W: Ty, — Ty, of topological groups. We will
construct a map ¢: Xy, — Xy, that makes the diagram (5.7) commute, by defining ¢ on
each irrational toric variety V, for a cone o € X..

Let o1 be a cone in ;. Since ¥: ¥; — ¥, is a map of fans, there exists a cone oy in
Yo such that VU(oy) C oy. Let U*: M; — M; be the adjoint to ¥, where M; and M, are
dual vector spaces to Ny and Na, respectively. Then we have ¥*(oy) C o). Since these are
polyhedral cones and U* is linear, for any face Fy of o, Fy := W*(F}) is a face of 3.

For ¢ € V,, = Hom.(0),R>), the composition 1(¢) := ¢ o ¥* is a monoid homomorphism
from oy to R>. Hence the inverse image of the support supp(p) of ¢ is the support of ¥ (y),
and 1 (¢) is continuous on it support. Hence ¢ maps V,, to V,,. This map is continuous as

the topology defined by point evaluation. It is also equivariant, that is the following diagram

commutes
TN1 X Vol L) Val
ol
T, X Vyy —2 Vy,
Noting that it is compatible with the gluing completes the proof. ]
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6. PROPERTIES OF IRRATIONAL TORIC VARIETIES

In Section 5 we constructed irrational toric varieties from arbitrary fans. These have very
pleasing similarities with the classical toric varieties. We now study some of their properties.
We first study irrational toric varieties as monoids. If we adjoin an absorbing element to X7y,
we obtain a commutative topological monoid. We then show how to recover the fan ¥ from an
irrational toric variety Xyx. Then we show that Xy is a compact topological space if and only
if the fan ¥ is complete. We end this section by defining projective irrational toric varieties.
Theorem 6.13 gives a homeomorphism between a polytope and the projective irrational toric

variety Xy, where X is the normal fan to that polytope.
6.1 Irrational Toric Varieties as Monoids
In this section we study irrational toric varieties as topological monoids.

Definition 6.1. A topological monoid is a monoid S with an operation e such that the monoid

operation e: S x § — S is a continuous map.

The affine irrational toric varieties X4 and Hom.(C,R.) are topological monoids whose
structures are compatible with the isomorphism of Lemma 5.10. These monoids contain a
dense torus acting on them with finitely many orbits, and are thus irrational analogs of linear

algebraic monoids (23, 24].

Definition 6.2. Let C' C M be a cone. For z,y € Hom.(C,R>), we define an operation e

rzey: C — R>

Let ®(C') be the set of faces of C. For faces F,G € ®(C), define F e G := FNG.

Proposition 6.3. Under the compositions e, both Hom.(C,R>) and ®(C) are commutative
monoids with the map x — supp(z) a map of monoids, and Hom.(C,R>) is a topological
monoid. The identity of Hom.(C,Rs) is the constant map ec, and if the lineality space L of
C' is the origin, then it has an absorbing element gy. The identity of ®(C) is C itself, and L
is its absorbing element.

For any u € C, evaluation x +— z(u) is a map Hom.(C,R>) — R, which is a map of
monoids, and for any linear map f: M' — M and cone C" C M' with f(C") C C, the pullback
map f*: Hom.(C,R>) — Hom.(C',R>) is a map of topological monoids.
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Proof. Let z,y € Hom.(C,Rs). Since z and y are monoid homomorphism, so is x e y.
Also since supp(z e y) = supp(x) N supp(y) and as an intersection of faces is again a face,
supp(z e y) is a face of C. As elements of Hom.(C,R>) are monoid homomorphisms that
are continuous on their support, we conclude that = e y € Hom.(C,R>). Also note that
(xoy)(u) = z(u)y(u) = y(u)z(u) = (y @ x)(u) for all u € C, so this product is commutative.
Hence Hom,.(C,R>) is a commutative monoid. As e is defined pointwise evaluation, it is
continuous, so Hom.(C,R>) is a topological monoid.

Note that for any * € Hom.(C,R>) and u € C, (v ® e¢)(u) = x(u)ec(u) = z(u). Hence
the constant map €¢ is the identity of Hom.(C,R>). Also note that (rxee€g)(u) = €. Since for
any face F'of C, FNC = F and FNL = L, C' is the identity and L is the absorbing element
of (C). Also since for any u € C, (z @ y)(u) = z(u)y(u) and ec(u) = 1, the evaluation map
x — x(u) is a map of monoids. Now let f: M’ — M be a linear map and f(C") C C for a
cone C" C M'. Then for any z,y € Hom.(C,R>) and v’ € C’, f*(xoy)(v') = (xoy)(f(u)) =
z(f (W) y(f(u)) = (f*(@)(W) o (f*(y))(u). Also (f*(ec))(u') = ec(f()) = ecr. Hence the

pullback map f* is a map of topological monoids. m

In general, if we adjoin an absorbing element 0 to an irrational toric variety Xy, it becomes
a commutative topological monoid such that the inclusion of the irrational affine toric variety
V, is a monoid map, for each cone ¢ in the fan ..

Let A C M be a finite subset. Then Ré is a monoid under componentwise multiplica-
tion; for x,y € Ré and a € A, (z ®y), := T4 - Y. With this definition, the injective map
fa: Hom,(cone(A),R>) — RZ of Lemma 5.10 is a monoid homomorphism whose image is
X 4.

Let ¥ C N be a fan. For a cone o € X, the irrational affine toric variety V, is a monoid
under pointwise multiplication and when 7 C ¢ is a face, the inclusion V, C V, is a monoid
homomorphism. These are both consequences of Proposition 6.3. We define a product e
on Xi := Xy U {0}, where 0 is an isolated point that acts as an absorbing element. Let
r,y € Xy,

1. If either x or y is O, then z e y = 0.
2. If there is a cone o € ¥ with x,y € V,,, then we let x @ y be their product in V.
3. If there is no cone o € ¥ with x,y € V,, then x @y = 0. (This includes case (1).)

Note that if ¥ is a fan, the intersection of cones defines a monoid structure on . More

interesting is the product on ©* := XU {0} where 0 is a new point that acts as an absorbing
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element, and in which o e 7 is defined to be the smallest cone containing both ¢ and 7 if such

a cone exists, and 0 otherwise.

Theorem 6.4. For a fan ¥ C N, Xs+ is a commutative topological monoid with the inclusion
V, < Xs+ a map of topological monoids, for every o € 3. The map f: X5 — X7 that sends

an element x to the cone o € ¥ where x € W, or to 0 when x = 0 is a map of monoids.

Proof. Let z,y € X{.. Then z ey is either 0, or there is a cone o0 € ¥ with z,y € V,, and
hence zeoy € V,. In either case rey € X and the product is commutative. As e is continuous
on each V,, it is continuous on X. Hence X is a topological monoid.

Let 2,y € X5. If either x or y is 0, then f(xey) =0 = f(x) e f(y), as either f(z) =0
or f(y) = 0. If there exists a cone o € ¥ with =,y € V,, then there exists a cone 7 € ¥ such
that x,y € W,. So x ey € W,.. Therefore f(z ®y) = 7, which is the smallest cone containing
both f(x) = 7 and f(y) = 7. Lastly, if there is no cone ¢ € ¥ with z,y € V,, then x € W,
and y € W, for some cones 7,7 € 3, where there is no cone containing both 7 and 7. So

f(rey)=0=T1e7" = f(x)e f(y). Hence f is a map of monoids. O

6.2 Recovering the Fan

Let ¥ C N be a fan. In Example 4.4 we studied the limits of one parameter subgroups,
and used these limits to recover the fan > from a toric variety Ys. Let € be the distinguished
point in the dense orbit of Ty on Xy. In every affine irrational toric variety V, for a cone
o € X, € restricts to the constant homomorphism on ¢¥. If L is the lineality space of X, then
e = xy. We study limits of € in Xy under one parameter subgroups s, of Ty, and show how

to recover the fan ¥ from an irrational toric variety Xy.

Lemma 6.5. Let X be a fan in N and v € N. Then the limit lim,_, o Vs, - € exists in Xy if
and only if there is a cone o € ¥ with v € 0. Moreover, if v € Relint(0), then limg o Vs - €

1s the distinguished point .

Proof. For uw € M and s € R, we have (7, -€)(u) = Vs (u)e(u) = exp({—su, v)) since €(u) = 1.

Hence
0 if (u,v) >0
Sli_glo(%v e)(u) =491 if (u,v) =0. (6.1)
oo if (u,v) <0

If there exist a cone o € ¥ with v € o, then for all u € ¢, the limit limg . (7s, - €)(u) is

finite by (6.1). Hence by Lemma 5.14, the family ~,, - € has a limit in V, as s — oc.
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Conversely, if vy, - € has a limit in X, as s — oo, then there exists a cone ¢ € ¥ so that
the limit is in V,. Then for all u € ¢V, the family of real numbers (7, - €)(u) has a limit.
Hence by (6.1) we conclude v € o.

If v € Relint(o), then the limit lim, ., s, - € exists and by (6.1)

_ 1 ffue Mnot
lim (s - €)(u) = .

§7300 0 otherwise

Hence the limit is z,. O

Let ¥ € N be a fan. Let N° C N be the set of v € N such that v, - € has a limit in X,
as s — 0o. We define an equivalence relation on N°, where v ~ w for v,w € N° if and only
if limg o0 Yo - € = limg o0 Yo - €. By Lemma 6.5, the set N° is the support of the fan > and
the equivalence classes are the relative interiors of cones in X. A cone o € X is the closure
of the set u € N° with lim, .o Vs, - € = x,. Since these limits commute with the action of
T, we may replace € in the definition of ~ by any point y in the dense orbit of Xy. Hence,
a cone o € X is the closure of the set w € N° such that for any y in the dense orbit of Xy,

limg oo Voo - ¥y € W,. We summarize this discussion.

Corollary 6.6. The fan ¥ C N may be recovered from the irrational toric variety Xs, using

limits under translation by one parameter subgroups ~vs, of elements y in the dense orbit.

6.3 Compact Irrational Toric Varieties

In this section we show a similar version of Theorem 4.22. We start by reviewing some

notations and results from [14].

Definition 6.7. Let o be a cone in N, {v;} be a sequence in o, and 7 be a face of 0. The
sequence {v;} is called T-bounded if for every linear function v vanishing on 7, the sequence
{¥(v;)} is bounded in R. The minimum face of boundness of {v;} is the smallest face 7 of o
such that {v;} is 7-bounded.

Example 6.8 (|14, Example 1.2|). Let N = R? and o := cone{(—1,—1), (0, —1)}. The cone
o has two one dimensional faces, 7 := cone{(—1,—1)} and p := cone{(0,—1)}. Consider the

two sequences {v;} and {u;} in o, defined for ¢ > 1 by

—1

1
v; = (—i - —, =i — 1) and Uj 1= <—i + Vi, —i) .
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We display the first few terms of the two sequences in Figure 6.1.

Figure 6.1: Two sequences in o.

Neither sequence is 0-bounded or p-bounded and both are o-bounded. Only {v;} is 7-

bounded. Note that both sequences have the same asymptotic direction (along o),

The following lemma justifies the Definition 6.7 showing that there exist a unique minimal

face of boundedness.

Lemma 6.9 (|14, Lemma 1.3]). Let {v;} C o be a sequence in a cone o. Then there is a face
7 of 0 and a subsequence {u;} of {v;} such that T is the minimum face of boundedness of any

subsequence of {u;}.

Theorem 6.10. Let 3 be a fan in N. The irrational toric variety Xx, is compact if and only
if the fan 3 1s complete.

Proof. Suppose Xy is compact. Then for every v € N, the family 4, - € has a limit in X, as
s — 0o0. By Lemma 6.5, there is a cone ¢ € X such that v € 0. Hence X is complete.

Now assume ¥ is complete and let {y;} be a sequence in Xy. We will show that {y;} has a
convergent subsequence. By Theorem 5.20, since Xy is a union of finitely many orbits, there
exist an orbit W, whose intersection with {y;} is infinite. Replacing {y;} by a subsequence,
we may assume {y;} C W,. By Corollary 5.22, W, = Xstar(o)- Since ¥ is complete, then by
Lemma 2.40, star(c) is also complete. Replacing Xy, by Xgar(s), We may assume {y;} lies in
the dense orbit of Xx..
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The dense orbit of Xy, is parametrized by N under the map v + 7, - €. For each i € N,
choose a point v; € N such that y; = ~,, - €. This gives a sequence {v;} C N. Since ¥ is
complete, N is the disjoint union of the relative interiors Relint(o) of cones o € ¥. Hence,
there exists a cone o so that Relint(c) N {v;} is infinite. Replacing {v;} by its intersection
with Relint(c), we may assume {v;} C Relint(c). Let 7 be the minimum face of boundness
of {v;}. Replace {v;} by a subsequence whose image in N/(7) is bounded. So there exists a
closed bounded set B C o C N so that {v;} C 7+ B. Thus there are sequences {u;} C 7 and
{v;} C B with v; = u; +7; for all i € N. Since B is bounded, {7;} has an accumulation point
in v € B. Passing to a subsequence, we may assume lim; .., v; = v.

Replacing all sequences by their corresponding subsequences, we claim that

lim y; =, - x, € W,

1—00

which will complete the proof.
Consider the sequence {y;} as a subset of V, = Hom.(7",R>). For u € 7V, the proof of

Lemma 6.5 shows that y;(u) = exp((—u,v;)), as y; = 7, - €. Since v; = u; + v;,
yi(u) = exp((—u,v;)) = exp({—u, u;)) exp({—u,V;)).
If u € 74, then (u,u;) = 0, so that

lim y;(u) = lim exp({—u, 7)) = exp((—u, v)).

i—00 i—00

If ue 7V \ 71, then u exposes a proper face of 7, and the minimality of 7 implies that (u, v;)
has no bounded subsequence. But then (u, u;) has no bounded subsequence. Since (u,u;) > 0,

we conclude that lim; ., (u, u;) = co. Thus

lim y;(u) = lim exp({—u, v;)) = 0.

71— 00 71— 00
Hence lim; o y; = 7, - x, € W, as desired. O

6.4 Projective Irrational Toric Varieties

For irrational toric varieties, the analog of projective space is the standard simplex

&" = {(xg,21,...,1,) € RL| in: 1}.
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The simplex 4" can be identified with the space of rays in R’;l. A point x € &" corresponds
to the ray R> -2 C R’ZLH and a ray r corresponds to its intersection with &". It is convenient
to write &4 C ]Ré, where A C M is a finite set of exponents.

Example 6.11. The simplex &™ has the structure of an irrational toric variety associated to
a fan. Let [n] = {0,1,...,n} and ey, ..., e, be the standard basis for R" ~ R"*!. Then the
standard simplex & is the convex hull of ey, ..., e,. Define a fan Y C R with one cone

oy for each proper subset I C [n] defined by
or:=cone{e; |i €I} +RI1,

where 1 = ¢eg + -+ - + e,. Note that oy = R1. We consider the irrational toric variety Xy .
The hyperplane {u € R | (u, 1) = 0} is spanned by the differences e; — ¢; for i, j € [n]
and contains all dual cones o). Set V; = Hom.(o/,R>). For I C [n], j ¢ I, and ¢ € V], set

Vi(p) = Rz( Z ple; — ej)€i> nat,

i€[n]

the intersection of the ray through >, ¢(e; — ¢;)e; with the simplex 2. This injective map
does not depend on the choice of j ¢ I and defines a map ¢;: V; — ™. These maps ¢
are compatible with the gluing in that if y € Xy, lies in two affine patches V; and V;, then
¥1(y) = 1¥s(y). Thus these maps induce a homeomorphism ¥: Xx = sl

The quotient map R[gl\{()} — & may be understood in terms of Theorem 5.24. Let

E’[n] C R be the fan consisting of the boundary of the nonnegative orthant. Its cones are
op = cone{e; | i €I},

for all proper subsets I C [n]. The irrational toric variety Xy 18 RZF\{0}, as the orbit
consisting of the origin in R’ZLH corresponds to the omitted full-dimensional cone. As o} C o7y,
these inclusions induce a map of fans V: E/[n} — Xy, and thus a functorial map of toric
varieties Xyy ~— Xy, which is the quotient map ]R[;]\{O} — O

Suppose that A C M lies on an affine hyperplane. Hence, there exists some v € N and
0 # r € R with (a,v) = r for all a € A. Thus for t € T)y and s € R, we have

pa(ysv - 1) = (@)t | a € A) = exp(=s7)palt) ,
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as Ysy(a) = exp({(—sa, v)) = exp(—sr) for a € Aand s € R. Consequently, the affine irrational

toric variety X4 C RZ is a union of rays.

Definition 6.12. Let A C M be a finite set that lies on an affine hyperplane. Then the
projective irrational toric variety Z 4 is the intersection X 4 N &4, equivalently, the quotient
(X4 \ {0})/R< under the scalar multiplication.

The projective irrational toric variety Z 4 has an action of T with a dense orbit, as the
action of Ty on R“Z“ gives an action on rays and hence on &7, which restricts to an action on
Z 4.

The restriction of the tautological map 74: ]Ré — cone(A) to the simplex &% is the

canonical parametrization of the convex hull of A,

&S U — Zuaa € conv(A).

By Birch’s Theorem (Proposition 5.5), restricting to the projective toric variety Z4 gives a

homeomorphism 74: Z4 — conv(A), called the algebraic moment map [11]. This isomor-

phism is also essentially proven by Krasauskas [10].

Theorem 6.13. Suppose that P C M 1is a polytope lying on an affine hyperplane with normal
fan . For any A C P with conv(A) = P, there is an injective map of irrational toric
varieties U 4: Xy, — &4 whose image is the projective irrational toric variety Z4. The map

composed with the algebraic moment map 74 is a homeomorphism Xs, = P.

Proof. Let A C P be a polytope such that conv(.A) = P. Recall that by Definition 2.53, the

normal polytope X is the collection of cones of the form
or ={veN|(f,v) <{a,v) forall feFandaec A},

where F is a face of A. The lineality space of ¥ is spanned by v € N such that (a,v) = (b, v)
for any a,b € A.

For a subset B C A and any u € M, we write B —u := {b —u | b € B}. Duals of cones
oz lie in the subspace L of M spanned by the differences {b — a | a,b € A}, equivalently by
A — a for any a € A. For a face F of A, the dual cone of oz is

of = cone(A— f) + R(F — f)
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for any f € F. Choosing another f’ € F translates the points A — f along the lineality
space R(F — f). Figure 6.2 shows an example of o%. The affine irrational toric variety Vr

corresponding to a face F of A is Hom. (o}, R>).

R(F =)

Figure 6.2: A dual cone o¥.

Let f € F and consider the map
Vi Ve 2 h— (pla—f)|a€ A) € RE.

Since for f, f' € F,a € A, and p € Vr, we have p(a— f) = o(f' — f)p(a— '), it follows that

Yi(p) = o(f — f)p(p). Hence, the two points ¢;(¢) and ¢4 (p) lie along the same ray in
Ré. So the map Vr — & defined by

Vr 2 or— Rz -¢y(p)) Nt € &4, (6.2)

is independent of the choice of f € F. Write ¢z for the map (6.2), which is a continuous
injection from Vr into &4

Suppose that F,G are both faces of A such that F is a face of G. Then Vg C Vz, and for
¢ € Vg, we have ¥ x(¢) = ¥g(p), as both maps are computed using ¢y for f € F C G. Thus
the maps 17 for F a face of A are compatible with the gluing of the Vr to form Xy, and so
they induce a continuous map ¥: Xy, — &, The map ¥ 4 is an injection. This is because if
F,G are faces of A that are not faces of each other, then the support of ¢ € Vz\ Vg contains
F and is disjoint from G \ F. Hence V¥ 4 is injective on the union Vz U Vj.
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We claim that W 4(Xy) = Z4. Since both are complete, it suffices to show that both contain
the same dense subset. Let t =7, € Ty with v € N. Since for u € M, t* = exp(—(u,v)), we
have @ 4(t) = (exp(—(a,v)) | a € A). This lies on a ray in R4 that meets 2 in the point

(Rs - (exp(—(a,v)) |a € A)) N &4 € Z4. (6.3)

The corresponding point 7, - € of X, lies in V4 = Hom.(L,R-), where L = R(A — b) for
any b € A. Its image W 4(v, - €) is

(R> - (v ela—b) [a € A)) N &t = (R - exp(—(a,v)) | a € AN &7,

as €(a — b) = 1 and 7,(a — b) = exp(—{(a,v))exp((b,v)), so that the two rays are equal.
Comparing this to (6.3) completes the proof. O
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7. HAUSDORFF LIMITS AND THE SECONDARY POLYTOPE

We study the space of Hausdorff limits of translates of irrational toric varieties. This work
is motivated by [14], which was motivated by [25]. We start by reviewing some background
on subdivisions, the secondary fan and the secondary polytope of a finite point configuration
A C M. We then recall some notations and results studied in [14] about Hausdorff limits of
torus translates of Z 4. In Theorem 7.10, we construct a homeomorphism between the space

of Hausdorff limits and Xy 4).
7.1 Subdivisions and Secondary Polytopes

Let A C M be a finite set of points which affinely spans M.

Definition 7.1. A subdivision S of A is a collection of subsets F of A satisfying the following

properties.

1. f 7,G € S, then H := FN G is also in S, and conv(H) is a face of both conv(F) and
conv(G).

2. U conv(F) = conv(A).

The elements of S are called faces of S. The set of convex hulls {conv(F) | F € S} form a

complex, denoted by Ils, which covers conv(.A).

Definition 7.2. A triangulation of A is a subdivision of &, in which every face conv(F) of

[1s is a simplex with vertices F.

Example 7.3. Consider the planar configuration A in Figure 7.1. § and 7T are both subdi-
visions of A, and 7T is a triangulation of A. On the other hand, &’ is not a subdivision of A

conv({a,d,e}) Nconv({b,c,d}) = conv({d,e}),

which is not a face of conv({b, ¢, d}).

Definition 7.4. A subdivision S of A is refined by S’, denoted by S < &', if for every face
F' of &, there is a face F of S with 7/ C F.

Definition 7.4 makes the set of all subdivisions of A into a poset. Triangulations are
precisely minimal elements of this poset and its maximal element is the subdivision consisting

A itself.
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Figure 7.1: Subdivisions and triangulations.

Elements A € R* induce subdivisions of A in the following way. Let Py be the convex hull
of the graph of A, defined by

Py :=conv ({(a,\,) | a € A}).

Its lower faces are those having inward-pointing normal vector with last coordinate positive.

For a lower face F' of Py, let
F(F):={ac A|(a,\) € F}.

Also, let
Sy = JF(P),
F

where F' ranges over the lower faces if Py. The union S, is a subdivision of A [26, Lemma
2.3.11].

Definition 7.5. A subdivision S is reqular if S = S, for some \ € R4,

Example 7.6. Let A = R? be the vertices of two concentric triangles given in Figure 7.2.
We will examine a regular and a non-regular subdivision of A.

First consider S; in Figure 7.3. Let A = (3,2,1,0,0,0). Then X\ induces S;.

On the other hand, the subdivision S5 in Figure 7.3 is not regular. To see this, assume
A € R% induces S,. Note that we can assume Ay = A\ = \g = 0, as altering A\ by an affine
function of A produce the same subdivision of A. To get edge 15, we must have \; < \o. The
same happens for edges 26 and 34. Hence we get \; < Ay < A3 < A, which is a contradiction.

Hence S5 cannot be regular.
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Figure 7.2: Two concentric triangles.

—_

Figure 7.3: Subdivisions of A.

For a regular triangulation T of A, let C(T) C R* be the closure of the set all functions
A € R4 which induces 7. The set C(T) is a full-dimensional cone in R#, and the cones C(T)
for all regular triangulations of A together with all faces of these cones form a complete fan
Y (A), called the secondary fan of A |7, Proposition 1.5, Chapter 7.

Let 7 be a triangulation of A, where conv(A) is full dimensional. The characteristic
function of T is the function ¢7: A — R defined by

pr(w) =) Vol(F),

where the summation is over all maximal simplices F of T for which w is a vertex, and Vol(F)
denotes the usual Euclidean volume. The secondary polytope P(A) is the convex hull in RA
of the vectors o7 for all the triangulations 7 of A.
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For any regular subdivision & of A, let F/(S) be the convex hull of the characteristic
functions 7 for all triangulations 7 refining S. By |7, Theorem 2.4, Chapter 7|, the faces
of P(A) are precisely the polytopes F(S) for all regular subdivisions S of A. In addition,
F(S) Cc F(&') if and only if S refines S&’. The normal cone to F(S) coincides with C(S).

7.2 Hausdorff Limits of Torus Translates

Given a compact metric space (X, d), the Hausdorff distance between closed sets A and B
in X is

dy(A, B) :== max {sup inf d(a, b) + sup inf d(a, b)} :

acA beEB beB a€A
The set Closed(X) of closed subsets of X is a compact metric space with the Hausdorff
distance [27, p. 167].
As in Section 6.4, suppose that A C M lies on an affine hyperplane. Then the irrational
toric variety X 4 C Ré is a union of rays with associated irrational projective toric variety

Zs=X4N&A An element w € R;“ of the positive torus acts on ]R“ét by translation,
w-r=w-(r,|a €A = (wuz, | acA,

for x € R’g. This induces an action of R4 on rays, and hence on &4
For w € RA, the translate w - Z4 is a closed subset of & defined by binomials given as

follows.

Proposition 7.7 ([15, Proposition A.2]). A point z € &4 lies in w - Z4 if and only if

Uq Va __ Vg Uq
||Za '||wa_||za'||wa7

acA acA acA acA
for all u,v € Ré with Au = Av.

The association w — w - Z4 gives a continuous map R4 — Closed(&4). Let A4 be the

. . . . . . A
closure of that image. This is a compact Hausdorff space equipped with an action of R

, and it
consists of all Hausdorff limits of translates of Z4. In [14], the main result was a set-theoretic
identification of the points in Ay. We extend their work to construct a homeomorphism
between A 4 and the irrational toric variety associated to the secondary fan of A.

For a regular subdivision S of A, the union of irrational toric varieties

Z(8) = zr (7.1)

FeS
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is called the complex of irrational toric varieties corresponding to §. This is a complex in
that if 7, F' € S with ) # G = F N F’, so that G is also a face of S, then Zg = Zr N Zz.

An element w € RZ of the positive torus acts on the complex giving the translated complex,

Z(S,w) = | Jw- Zr. (7.2)

Fes
Lemma 7.8 ([14, Lemma 2.4]). Forw,w’ € RZ, the translated complexes Z(S,w) and Z(S,w')
are equal if and only if Log(w) —Log(w') € Aff(S), where Log: Rﬁ — RA is the coordinatewise

logarithm map.

The next theorem gives a set-theoretic identification between points of A 4 and the trans-

lated complexes Z(S,w) of irrational toric varieties.

Theorem 7.9 ([14, Theorem 3.3]). The points of A4 C Closed(&5%) are exactly the translated

complexes Z(S,w) of irrational toric varieties for w € R2 and S a regular subdivision of A.
Recall that € € X5y is the distinguished point of its dense R;“—orbit.

Theorem 7.10. Forw € ]R“;‘, the association v : w-Z 4 +— w-€ is a well defined continuous map
from the set of translates of Z4 to the dense orbit of Xsa) that extends to a R4-equivariant
homeomorphism A 4 = Xsay. Composing it with an algebraic moment map X4y — P(A)
gives a homeomorphism between A 4 and the secondary polytope P(A).

Proof. Let 0 € ¥(.A) be a cone with corresponding regular subdivision S,. The orbit W, in
Xy4) has distinguished point z,. Under the map

RA =5 RS

G O P

the orbit W, = R4 - 2, is identified with R4/(c). So the stabilizer of z, is the linear span
(o) of 0.

The complex Z(S,) = Z(S,,1) is the distinguished point of A4 corresponding to o. By
Lemma 7.8, the stabilizer of Z(S,,1) in R* is also (o). Hence, the association 1: Z(S,,7,) +>
Yo T, is a well defined map. This induces a R4-equivariant homeomorphism between the orbits
in both spaces, because when both orbits are identified with R“/(c), the map 1) becomes the
identity map. When S, has a single facet A, so that o is the minimal cone of 3(.A), this is

the map v in the statement of the theorem.
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Write 1 for the bijection given by

w: AA—>XE(A)

Z(Sp,w) — w - Ty,
for w € RZ and o € £(A). We show that if {w,} C RZ, w € R4, and o € %(A) are such that

lim w, - Z4 = Z(Sy,w) (7.3)

n—oo

in the space A4 of Hausdorff limits, then

nh_}n;() Wy € =W:" Ty (7.4)
in the irrational toric variety Xx(4), and vice versa. Since Ay and Xy(4) are both Ré-
equivariant closures of their dense orbits, this will complete the proof.

Our argument that v preserves limits of sequence follows from the proofs of Theorem 7.9
and Theorem 6.10. These proofs show that the sequences of translates w,, - Z4 and w, - € have
convergent sequences. In each, we replace w,, € ]R“;l by v, € R4, where w, = 7,,, and then
replace {v,} by any subsequence {v,} N o, where o is a cone in 3(.A) that meets {v,} in an
infinite set. Finally, 7 is the minimum face of boundedness of {v,}, so {v,} is bounded in
RA/(7), and then v € R* satisfies

v+ () is an accumulation point of {v, + (1)} in RA/(7).

Restricting to subsequences, we have lim,, o w, - € = v - z, and lim,,_,oo Wy, - Z4 = Z(S;,v).
We assumed the original limits ((7.3) and (7.4)) exist without restricting to subsequences.
Thus, for every cone o with o N {v,} infinite, 7 is the minimal face of boundness of {v, }, and
then v is a point such that
lim v, + (1) = v+ (7).

n—o0
This completes the proof, as both 1) and 1! preserve limits of sequences.
The last statement is by Theorem 6.13, as ¥(.A) is the normal fan to P(A). O
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8. SUMMARY AND FUTURE WORK

8.1 Summary

Inspired by applications in algebraic statistics and geometric modeling, we developed a
theory of irrational toric varieties associated to fans in a real vector space N that are not
necessarily rational. This work required completely new methods without an analog in the
classical setting. This is due to the fact that irrational toric varieties have no algebraic
structure to exploit. In Theorem 5.20 we showed that the irrational toric variety Xy associated
to a fan ¥ C N is a Ty-equivariant cell complex. Each cell is an orbit and corresponds to a
unique cone in Y. We also showed that the cell structure of Xy, and its poset of containment
in closure is dual to that of the fan . We also showed in Theorem 5.23 that when the fan X
is rational, the irrational toric variety Xy, corresponding to ¥ is the nonnegative part of the
complex toric variety Ys.

Our construction of irrational toric varieties has many pleasing parallel results with the
classical theory. Theorem 5.24 shows that this construction is functorial, that is, maps of
fans corresponds to equivariant irrational toric morphisms, and we showed how to recover a
fan 3 from the irrational toric variety in Section 6.2. Another similar result is Theorem 6.10,
which shows that an irrational toric variety is compact if and only if the corresponding fan
is complete. We also studied irrational toric varieties as monoids. By adjoining an absorbing
element to Xy, it becomes a commutative topological monoid in which the inclusion of the
irrational toric variety V, is a monoid map for each cone o € ¥ (Theorem 6.4). In Section 6.4,
we constructed projective (that may be embedded in a simplex) irrational toric varieties. In
Theorem 6.13, we showed that when the fan ¥ is the normal fan of a polytope, the irrational
toric variety Xy is projective and it is homeomorphic to that polytope.

When A is rational, the space of Hausdorff limits of translates of the irrational toric variety
corresponding to A is identified with the secondary polytope of the exponent vectors of its
parametrizing monomials [15]. For irrational A, all Hausdorff limits were identified in [14] as
toric degenerations, and thus were related to the secondary fan of a point configuration. We
extended that work in Theorem 7.10, where we constructed a homeomorphism between the

space of Hausdorff limits and the irrational toric variety Xs 4y associated to the secondary
fan of A.
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8.2 Future Work

This new theory of irrational toric varieties may enable the generalization of other geometric-
combinatorial aspects of classical toric varieties to irrational polytopes and fans. For example,
this will likely be able to show that fiber polytopes [28] are naturally moduli spaces of Haus-
dorff limits of toric subvarieties of toric varieties.

Irrational toric varieties admit deformations, while classical toric varieties do not. Under-
standing these deformations is another project. A related and more algebraic topic is to study
deformations of the Wachspress varieties of Irving and Schenck [29], which are varieties from
approximation theory that behave like polygons in the plane. These spaces of deformations
will give a natural analytic or algebraic structure to spaces of polytopes, and in particular a
structure on degenerations of polytopes. Understanding what these structures are and their
relation to geometric combinatorics would be extremely fascinating.

Tropicalization of toric varieties were studied as skeletons of analytifications in [30], and
they were studied explicitly in [31]. Then they were applied to the development of relations
between tropical and nonarchimedean analytic geometry [32, 33, 34|. In particular, for a
closed subscheme X of a toric variety, the limit of the inverse system of tropicalizations of
all toric embeddings of X is homeomorphic to the analytification of X [35] . Another line of
research is to define tropical irrational toric varieties by using the construction of irrational

toric varieties and extend the mentioned results to tropical irrational toric varieties.
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