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ABSTRACT

A Straightening Law for the
Drinfel’d Lagrangian Grassmannian. (August 2007)
James Vincent Ruffo, B.A.;B.S., University of Rochester;
M.A., University of Massachusetts-Amherst

Chair of Advisory Committee: Dr. Frank Sottile

The Drinfel’d Lagrangian Grassmannian compactifies the space of algebraic
maps of fixed degree from the projective line into the Lagrangian Grassmannian. It
has a natural projective embedding arising from the highest weight embedding of
the ordinary Lagrangian Grassmannian, and one may study its defining ideal in this
embedding. The Drinfel’d Lagrangian Grassmannian is singular. However, a concrete
description of generators for the defining ideal of the Schubert subvarieties of the
Drinfel’d Lagrangian Grassmannian would imply that the singularities are modest.

I prove that the defining ideal of any Schubert subvariety is generated by poly-
nomials which give a straightening law on an ordered set. Using this fact, I show that
any such subvariety is Cohen-Macaulay and Koszul. These results represent a partial

extension of standard monomial theory to the Drinfel’d Lagrangian Grassmannian.
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CHAPTER I

INTRODUCTION

Enumerative geometry concerns problems of counting geometric objects incident
upon other objects in a prescribed way. In the second half of the 19** century, many
remarkable numbers in enumerative geometry were computed — for example, in 1864
Chasles proved that there are 3264 plane conics tangent to 5 fixed conics [20].

The Schubert calculus is concerned with an important subset of enumerative
geometry. It provides a framework for counting linear subspaces of a vector space
satisfying conditions imposed by other linear subspaces. We call a k-dimensional
linear subspace a k-plane, or if k = 1, a line. Note that we require that these
objects pass through the origin. The smallest non-trivial example of a problem in the

Schubert calculus is the following.

Question 1.1. Given four general fizved 2-planes in C*, how many 2-planes meet all

of them?

It turns out that the answer is 2. The use of the term “general” is in the technical
sense of algebraic geometry. We think of the four 2-planes as being fixed in space,
and the problem is to count the number of ways to place a 2-plane in some position so
that it intersects each of the four 2-planes non-trivially. We thus refer to the objects
imposing the conditions as fixed.

More generally, one may ask:

Question 1.2. How many k-planes in n-dimensional space meet k(n—k) fized general

n—=k-planes non-trivially?

This dissertation follows the style of Representation Theory.



The answer, first computed by Schubert [37], is

112!kl k(n —k))!
(n— k) (n—k+1)!---nl’

The Schubert calculus deals not only with linear subspaces, but with nested chains
E,:=(E, C E,, C---CE,, C C") with E,, an a;-plane in C", foreachi =1,...,s.
We say that F, is a flag of type (aq,as,...,as) in C*. An example of a problem

involving flags is answered by the following proposition.

Proposition 1.3. There are 2 flags (Ey C E3) of type (2,3) in 4-dimensional space

C* such that Ey meets 3 general fized 2-planes and Es contains 2 fived lines.

In the modern setting, these problems are solved by introducing a parameter
space for the objects to be counted, called a flag variety. This is a smooth pro-
jective variety, and it has subvarieties (called Schubert varieties) which parametrize
flags satisfying incidence conditions with respect to a fixed flag. (see Chapter II for
background material). The problem is thus reduced to the problem of computing the
number of points in an intersection of Schubert varieties. These points are the set of
solutions to a system of polynomial equations determined by the Schubert varieties.

Flag varieties are the compact homogeneous spaces for the action of a complex
semisimple algebraic group G. All of the examples above involve flag varieties as-
sociated to a special linear group. For us, the symplectic group Sp,, (C) will figure

prominently.

Example 1.4. Let €2 be a non-degenerate alternating bilinear form on the vector

space C*. The Lagrangian Grassmannian X := LG(2) is the set of all 2-planes

E C C* such that Q is identically zero on E. Such subspaces are called isotropic.
The symplectic group G := Sp,C is the group of invertible linear transformations

T : C* — C* such that Q(T'(v), T(w)) = Q(v,w) for all v,w € C*. The group G acts



transitively on X. Pick a point x € X, and let P C G be its stabilizer. There is
a bijection X = G/P. In the literature the terms “flag variety” and G/P are used
interchangeably.

One may pose enumerative questions on X, for example:
Question 1.5. How many isotropic 2-planes x € X meet 3 general isotropic 2-planes?
Again, the answer is 2.

Recently there has been much interest in enumerative problems involving al-
gebraic maps from a complete curve C' to a flag variety. These problems involve
conditions that the image of such a map pass through a Schubert variety at some
point ¢ € (| and can be studied using the quantum cohomology ring of the flag
variety [14].

These problems can be posed as intersections on an auxiliary space parametriz-
ing such algebraic maps. This space has applications to mathematical physics, linear
systems theory, geometric representation theory, and the geometric Langlands corre-
spondence, as well as quantum cohomology (see [2, 39, 40] for details). It is (almost)
never compact, so various compactifications have been introduced to help understand
its geometry. Among these are Kontsevich’s space of stable maps [14, 21|, the quot
scheme (or space of quasiflags) [6, 32, 42], and, at least when C' is the projective line
P!, the Drinfel’d compactification (or space of quasimaps) [2, 22]. This latter space
is defined concretely as a projective variety, and it is amenable to direct study via
its defining equations. In particular, one may apply some of the ideas of standard
monomzial theory.

Inspired by the work of Hodge [19] on the Grassmannian, Lakshmibai, Musili,
Seshadri, and others (see [23, 35] and references therein) developed standard mono-

mial theory to study the flag varieties G/Q, where G is a semisimple algebraic group



and () C (G is a parabolic subgroup. These spaces have a decomposition into Schu-
bert cells, whose closures (the Schubert varieties) give a basis for cohomology. A
consequence of standard monomial theory is that Schubert varieties are normal and
Cohen-Macaulay, and one has an explicit description of their singularities and defining
ideals.

A key part of standard monomial theory is that any G /P (P a mazimal parabolic
subgroup) has a projective embedding with coordinates such that the defining ideal of
G/ P takes the form of a straightening law (Definition 2.45). This idea originates with
the work of Hodge on the Grassmannian [19], and was extended to the Lagrangian
Grassmannian by DeConcini and Lakshmibai [9]. An algebra with straightening law
is a special case of a Hodge algebra [5].

Sottile and Sturmfels have extended standard monomial theory to the Drinfel’d
Grassmannian parametrizing algebraic maps from P! into the Grassmannian [41].
They extend the definition of Schubert varieties to this space, and prove that the
homogeneous coordinate ring of any Schubert variety (including the Drinfel’d Grass-
mannian itself) is an algebra with straightening law on a distributive lattice. This
is the key fact that allows one to prove that these Schubert varieties are normal,
Cohen-Macaulay, and Koszul, and have rational singularities.

We extend these results to the Drinfel’d Lagrangian Grassmannian, defined in
Chapter II, Section C. The necessary background on algebras with straightening law
is provided in Chapter II, Section D. Our main results are proved in Chapter III,

along with some consequences.



CHAPTER II

BACKGROUND

A. Basic theory

1. Algebraic geometry

We review some facts from algebraic geometry, which is the study of the solution
sets of systems of polynomial equations. We recall the basic theorems and definitions
of the subject, emphasizing those ideas which will be of particular interest to us.
See [11, 17, 18] for more details on the general theory and [10, 16] for more on

Grobner bases.

Let Clxy, ..., z,] denote the ring of polynomials in the variables xy, ..., z, with
complex coefficients. Let A™ := {a = (a1,...,a,) | a; € C,i = 1,...,n} denote
n-dimensional affine space over C. Associated to a subset S C Clxy,...,z,| we have

the affine variety
V(S) == {a€A"| f(a)=0, forall feS}.
Conversely, to a subset X C A", we associate the set of polynomials vanishing on X
Z(X) = {feClxy,...,x,) | fla) =0, foralla € X}.

These associations form the basis for a correspondence between algebraic and geomet-

ric objects. Several refinements must be made to make this correspondence precise.
First, note that for any subset X C A", Z(X) is an ideal. That is, 0 € Z(X), and

f,g € Z(X) and b € Clxy,. .., x,] imply that f + bg € Z(X). Hence we may restrict

attention to ideals of C[xzy,...,z,]|. Hilbert’s Basis Theorem [11] implies that every



such ideal I is finitely generated, i.e., there exist fi,..., f, € Clzy,...,x,] such that

I = {aufi++afila, 9 €Clry,..., 2]}

We write I = (fi,..., f.) in this situation.

For a given variety X C A", there are many ideals I such that V(I) = X, and
Z(X) contains all of them. Ideals of the form Z(X) can be characterized purely in
terms of algebra. The radical of I, denoted v/I, is the ideal of all f € Clxy, ...,z
such that fN € I, for some N € N. [ is a radical ideal if T = /1.

Theorem 2.1 (Hilbert’s Nullstellesatz). Let I C C[xy,...,x,] be an ideal. Then
IvI) = VI
We can now state one version of the algebro-geometric dictionary:

Proposition 2.2. The maps X — Z(X) and I — V(I) give an inclusion reversing
bijection between radical ideals in the ring Clxy, ..., x,| and affine varieties contained

mn A",

In a similar fashion, one may consider subvarieties of projective space. Recall that
n-dimensional projective space P™ is the set of all 1-dimensional linear subspaces of the
n+1-dimensional vector space C*™!. Let xy, ..., z, be coordinate functions on C**!
(that is, a basis for the dual vector space C"*17). These are homogeneous coordinates
on P". A projective variety is the set of zeroes in P of some set of polynomials in
Clzo, ..., zy). A polynomial in Clz,...,z,| can be written as f = Zfil fi, where
each f; is a homogeneous polynomial of degree i; the polynomial f vanishes on a point
of P" if and only if each homogeneous component f; does so. Hence the defining ideal
of a projective variety is homogeneous, in that it is generated by a set of homogeneous

polynomials.



Note that the irrelevant ideal (xg,...,z,) defines the empty set in P", as does
any homogeneous ideal containing some power (zg,...,z,)™ (m € N) of this ideal.
Moreover, a polynomial f € Clxy,...,z,| vanishes on a given projective variety if
and only if for some N, all of the polynomials x{Y f, ...,z f vanish. This motivates

the following definition.

Definition 2.3. The saturation of an ideal I C Clzy, ..., xz,] is the ideal
sat [ = {f €Clxg,...,x,)|2NfCIforalli=0,...,nandsome N € N}.

The ideal [ is saturated if sat I = 1.

We again write V(1) for the zero set in P™ of a homogeneous ideal and Z(X) for
the defining ideal of a projective variety. One has the following homogeneous version

of the algebro-geometric dictionary.

Proposition 2.4. The maps X — Z(X) and I — V(I) give an inclusion reversing
bijection between saturated radical homogeneous ideals in the ring Clzo, ..., x,] and

projective varieties in P".

Grobner bases have driven a resurgence of computational methods in algebraic
geometry in the past two decades. We recall the basics.

We write z* for the monomial zi* - - - 2% € Clzy,...,z,]. Let deg 2% := """ | a;
be the total degree of x*.

A term order < is a total ordering on the set of monomials in Clxy,...,z,]
such that 1 is the unique minimal element of Clxy,...,z,], and such that for any
monomials my, my, and m in Clzy,...,x,], m; < mg implies that mm; < mms.

Consider the linear ordering of the variables given by x; > x5 > ... > z,,. Some

of the most frequently used term orders are the following:



1. 2% < 2% if and only if the first nonzero entry of b — a is positive. This defines

the lezicographic term order on Clzy, ..., x,].

2. 2% < 2% if and only if deg 2% < deg 2°, or deg 2% = deg z° and the first nonzero
entry of b — a is positive. This defines the degree lexicographic term order on

Clzy, ..., Ty

3. 2% < 2% if and only if deg 2* < deg 2°, or deg 2% = deg 2 and the last nonzero
entry of b — a is negative. This defines the degree reverse lexicographic term

order on Clzy, ..., x,].

Given a term order <, we define the initial monomial in. f of f to be the largest
monomial (with respect to <) appearing in f. For I C C[zy,...,x,] an ideal, the

initial ideal in. I is the ideal generated by the set {in.f | f € I}.

Definition 2.5. Let I C Clxy,...,x,] be an ideal. Then a set {f1,...,fr} C I isa

Grébner basis for I if in.1I is generated by {in f1,...,in fx}.

Proposition 2.6. Let {fi,..., fi} C I be a Grébner basis for I. Then I is generated
by {fi,---s [}

Example 2.7. Let f; := 2? — y and f, := 23 — 2. Consider the ideal I := (fy, fo) C
Clz,y, z]. Let < denote the lexicographic ordering on C[x,y, z], so that the initial

terms are those that are underlined above. The polynomial

fsizﬂ—z = zfi— f2

is in I, but its initial term yz° does not lie in the ideal generated by in. f; and in. fo.

Thus {f1, fo} is not a Grobner basis with respect to this term order. One can check

that {f1, fo, f3} is a Grobner basis for I.



Algorithms 2.8 and 2.9 form the computational backbone of the Grébner basis

approach.

Algorithm 2.8 (Division algorithm). Fiz a term order < on Clxy,...,x,], and a
Grobner basis G = {g1,...,9r}-
INPUT: A polynomial f € Clxy, ..., z,].

OUTPUT: The remainder upon division of f by G.

1. Let m be the largest monomial of f which has not yet been processed.

2. Ifin.g; divides m for somei=1,...,r (say, m'in.g; = m for some monomial
m’), replace f with f —m'g. Only monomials which are smaller than m are

introduced into f.
3. Add m to the list of processed monomials.

4. If no monomial in f is divisible by any in.g; fori=1,...,r, output f. Other-

wise, return to step 1.

Starting with a set of polynomials, one obtains a Grobner basis for the ideal they

generate by the following algorithm.

Algorithm 2.9 (Buchberger’s algorithm). Fiz a term order < on Clxy, ..., z,].
INPUT: A set S:={f1,...,f.} CClxq,...xz,] of polynomials which generate the ideal
I C Clxy,...x,], with m; ;= in_ f; the initial term of f; (i = 1,...,r). Assume that
the coefficient of m; is 1 for eacht=1,... 7.

ouTPUT: A Grébner basis for I.

1. For each i,j € [r], form the S-polynomial

1 . .
S(fz; fj) = Cm(mhm])fi _

m; m;

lem(m;, m;)

i

and let f; ; be the reduction of S(fi, f;) modulo fi,..., f;.
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2. If fi; # 0, replace S with the set SU{f;;}, and return to the first step.

3. If each S-polynomial reduces to zero modulo S, output S.

The S-polynomials in Buchberger’s algorithm have the following property.

Proposition 2.10. Let m; = in. f; for i = 1,2 and polynomials f; € Clxy, ..., z,].
If lem(my, mo) = 1, then S(f1, fa) reduces to zero modulo { f1, f2}.

Proposition 2.10 will be useful for the polynomial systems we study in Chap-
ter III.

2. Representation theory

We review the basic facts we need from representation theory. See [1, 13] for a more

complete account.

Definition 2.11. An (affine) algebraic group is an (affine) algebraic variety G which

is a group, such that the maps
w:GxG—G

1:G— G

1

given by u(g,h) = gh and «(g) = g~ are regular.

Let G be an algebraic group. For any g € G, the map L, : G — G, Ly(h) := gh
is an automorphism of G (as an algebraic variety). In particular, G is smooth, and
the differential d, L, : T,G — T,,G is an isomorphism for all h, g € G. This allows us
to identify the tangent space of G at any point with the tangent space at the identity
g:=T1.G.
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For any group G, let [G,G] := {ghg *h™' | g,h € G} denote its commutator
subgroup. The derived series of subgroups is defined inductively by Dy(G) := G and
Di1(G) := [Di(G), Di(G)].

Definition 2.12. A group is solvable if D, (G) = {e} for some n € Z.

Definition 2.13. Let GG be an algebraic group. A Borel subgroup of G is a maximal

closed connected solvable subgroup. A torus is a closed connected abelian subgroup.

The subgroup B of upper-triangular matrices in G = GL,,(C) is a Borel subgroup,
and the diagonal matrices T' C B is a maximal torus (in G or in B; since an abelian
group is solvable, any torus is contained a Borel subgroup). When working with more
general groups G, it is typically the case that there is a natural embedding of G into
GL,(C) such that the upper-triangular matrices in G form a Borel subgroup of G,

and similarly for a maximal torus.

Definition 2.14. A parabolic subgroup of an algebraic group is a closed subgroup

containing some Borel subgroup.
Proposition 2.15. Any two Borel subgroups are conjugate.

Definition 2.16. Let G be an algebraic group. The radical R(G) of G is the inter-

section of all Borel subgroups of G. We say that G is semisimple if R(G) = {e}.

Proposition 2.17. Let G be an algebraic group and P a closed subgroup. Then P is

parabolic if and only if G/ P is a projective variety.

The spaces G/ P are called flag varieties. The flag variety G/B can be identified
with the set of all Borel subgroups of GG. Since any parabolic subgroup P C G is
contained in a Borel subgroup B, we have a surjective G-equivariant (regular) map
G/B — G/P. Proposition 2.15 implies that G acts transitively on G/B and hence

also on G/P.
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Definition 2.18. A rational representation of G is a a vector space V' together with

a regular group homomorphism G — GL(V).
All representations we will consider are rational.

Example 2.19. Let g = T.G be the tangent space at the identity of the algebraic
group G. This is the Lie algebra of G. The (non-associative) algebra structure can
be defined by identifying g with the set of left multiplication-invariant vector fields
on G, but we will not use this.

The Lie algebra g is also a representation of G, called the adjoint representa-

! sends e to itself, so

tion. For each g € G, the inner automorphism ¢, (h) := ghg™
that the differential at e is an invertible linear map d.¢, : g — g. Thus the assign-
ment g — d.¢, defines a map G — GL(g), which one can show is a regular group

homomorphism.

Let G be an semisimple affine algebraic group and choose a parabolic subgroup
P C G, Borel subgroup B C P, and maximal torus 7' C B. Let X(7T') := Hom(T, C*)
(where C* denotes the multiplicative group of nonzero complex numbers) be the
weight lattice of T. Let N := {g € G | gtg™!, for all t € T} be the normalizer of T,
and let W := N/T be the Weyl group.

Proposition 2.20. Let T C B C G be as above. Let Wp the Weyl group of P. Then
G = BWB and P = BWpB.

Over C, any representation V' of G decomposes into a direct sum of urreducible
representations. For a maximal torus 7' C G, we call an element w € X (1) a weight
of V' if there exists a weight vector v € V such that tv = w(t)v for all t € T. If G is
semisimple then V' is a direct sum P, X(T) V., of weight spaces for the action of T'.

The Weyl group acts on the set of weights by setting (w-w)(t) = w(ntn™'), where

n € N is any coset representative of w € W.
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The weights of the adjoint representation are called the roots of G. We have

Proposition 2.21. The adjoint representation has the weight space decomposition
g=1td @p@ 9, where t is the subalgebra of vectors of weight zero and the set of

nonzero weights ® C X(T') is finite.

The subalgebra t in Proposition 2.21 is in fact the Lie algebra of the maximal

torus 1.

Definition 2.22. The set & C X(7T) of non-zero weights of g is called the root system
of G (given T).

Proposition 2.23. The root system ® has the following properties:

1. @ spans X(T)g := X(T) ® Q and does not contain 0.
2. For each p € ® there is a reflection s, leaving ® stable.

3. For p, 0 in ®, s,(0) =0 —nyep for some n,, € N.

FEach reflection can be identified with an element of the Weyl group W, and the set

{s, | p € @} generates W.

The vector space X (7)o admits an inner product invariant under the action of

the Weyl group, which we denote (-,-). It is called the Killing form.
Proposition 2.24. The Killing form satisfies n,, = 2(p,c)/(p, p).

Fixing a Borel subgroup B, we have simple roots S := {p1,...,p;}, where r =

Proposition 2.25. The set of simple roots has the following properties:

1. Sis a basis of X(T)g.
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2. W is generated by {s, | p € S}.

For j =1,...,r, let w; € X(T) be the unique element such that (p;,w;) = d;;
(where 0;; is the Kronecker delta function). The weights wy,...,w, are the funda-
mental weights.

Fix T' C B C G, where G is an affine connected semisimple complex algebraic
group, B a Borel subgroup, and T" a maximal torus. For any irreducible representation
V', there exists a unique weight w of V' such that BV, C V,, called the highest weight
of V. If V' is another irreducible representation of highest weight w then V' =2 V. We
denote the irreducible representation of highest weight w by L(w). Proposition 2.26
gives an identification of the G-orbit of a highest weight vector in L(w;) with the flag

variety G/ P;.

Proposition 2.26. LetT' C B C G be as above. For each non-negative integer linear
combination w of the fundamental weights, there exists a unique (up to isomorphism)
irreducible representation L(w) of G.

In particular, for each fundamental weight w; (1 < i < r) there is a unique
irreducible representation of highest weight w;. In this case, the stabilizer of a highest

weight vector is a parabolic subgroup P; C B.

We will need some facts about the representation theory of the groups SL,,11(C)
and Sp,,(C). We first consider the special case SLy(C). For any vector space V/
and any positive integer m, let S™V denote the m'* symmetric power and let \™ V

denote the m!" exterior power of V.

Proposition 2.27. The irreducible representations of SLo(C) are SV, where d € Z,

and V = C? is the defining representation. The following isomorphisms commute with
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the action of SLy(C).

15)
52(Sav) ~ SQa—4kV
=0

—1
a2 J

@ S2a74k72v

k=0

LN

2

A\(5°V)

1%

The summands on the right-hand sides of these isomorphism are irreducible.

Definition 2.28. A partition is a set of boxes (unit squares), arranged in rows and
left-justified, such that as one moves from the top to the bottom the number of boxes
in each row weakly decreases. We denote the partition with k rows and m; boxes in

the 1" row (starting from the top) by (m4,...,my), and define |\| := Zle m;.

Let A := (Af,...,\.) be a partition and \* the transpose (or conjugate) partition
to A. The Schur module [13, 43] L\V is a quotient of the tensor product ®” Vijs
(where there is a vector space V;; = V for each box of A). It is isomorphic to the

image of the homomorphism
A1 Ar
o \Ve-- e \V-Sive..oshY

defined as the composition of the exterior diagonal

A1 Ar
5:/\V®---®/\V—>®Vi,j
.3

followed by the multiplication map
m:QVi;— SNV @ @8NV,
i,
Proposition 2.29. Let V = C"™! be the defining representation of SL,1(C). For
each partition X = (n ..., 1%) with at most n columns (that is, A has a; rows of

length i, for each i € [n]), the Schur module L\V is isomorphic to the irreducible
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representation of highest weight w := """ | a;w;.

The irreducible representations of Sp,,(C) have a similar description, as we will

see in Chapter III, Section B.3.

B. Flag varieties

Let G be a semisimple linear algebraic group. Fix a Borel subgroup B C G and
a maximal torus 7" C B. Let R be the set of roots (determined by T'), and S :=
{p1,...,pr} the simple roots (determined by B). The simple roots form an ordered
basis for the Lie algebra t of T'. Let {wy,...,w,} be the dual basis (the fundamental
weights). The Weyl group W is the normalizer of 7" modulo T itself.

Let P C G be the maximal parabolic subgroup associated to the fundamental
weight w € Q, let L(w) be the irreducible representation of highest weight w, and
let (,) denote the Killing form on t. For p € R, let p¥ := 2p/(p, p). For simplicity,
assume that (w,p¥) < 2 for all p € S (i.e., P is of classical type; see [23]). This
condition implies that L(w) has T-fixed lines indexed by certain pairs of elements of
W/Wp, called admissible (Definition 2.52).

We review these ideas in more detail for the special case of the Lagrangian

Grassmannian.

1. The Lagrangian Grassmannian

In its natural projective embedding, the Lagrangian Grassmannian LG(n) is defined
by quadratic relations which give a straightening law on a certain ordered set [9].
These relations are obtained by expressing LG(n) as a linear section of Gr(n,2n).
While this is well-known, the author knows of no explicit derivation of these relations

which do not require the representation theory of semisimple algebraic groups. We
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provide a derivation which does not rely upon representation theory (although we
adopt the same notation and terminology) which will be useful when we consider the
Drinfel’d Lagrangian Grassmannian, for which representation theory has yet to be
successfully applied.

Set [n] := {1,2,...,n}, 7:= —i, and (n) := {n,...,1,1,...n}. If S is any set,
let (‘2) be the collection of subsets o« = {a, ..., a} of cardinality k.

The Grassmannian Gr(n, 2n) is the subvariety of P(/\" C*") defined by the Pliicker
relations. The projective space P(/\" C?") has Plicker coordinates indexed by the dis-

tributive lattice ([2:}). Let A and V denote the meet and join in ([2:]).

Proposition 2.30 ([12, 19]). For o, € ([2"]) there is a Plicker relation

n
0
PaPs — ParpPavs + Z Czéﬁpfypé =0.
y<aAB<aVp<

The defining ideal of Gr(n,2n) C P(\" C?") is generated by the Plicker relations.

Fix an ordered basis {en,...,e1,e1,...,6e,} of the vector space C*", and let
Q = >" e Ae; be anon-degenerate alternating bilinear form. The Lagrangian
Grassmannian LG(n) is the set of maximal isotropic subspaces (relative to ) of C?".

Let {h; :== E;; — E | i € [n]} be the usual basis for the Lie algebra t of 7" [13]
and {h; | i € [n]} C t* the dual basis. Observe that h = —h;. The weights of
any representation of Sp,,(C) are Z-linear combinations of the fundamental weights
= Wy 4o+ B

The weights of both representations L(w,) C A" C?*" and A" C®" are of the form
w =Y 1 h% for some a € (<Z>). If a; = &y for some j, j" € [n], then b} = —ha,
and thus the support of w does not contain hzj. Hence the set of all such w are

indexed by elements of (<Z>) such that £k =1,...,n and n—k is even.

Let V' be a vector space. For simple alternating tensors v :=wv; A--- Ay € /\l V
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and ¢ := 1 A+ ANy € /\k V*, there is a contraction, defined by setting

216@1) o A Aer(v) A Apr(v ) AN AN, k<
Qv =

0, k>1
and extending bilinearly to a map A" V*®@ A'V — A" V. In particular, for a fixed
element ® € A" V*, we obtain a linear map ®_e : A'V — A“TF V.

The Lagrangian Grassmannian embeds in PL(w,,), where L(w,) is the irreducible
SpPs,(C)-representation of highest weight w, = hj + --- 4+ h%. By Proposition 2.31,
this representation is isomorphic to the kernel of the contraction Qe : A" C** —
/\"72 C?*". We thus have a commutative diagram of injective maps:

LG(n) —— Gr(n,2n)

l |

PL(w,) —— P(\"C2).

The next proposition implies that LG(n) = Gr(n,2n) N PL(w,).

Proposition 2.31. The dual of the contraction map

n

n—2
Qe : /\(CQ” — /\ Cc*

18 the multiplication map

n—2 n
QNe: /\C2”*—>/\C2n*.
Furthermore, the irreducible representation L(wy,) is defined by the vanishing of the
linear forms

Ly=(QNe, A Nel Jae (7).

These linear forms cut out LG(n) scheme-theoretically in Gr(n,2n). Dually, L(w,) =
ker(€2_e).
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Proof. Statement (1) is straightforward, and (2) can be found in [43, Ch. 3, Exercise

1; Ch. 6, Exercise 24]. ]

Since the linear forms in L, are supported on variables indexed by a € (<Z>)

such that {7,i} € « for some ¢ € [n], the set of complementary variables is linearly

independent. These are indexed by the set P, of admissible elements of (<Z>)
P, = {ae (<Z>) \i€a<:>i¢a},

and have a nice description in terms of partitions (Definition 2.28).

Consider the lattice Z? with coordinates (a,b) corresponding to the point a units
below the origin and b units to the right of the origin. Given an increasing sequence
a € (<Z>), let [ be the lattice path beginning at (n,0), ending at (0,n), and whose
it" step is vertical if i € o and horizontal if i € o. We can associate a partition to
a by taking the boxes lying in the region bounded by the coordinate axes and [a].

For instance, the sequence o = 4223 ¢ (<i>) is associated to the partition shown in

Figure 1.

Proposition 2.32. The bijection between increasing sequences and partitions induces
a bijection between sequences o which do not contain both i and 7 for any i € [n|, and
partitions which lie inside the n X n square (n") and are symmetric with respect to

reflection about the diagonal {(a,a) | a € Z} C Z*.

Proof. P, consists of the a € (<Z>) which are fixed upon negating each element of «
and taking the complement in (n). On the other hand, the composition of these two

operations corresponds to reflecting the associated diagram about the diagonal. [
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4 (4,0)
®
3
1]112
3 M2
4

Fig. 1. The partition (3,3, 1) associated to 4223.

Remark 2.33. We will use an element of (<Z>) and its associated partition inter-
changeably. We denote by ! the transpose partition obtained by reflecting o about

the diagonal in Z2. As a sequence, o is the complement of {ay,...,a,} C (n).

Definition 2.34. The Lagrangian involution is the map 7 : p, — 0apat, Where
a' is the sequence obtained by negating each element of the complement of o, and

0o = sgn(as, oy )sgn(a_,ac) € {£1}.

We denote by oy (respectively, ar_) the subset of positive (respectively, negative)
elements of «. For example, if a = 4123, then oy = 23 and a_ = 41.

The Grassmannian Gr(n, 2n) has a natural geometric involution e+ : Gr(n, 2n) —
Gr(n,2n) sending an n-plane U to its orthogonal complement U+ := {u € C?" |
Q(u,u’) = 0, for all u' € U} with respect to €. The next proposition relates e+ to

the Lagrangian involution.
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Proposition 2.35. The map e+ : Gr(n,2n) — Gr(n,2n) expressed in Plicker coor-

dinates coincides with the Lagrangian involution:

Pa

In particular, the relation p, — oapat holds on LG(n).

ac ()] = |owa |ae ()] (2.36)

Proof. The set of n-planes in C** which do not meet the span of the first n standard
basis vectors is open and dense in Gr(n,2n). Any such n-plane is the row space of an

n X 2n matrix
Y = ([]X)

where [ is the n x n identity matrix and X is some n x n matrix. We work in
the affine coordinates given by the entries in X. For a € (<Z>), we denote the at®
minor of Y by p(Y). For a set of indices a = {ay,...,ax} C [n], let a® = [n] \ «
be the complement, o := {n—ay+1,...,n—ay+1}, and @ := {ay,...,ax}. Via the
correspondence between partitions and sequences (Proposition 2.32), o = a*.

We claim that et reflects X along the antidiagonal. To see this, we simply
observe how the rows of Y pair under 2. For u,v € C", we denote the concatenation
by (u,v) € C*. Let r; := (e;,v;) € C* be the i row of Y. For k € (n), we let

ra € C be the k' component of ;. Then, for i,j € (n),
Q(riarj) = (eiavi) ’ <_Uj76j)t
Tim—j+1 — Tji -

It follows that the effect of 7 on the minor X,, of X given by row indices p and

column indices 7 is

T(X)pﬁ/ = Xy

VP
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Let a =€Ug € (<Z>), where € and ¢ are subsets of [n]. Combining this description of
7 with the identity

Pa(Y) = sgn(e®, €) X ey 4

we have

Pa(T(Y)) = sgn(e, €)7(X)(ey.s
= sgn(e’, €)Xy e
= sgn(e, €)sgn(e, gbc)p((gc’ec) (Y)

= 0apat(Y).

It follows that the relation p, — g,pot = 0 holds on a dense open subset and hence

identically on all of LG(n). O

It follows from Proposition 2.35 that the system of linear equations
L{n = <pa — OaqPat | o€ (<Z>)>

defines LG(n) C Gr(n,2n) set-theoretically. Since LG(n) lies in no hyperplane
of PL(w,), L/ is a linear subspace of the span L, of the defining equations of
L(w,) € A"C?*. The generators of L/, above suggests that homogeneous coordi-
nates for the Lagrangian Grassmannian should be indexed by some sort of quotient
(which we will call D,,) of the poset P,,. The correct notion of quotient is that of a
doset (Definition 2.43). An important set of representatives for D,, in P, is given in
Proposition 2.38.

By Proposition 2.32, we may identify elements of (<Z>) with partitions lying in
the n x n square (n"), and P, with the set of symmetric partitions. Define a map
Tp (<Z>) — P, x Pp by mp(a) := (aAat,aVal). Let D, be the image of m,. It is

called the set of admissible pairs. Tt is a subset of Op, := {(«, 3) € P, x P, | a < B}
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The image of P, C (<Z>) under 7, is the diagonal Ap, C P, X P,.

To show that D,, indexes coordinates on LG(n), we will work with a convenient
set of representatives of the fibers of m,. The fiber of («, 3) € D,, can be described
as follows. The lattice paths [a] and [5] must meet at the diagonal. Since o and
[ are symmetric, they are determined by the segments of their associated paths to
the right and above the diagonal. Let II(«, ) be the set of boxes bounded by these
segments. Taking n = 4 for example, 11(4213, 3124) consists of the two shaded boxes
above the diagonal in Figure 2. The lattice path [4213] is above and to the left of the

path [3124].

Fig. 2. The paths associated to 4213 and 3124 in Py.

A subset S C (n") of boxes is disconnected if S = S; 1S5 and no box of S; shares
an edge with a box of S;. A subset S is connected if it is not disconnected. Let
(c, B) = |_|f:1 S; be the decomposition of II(«, ) into its connected components.

Any element 7 of the fiber 7, (a, 3) is obtained by choosing a subset I C [k]
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and setting
v = aU (USf) U <USZ>
iel igl
The elements of 7, '(4213,3124) are shown in Figure 3.

For any diagram « C (n"), let a; C « be the subset of @ on or above the main
diagonal, and o C « the subset of a on or below the main diagonal. Equivalently,
« is a strictly increasing subsequence of (n,...,1,1,...,n) of length n, ay is the
subset of positive elements of «;, and «_ is the set of negative elements. Similarly, let

I, (o, B) C (v, B) be the set of boxes above the diagonal.

o

4224 and 3113 4114 and 3223

Fig. 3. Elements of m,'(4213,3124).

The following definition is essential.

Definition 2.37. A partition a Northeast if o' C a and Southwest if its transpose

is Northeast.
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For example, 4224 € P, is Northeast while 4114 € Py is neither Northeast nor
Southwest.

We summarize these ideas in the following proposition.

Proposition 2.38. Let (a, 3) € D,, be an element of the image of m,. Then 7, (c, 3)
is in bijection with the set 2"+ of subsets of connected components of T, (a, 3).
There exists a unique Northeast element of w1 (i, 3); namely, the element corre-
sponding to all the connected components. Similarly, there is a unique Southwest

element corresponding to the empty set of components.

Example 2.39. The Lagrangian Grassmannian LG(4) C Gr(4,8) is defined by the
linear ideal L. From the explicit generators given in Proposition 2.31, it is evident
that Ly C /\4 C®" is spanned by weight vectors. For example, the generators of

LN (\*C¥)g are vectors of weight zero:

QApy = pima + pPanis +  Panne
QApsy = pizu + psas + pa
22 1924 3223 2112 (2.40)
QApss = passa + P23 + D3nis
QApyy = pissa + pida + Pitua
The following linear forms lie in the span of the right-hand side of (2.40):
Pa112 1 Pi334 DP3113 T Pi224 DP3223 1 Pi114
(2.41)

Pit14 + Pizes + Pi3sa
Three of the linear forms in (2.41) are supported on a pair {p,, pat }, and the remaining
linear form expresses the Pliicker coordinate pji;4 as a linear combination of coordi-
nates indexed by Northeast partitions (in general, this follows from Lemma 3.10).

Since each pair {pa,pat} is incomparable, there is a Pliicker relation which, after
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reduction by the linear forms (2.40), takes the form
+p2 — pap~ + lower order terms

where 8 := a A o' and v := a V o' are respectively the meet and join of o and a'.
Defining p(3+) 1= Pa = 0aPar We can regard such an equation as giving a rule for
rewriting p%ﬁ ,) as a linear combination of monomials supported on a chain. These

facts are proven in general in Chapter III.

C. Spaces of algebraic maps

The flag variety G/P embeds in PL(w) as the orbit of a highest weight vector. Define
the degree of a rational map f : P! — G/P to be its degree as a rational map into
PL(w).

Let My4(G/P) be the space of algebraic maps of degree d from P! into G/P.
If P is of classical type then the set D of admissible pairs indexes the homogeneous
coordinates on PL(w) (see Definition 2.52, and for more background [35, 23]). There-
fore, any map f € M4(G/P) can be expressed as f : [s,t] — [pu(s,t) | w € D],
where D is the set of admissible pairs and p,(s,t) is a homogeneous form of degree
d. This leads to an embedding of My(G/P) in P(SC? ® L(w)), where SIC? is the
space of homogeneous polynomials of degree d in two variables. Coordinate functions
on S9C? ® L(w) are indexed by {w@ | w € D,a = 0,...,d}, a disjoint union of
d+1 copies of D. The closure of My(G/P) C P(SIC? ® L(w)) is called the Drinfel’d
compactification and denoted Q4(G/P). This definition is due to V. Drinfel’d, dating
from the mid-1980s. Drinfel’d never published this definition himself; to the author’s
knowledge its first appearance in print was in [36]; see also [22].

Let G = SL,(C) and P be the maximal parabolic subgroup stabilizing a k-
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dimensional subspace, so that G/P = Gr(k,n). In this case we denote the Drin-
fel’d Grassmannian Q4(G/P) by Qq(k,n). In [41] it is shown that the homogeneous
coordinate ring of Qu(k,n) is an algebra with straightening law on a distributive
lattice ([Z]) o hence normal, Cohen-Macaulay, and Koszul, and its ideal I g’nfk has a
quadratic Grobner basis consisting of the straightening relations. The ideal I, ,fin_k
is a subset of the polynomial ring C[([Z]) ) whose variables are indexed by elements
of ([Z])d = {a | a € ([Z]),O < a < d}. The partial order on ([Z])d is defined by
a@ < 8O if and only if @ < b and oy < Byp_qpi fori=1,..., k—b+a.

Note that taking d = 0 above, one recovers the classical Bruhat order on ([Z]). For
an arbitrary semisimple algebraic group, this is an ordering on the set of maximal coset
representatives of the quotient of the Weyl group by the Weyl group of a parabolic
subgroup.

Suppose that d = ¢k+q for positive integers ¢ and ¢, and let X = (4;)1<; j<n be

(1)

i t+ 3l k; = (+1 for i < g,

a matrix of polynomials with z;; = xl(f)tk +--ta i
and k; = ( for i > q. The ideal I¢,_, is the kernel of the map ¢ : C[(}) ] — C[X]
sending the variable p&a) indexed by a'® to the coefficient of t* in the maximal minor
of X whose columns are indexed by «.

The main results of [41] follow from the next theorem. Given any distributive
lattice, we denote by A and V, respectively, the meet and join. The symbol A will

also be used for exterior products of vectors, but the meaning should always be clear

from the context.

Theorem 2.42 ([41]). Let v, € be a pair of incomparable variables in the poset ([Z})d.
There is a quadratic polynomial S(7,€) in the kernel of ¢ : (C[([Z])d] — C[X] whose
first two monomials are

p'ype - p’y/\ep'yVe .
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Moreover, if Apgpq is any non-initial monomial in S(7, €), then v, € lies in the interval

[B,a] ={ve (W), | B<~<a}

The quadratic polynomials S(7, €) in fact form a Grobner basis for the ideal they
generate. It is shown in [41] that there exists a toric (SAGBI) deformation taking
S(7,€) to its initial form pype — PyrcPyve-

Our main goal is to extend this result to the Lagrangian Drinfel’d Grassmannian
LQ4(n) := Qu(LG(n)) parametrizing rational curves of degree d in the Lagrangian
Grassmannian.

The role of flag varieties in classical enumerative geometry was described in
Chapter I. Drinfel’d flag varieties are similarly useful in quantum cohomology, which
deals with the enumerative geometry of curves in a flag variety. We illustrate this for
the case of the Drinfel’d Grassmannian [39, 41].

Let X, C Gr(k,n) be a Schubert variety and s € P! a point. An element of the
Drinfel’d Grassmannian E(t) € Qq(k, n), is a parametrized curve t — E(t) € Gr(k,n)
of degree d. Given a non-negative integer a < d, the set of all E(t) € Qqu(k,n)
such that E(t) meets X, to order a at the point s is a Schubert variety X, (s).
When s = 0 € P!, this coincides with the definition given in Section D, below.
The realization of the coordinate ring of a Drinfel’d flag variety (and its Schubert
varieties) allows one to compute the degree of a Schubert variety, thus recovering

certain intersection numbers in quantum cohomology.

D. Algebras with straightening laws

The following definitions are fundamental.
Let P be a poset, Ap the diagonal in P x P, and Op := {(«, f) € PxP | a < 5}

the subset of P x P defining the order relation on P.
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Definition 2.43. A doseton P is a set D such that Ap C D C Op, andif a < [ < v,
then (o, 7) € D if and only if (o, 3) € D and (8,v) € D. The ordering on D is given

by (a, 3) < (v, 0) if and only if 5 < in P. We refer to P as the underlying poset.

Remark 2.44. A doset is not usually a poset: the ordering is non-reflexive except
in the trivial case when D = Ap. In any case, note that we may regard P = Ap as

a subset of D.

The Hasse diagram of a doset D on P is obtained from the Hasse diagram of
P C D by drawing a double line for each cover ao < (3 such that («, 3) is in D. The
defining property of a doset implies that we can recover all the information in the
doset from its Hasse diagram. See Figure 6 for an example.

Loosely, an algebra with straightening law is an algebra generated by elements
{pa | @ € D} indexed by a (finite) doset with a basis consisting of standard mono-
mials supported on a chain. That is, a monomial is standard if it has the form
DPar,Br) " Plag,gr), Where ap < 31 < ap < By < -+ < o < . Furthermore,
monomials which are not standard are subject to so-called straightening relations, as

described in the following definition.

Definition 2.45. Let D be a doset. A graded C-algebra A = ®q20 A, is an algebra

with straightening law on D if there is an injection D 3 (o, #) — p(a,8) € A such that:

L. {p(a,p) | (o, B) € D} generates A.
2. The set of standard monomials are a C-basis of A.

3. For any monomial m = D, 8,) " * Plaw,8e)s (6, i) € D fori=1,... k,if

N
m= Z CiP(ej1.8i1) " " Plajr.Bik)s
=1
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is the unique expression of m as a linear combination of distinct standard mono-
mials, then the sequence (a1 < B3 < -+ < i < Bji) is lexicographically
smaller than (o < 8 < -+ < ap < Bg). That is, if £ € [2k] is minimal such

that aje # ap, then aj; < ay.

4. If o < ay < ag < ay are such that for some permutation ¢ € S, we have
(o(1), Ao(2)) € D and (ay(3), Ao(4)) € D, then

N

Play1y,002)Plass),an@) = ip(alyaz)(a&%) + Z T (2'46)
i=1

where the m; € A, are standard monomials distinct from p(a, as)Pas,a4)-

The ideal of straightening relations is generated by homogeneous quadratic forms
in the p, (o € D), so we may consider the projective variety X := Proj A they define.

For each a € P, we have the Schubert variety
Xo i ={x e X |ppy(x)=0for v £a}

and the dual Schubert variety

X% :={x € X |pgq(r)=0for 3% a}.

Let us recall the geometry of these varieties for the Grassmannian of k-planes in C”,
whose coordinate ring is an algebra with straightening law on the poset ([Z]).

For each i € [n], set F; := (eq,...,¢e;) and F} := (en,...,€n_it1), Where (---)
denotes linear span and {ey, ..., e,} is the standard basis of C". We call F, := {F; C
-+« C F,} the standard coordinate flag, and F, := {F] C --- C F} the opposite flag.

Fora={l1<a <---<a;<n}e€ ([Z]), define X, := {E € Gr(k,n) | dim(E N
F) o) <ii=1,... k}and X*:={F € Gr(k,n) | dim(ENF)) <i,i=1,...,k}.

We represent any k-plane E € Gr(k,n) as the row space of a k X n matrix.
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Furthermore, any such k-plane F is the row space of a unique reduced row echelon
matrix. The Schubert variety X, consists of precisely the k-planes E such that the
pivot in row ¢ is weakly to the right of column n—a;+1. Since the Pliicker coordinate
Pa(E) is just the maximal minor of this matrix, we see that £ € X, if and only if
pp(E) = 0 for all B £ a; hence our definition of X, for the Grassmannian agrees with
the general definition above.

Schubert varieties are useful and natural tools for studying algebras with straight-

ening law, as we will see in Chapter III.

1. Hilbert series of an algebra with straightening law

We compute the Hilbert series of an algebra with straightening law A on a doset, and
thus obtain formulas for the dimension and degree of Proj A. Let P be a poset and D
a doset on P. Assume that all maximal chains in D (respectively, P) have the same
length d (respectively, p).

We first compute the Hilbert series of A with respect to a suitably chosen fine
grading of A. Namely, A is graded by the elements of a semigroup, defined as follows.

Monomials in C[D] are determined by their exponent vectors. We can therefore
identify the set of such monomials with the semigroup NP. Define the weight map
w : NP — Q7 by setting w(a, 3) := 22, where, ¢, € Q7 (a € P) has a-coordinate
equal to 1 and all other coordinates equal to 0. This gives a (fine) grading of A by
the semigroup im(w). Let Ch(D) be the set of all chains in D. Since the standard
monomials (those supported on a chain) form a C-basis for A, the Hilbert series with
respect to this fine grading is

Hy(r) = Z Z re

c€Ch(D) a€im(w)
supp(a)=c
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where 7 := (ro | € P), a = (as | @ € P), and 7* = [] .p ra>. Note that elements of
im(w) correspond to certain monomials with rational exponents (supported on P).
For example, (a,3) € D corresponds to V/TaTp. Setting all r, = r, we obtain the
usual (coarse) Hilbert series, defined with respect to the usual Z-grading on A by

degree.

Example 2.47. Consider the doset D := {«, («,3), 3} on the two element poset

{a < B}. The elements of Ch(D) are shown in Figure 4.

Ch(D) = {0.{a}. {8} {(a.8)}{e, (o, B)}, {(e, B), B}, {a, B}, {ev, (a, ), B}} -

Y.

{a} {5} (o, B)}

b1 5 0

{a, (0, 0)} {(a, 8),8}  {a, B} {a,(a,p),0

Fig. 4. The set Ch(D) of chains in D.
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We have
r r ro/ 2l
Hatr) = 14—+ 1—ﬁTﬁ VT T
7’3/27"?3/2 Tol'g rg/ 27’2/ 2

+ +

(A—rp)  (O=r)(—rs) (=t —rp)"

Setting r = r, = 13, we obtain the Hilbert series with respect to the usual Z-grading

of C[D].
r 2r? r3 4 r?
h =1
A(r) +1—r+r+1—r+(1—7")2
- r+1
(1 —r)?

= 1+ (2i+1).
i=1
We see that h(i) = 2i+1, dim(Proj A) = 1, and deg(Proj A) = 2.

Remark 2.48. The Lagrangian Grassmannian LG(2) is an algebra with straightening
law on the five element doset obtained by adding two elements 0 < o and 1 > £ to
the doset D in Example 2.47. A similar computation shows that the degree of LG(2)
is also 2. Thus we confirm our stated answer to Question 1.5. Theorem 3.14 allows us
to carry out such degree computations for the Drinfel’d Lagrangian Grassmannian;

this gives a new derivation of numbers computed in quantum cohomology.

Fix a chain {ay, ..., oy, (B11, £12), - - - (Bo1, Bu2)} € D (not necessarily written in
order), let t; be the formal variable corresponding to o; (i = 1,--- ,u), and let sy,
correspond to G (j = 1,...,v, k = 1,2). The variables r and s are not necessarily

disjoint; in the example above, the chain {a, (a, §)} has r; = s1;. We have

u v

> = i vea
| ;o

a€im(w) =1
supp(a)=c
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Recall that we may identify P with the diagonal Ap C D C P xP. Letting c, denote

the number of chains consisting of u elements of P and v elements of D\ P, we have

1

QL

=
+
3

Tu—i—v
HSA(r) = Cop—
u=0 v=0 (1 —r)
p+1 d—p 00
= Z ch“Jr”(Z rkyu
u=0 v=0 k=0
d—p +1

00 d
— c}jr” + Z pz Zp c <u+£ 1) okl
=0

u=1 v=0

d
O

When w > d—p, the coefficient of r agrees with the Hilbert polynomial:

In particular, the dimension of Proj A is p, since this is the largest possible value of

u—1=deg, (" ";"). The leading monomial of HP4(w) is

wvl
C+1 .

By our assumption that the maximal chains in P (respectively, D) have the same

d—p

EM

length, we have ¢, = (d;p) Cpy1, 50 that the leading coefficient of H P4(w) is
d—
G1 i (d—p) _ 27Gm
(p—1)! 4 v (=1~
from which we deduce the degree of ProjA.
Theorem 2.49. deg(Proj A) = 2%7¢).

Example 2.50. Let A be an algebra with straightening law on the doset D shown
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in Figure 5. We have rtk P =2, rk D = 3, and

on) = {0,{a}, (8%, {3} {61 {a )} A3, )},
{7} {0 B} {03, 48,0, {3, 6}, { (e, )}
fo (8,90} (@), v 10 7), 63,48, (3, ),
{(8.0),0},{a, 8,0}, {e, 7,6} {a, (@, 7). 7},
fa, (7). 8}, {. B,(3,0)} {a (5.6), 6},
{,(8,6), 6} {a (,7), 7,8}, {a, 3, (8,0), 5} }

and the values of ¢, are given by the following matrix, whose entry in row 7 and

column 7 is ¢!

1.
j—1°

1 4 5 2
2 6 5 2

The Hilbert polynomial is therefore:

e = (") es(" ) ("))
o7 () ()

- 2w2+2w—|—3=4%+2w+3.

In particular, deg(Proj A) = 4.
Theorem 3.14 will allow us to compute intersection numbers in quantum coho-
mology using Theorem 2.49, as illustrated in Example 2.50. The appropriate doset is

described in Subsection 2. We will show that the Drinfel’d Lagrangian Grassmannian

is a algebra with straightening law on this doset.
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Fig. 5. The doset of Example 2.50

2. The doset of admissible pairs

We define the doset of admissible pairs on the poset Py,. Let us first consider an

example.

Example 2.51. Consider the poset
Poy = {a(a) € (@)2 lica < 1 ¢ Oz}

of admissible elements of (<3>)2. The set Dy 4 of elements (a, 3)@ € Op, , such that
a and 3 have the same number of negative elements is a doset on P24. The Hasse
diagram for D, 4 is shown in Figure 6.

To each (a, 3)@ € P, 4, we have the Pliicker coordinate pgi)ﬁ) = $" ® pa,p) In

SIC? ® L(wy,), where S?C? is the space of homogeneous polynomials of degree d in

two variables.
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Fig. 6. The doset Dy 4.

Let () = (1) , be the poset associated to the Drinfel’d Grassmannian Qqg(n, 2n)
from the introduction, and let Py, be the subposet consisting of the elements al@

such that o' = . There are three types of covers in Py,.

1. o/ < @ where o and 3 have the same number of negative elements. For

example, 4213(@) < 4123 € P, 4 for any non-negative integers a < d.

2. a@ < 3@ where the number of negative elements in [ is one less than the
number of negative elements of a. For example, 4123(® < 4123@ ¢ P4 for

any non-negative integers a < d.

3. a® < Bt where the number of negative elements of 3 is one more than the
number of negative elements of o, 7 € 3, and n € a. For example, 3214(®) <

4321+ for any non-negative integers a < d.
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The first two types are exactly those appearing in the classical Bruhat order on
Pon. It follows that Pg, is a union of levels 776(;,2, each isomorphic to the Bruhat
order, with order relations between levels imposed by covers of the type (3) above.

We define the doset Dy, of admissible pairs in Py,,.

Definition 2.52. A pair (a(¥ < 8@) is admissible if there exists a saturated chain

a=ay<a; <---<as=[, where each o; < ;41 is a cover of type (1).

We denote the set of admissible pairs by Dy,,. Observe that (a!® < 5®)) is never

admissible if a < b.

Proposition 2.53. The set Dy, C Papn X Payn is a doset on Pg,,. The poset Pg,, is

a distributive lattice.

Proof. To show that D, is a doset, one may simply apply the proof in the case d = 0
(see [9]) to the subposet consisting of all the elements of the form («, ), for each
a=0,...,d to show that Dy,, is a doset on Pg,.

To prove that Py, is a distributive lattice, we realize the meet and join as the
intersection and union of certain sets (ordered by inclusion) generalizing the usual

notion of a partition. Consider the union of of n shifted n x n squares in Z?.

d
San = |J{(i—a,j—a) [0<i,j <n}

a=0
To ol ¢ Pan, we associate the subset of Sy, defined by shifting the (open)
squares in « by (—a, —a), and adding the boxes obtained by translating a box of a by
a vector (vy,vq) with vy, vy < 0 and the points (—i,—i) for i = 0,...,a. See Figure 7

for an example.
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Fig. 7. The subset of S 4 associated to 42131 € P, .

It is straightforward to check that the (symmetric) subsets obtained in this way

form a distributive lattice (ordered by containment) isomorphic to Py,. O
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CHAPTER III

RESULTS

A. Algebras with straightening law

Fixing a projective variety X C P", there are many homogeneous ideals I C Clzo, . . ., z,]
such that V(I) = X. However, fixing a projective variety X C P", there exists a
unique saturated radical ideal I such that V(I) = X. Under mild hypotheses, any

ideal generated by straightening relations on a doset is saturated and radical.

Theorem 3.1. Let D be a doset whose underlying poset has a unique minimal element
ap, and let A := C[D]/J be an algebra with straightening law on D, where J is the

ideal generated by the straightening relations. Then J is saturated.

Proof. Let f = Zle a;m; ¢ J be a non-trivial linear combination of (distinct) stan-
dard monomials (i.e., for each i, the support of m; is a chain in D). For each
N e N, pcjyo f= Zle aipgomi is a linear combination of standard monomials, since
supp m; U {ag} is a chain for each i € [k]. It is non-trivial since p} m; = p} m;

implies ¢ = j. Thus pgof ¢ J for all n € N; so that f & sat J. O
Theorem 3.2. An algebra with straightening law on a doset is reduced.

Proof. Let A be an algebra with straightening law. For f € A and a € P, denote by
fa the restriction of f to the dual Schubert variety X.

We will show by induction on the poset P and on n € N that f} = 0 implies
fa=0.

Let f € A such that f7 =0 for some n € N. Since fj =0 for all 8 > «, f3 =0

by induction. It follows that f, is supported on monomials on X“ which vanish on
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X# for all 3> . That is,

fo = Z Cz’pffp(a,ﬁl,i) ©PasBey ) - (3.3)
i=1

For the right hand side of (3.3) to be standard, we must have ¢; = 1 for alli = 1,...m.
Also, homogeneity implies that e :=e; = --- = ¢, for i = 1,...m. Thus, if we set

B1i = 0, then f, has the form
Jo = pZZcip(a,gi)- (3.4)
i=1

By induction on n we may assume that f2 = 0 (since (f2)[z1 = 0).

Choose a linear extension of D as follows. Begin with a linear extension of P C D.
For incomparable elements («, (), (7,0) of D, set (o, ) < (7,0)if f < dor =106
and a < . With respect to the resulting linear ordering of the variables, take the
lexicographic term order on monomials in A.

For an element g € A, denote by 1t(g) (respectively, lm(g)) the lead term (re-
spectively, lead monomial) of g. Reordering the terms in (3.4) if necessary, we may
assume that 1t(f,) = c1piP(a.8)-

Writing f2 as a linear combination of standard monomials (by first expanding the
square of the right hand side of (3.4) and then applying the straightening relations),
we see that 1t(f2) = £cip2“Tps,. This follows from our choice of term order and the
fourth condition in Definition 2.45.

We claim that 1t(f2) cannot be canceled in the expression for f2 as a sum of
standard monomials. Indeed, suppose there are 7,5 € [m] such that Im((pSp(a,s,)) -
(P5pa3,))) = Po™'pg,. Then by the straightening relations, 3, < 3, 3;. But 31 £ f;
since Im(fo) = p&P(a,p)- For the same reasons, #; £ ;. Therefore 3; = 8; = 1, so

C1P5D(a,) 18 the only term of f, contributing to the monomial p2*'pg in f2. [
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B. Drinfel’d flag varieties

1. A basis for SqC* ® L(w,)*

Recall that the Drinfel’d Lagrangian Grassmannian embeds in P(S;C? ® L(w,)). We
describe bases for the representation L(w,) and its dual L(w,,)*.

For o € (<Z>) and positive integers, set @ = sopd-a g Cay N+ N e, € S4C®
A"C2 and let pi) = 5940 @ e, N Nep, € SqC* @ N\"C*™™ be the Plicker
coordinate indexed by @ € D n.

The representation L(w,)* is the quotient of A" C?"" by the linear subspace
L, = QAN"?C?"" described in Proposition 2.31. Thus S;C2®L(w,)* is the quotient

of S4C2® A" C*" by the linear subspace:
Ld,n = Sd(C2 X Ln
Note that Lg,, is spanned by linear forms

(@ = iy Z e; Ney Ney N---Ne;, (3.5)

« Qnp—2
il{z,i}Na=0

for a € (n<7_‘>2) and a =0, ...,d. The linear form (3.5) is simply s?¢¢=¢ tensored with a
linear form generating L,, (Proposition 2.31). Each term in the linear form (3.5) is a
Pliicker coordinate indexed by a sequence (a; < -+ <7< -+ <i< -+ < ozn_g)(“) S
(<Z>)d, for some i € [n].

Let T" C SLy(C) and T" C Sp,,(C) be maximal tori. The maximal torus 7" is
one dimensional, so that its Lie algebra t' has basis consisting of a single element
H e t. Let h; := E;; — Ey for i € (n), and recall our convention that 7 = i, so that
h; = —h;. The Lie algebra t of ' C Sp,,,(C) has a basis {h; | ¢ € [n]}. The weights of
the maximal torus 77 x T C SLy(C) X Sp,,(C) are elements of t* & t*. Each Pliicker

coordinate p € S,C2@ (A" C*")* is a weight vector of weight (d=2a)H" 4+, .00 Mo
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Each linear form (3.5) lies in a unique weight space, so we may restrict our
attention to one of them. Note that the linear form £ is nearly identical to I ); one
simply changes the superscript of each Pliicker coordinate from (a) to (b). We may
therefore assume a = 0 and write ¢, for ¢ and Do, for p&o).

For each a € (7@2), we have an element ¢, = Q A p, € L,. This is a weight
vector of weight wq 1= A}, +---+h}, € t". Set a :={i € a |7 € a} and observe that
wg = Wy. The elements o € (r@z) such that ¢, € (L,), are those satisfying w, = w.
That is, (Lp)w = (LA po | wa = w).

The shape of the linear form ¢, is determined by the number of pairs {7,i} C a,
i.e., the cardinality of o \ &; it is the same, up to multiplication of some variables
by —1, as the linear form lp\g = QA paa € Ly—gja|, of weight wag. It follows that
the generators of (L, )., have the same form as those of (L, _2/3|)w,, up to some signs
arising from sorting the elements of o and the indices appearing in ). Since these
signs do not affect linear independence, it suffices to find a basis for (L, )o; it is then

straightforward to obtain a basis for (L,),,. We thus assume that the weight space

in question is (L,,)o. This implies that n is even; set 2m := n.

Example 3.6. We consider linear forms which span (Lg)n: ;. Let m = 3 (so n = 6)
and w = h} + hj. If a = 6136, then @ = 13 and w, = w. We have £, = pgz1356 +

Pgiisa6 — Peaiess- Lhe equations for the weight space (L), are

lg136 = De51356 T Dei1346 — P621236
l5135 = D51356 T P5i1345 — P521235
Cii3a = Deaizae + Psaigas — Paaias4
l3123 = De21236 + P521235 T Pad1234

We can obtain the linear forms which span (L4)o (see Example 2.39) by first removing



44

every occurrence of 1 and 3 in the subscripts above and then flattening the remaining
indices. That is, we apply the following replacement (and similarly for the negative
indices): 6 +— 4,5+ 3,4+ 2 and 2 — 1. We then replace a variable by its negative
if 2 appears in its index; this is to keep track of the sign of the permutation sorting
the sequence (7,4, a1, ..., a, o) in each term of ¢, (see Equation 3.5). To see why this

is necessary, observe that the forms (3.5) are just Q Ael A---Ae) .

From Proposition 2.31, it follows that the map

(Aew), (e,

given by contraction with the form Q € A*C*" is surjective, with kernel (L(wan))o-
Since the set {(@, ) | a € ([2,’:4)} is a basis of (A* C*™), (for any k < m), we have

2m 2m—2

dim(L(wzm))o = dim(/\ C*")g — dim( A C*™),
_(2m B 2m
- m m— 2
B 1 2m
 om+1l\m )
This number is equal to the number of admissible pairs of weight 0.

Lemma 3.7. dim(L(wy,))o is the number of admissible pairs (o, 3) € D,, of weight

Watwg
— =

Proof. Recall that each trivial admissible pair
a=lay,...,a5,b1,...,bp_s] € D,

indexes a weight vector, of weight > """ hy —>"7 | h% . Also, the non-trivial admissible

1=

pairs are those («, 3) for which o <  have the same number of negative elements.

From this it follows that the admissible pairs of weight zero are the (o, 3) € D,
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such that 8 = [@m,...,a81,b1,...,bm], @ = [b, ..., b1, a1, ... ,an], {ai,...,an} and
{b1,..., by} are disjoint. This last condition is equivalent to a; > b; for all ¢ € [m)].
The number of such pairs is equal to the number of standard tableaux of shape (m?)
(that is, a rectangular box with 2 rows and m columns) with entries in [2m]. By the

. . 2m
hook length formula [12] this number is —+ (™). O

The weight vectors p, € (A" C*™")y are indexed by sequences of the form
= (@, 1,00, ..., Q)

which can be abbreviated by the positive subsequence a = (ag,...,q,) € ([27:?])
without ambiguity. We take these as an indexing set for the variables appearing in
the linear forms (3.5).

With this notation, the positive parts of Northeast sequences are characterized

in Proposition 3.9. The proof requires the following definition.

Definition 3.8. A tableau is a partition whose boxes are filled with integers from the
set [n], for some n € N. A tableau is standard if the entries strictly increase from left

to right and top to bottom.

(2m)
2m

Proposition 3.9. Let a € ( ) be a Northeast sequence. Then the positive part of
a satisfies ap > 24---(2m) € ([2,;”]). In particular, no Northeast sequence contains

1 € [2m] and every Northeast sequence contains 2m € [2m).

Proof. a; > 24---(2m) if and only if the tableau of shape (m?) whose first row is
filled with the sequence (a'), = [n] \ ay and whose second row is filled with the o

is standard. This is equivalent to a being Northeast. O

It follows from Proposition 2.38 that the set N'E of Northeast sequences indexing

vectors of weight zero has cardinality equal to the dimension of the zero-weight space



of the representation L(ws,,)*. This weight space is the cokernel of the map
2m—2 * 2m *

Q/\o:(/\ (C4m> —>(/\C4m) :

0 0

Similarly, the weight space L(wa,,)o is the kernel of the dual map

2m 2m—2

oo (), ()

We fix the positive integer m, and consider only the positive part (in ([QTZL})) of
elements of (%ﬁ) such that the associated Pliicker coordinate has weight zero. For

a € ([2:77}), a matching is a bijection M : a — «af. For any matching, we have an
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element of the kernel L(ws,,) of 2.e: Let H, be the set of all sequences in ([2;:])

obtained by interchanging M («;) and «;, for i € I, I C [m]. Elements of the set H,

are the vertices of a hypercube, whose edges connect pairs of sequences which are

related by the interchange of a single element. Equivalently, a pair of sequences are

connected by an edge if they share a subsequence of size m—1. Observe that for a

subsequence 3 C « of length m—1, there exists a unique edge of H, connecting two

vertices with common subsequence (3. Let I - a denote the element of H, obtained

from « by the interchange of M(«;) and «; for i € I. The element

K, = Z (=) lopq

IC[m]

lies in L(ws,,). Indeed, for each I C [m], we have

Q_IU[.a = ZU(I'Q)\{(I'a)i}'
i=1

For each term (—1)|I|v(1.a)\{(1.a)i} on the right-hand side, suppose that j € [m] is such
that either (I-a); = aj or (I-a); = af. Set J := IU{j}if (I-a); = aj and J := I\ {j}

if (/-a); = af. The set J is the unique subset of [m] such that (I-«a)\ {({-«a);} is in
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the support of Q_v;.., with coefficient (—1)I/I = (—1)/+!. Hence these terms cancel,

[2m]
m—1

and we see that the coefficient of each § € ( ) with vg in the support of QLK is
zero. Therefore QQ4K, = 0. See Example 3.13 for the case m = 2.

If « € NE then that there exists a descending matching, that is, M(«;) < «; for
all ¢ € [m]. For example, the condition that the matching M («;) := af be descending
is equivalent to the condition that o be Northeast. If we choose a descending matching

for each o € NE, the element K, € L(ws,,) involves only sequences which preceed a.

It follows that the set B := {K, € L(way,) | @ € NE} is a basis for L(way,).
Lemma 3.10. The Plicker coordinates p, with a € NE are a basis for L(wa,,)*.

Proof. Fix a basis B of L(ws,,) obtained from descending matchings of each North-
east sequence with its dual. We can use this basis to show that the set of Pliicker
coordinates p, such that « is Northeast is a basis for the dual L(wa,,)*.

Suppose not. Then there exists a linear form £ = )" ¢ capa vanishing on each
element of the basis B. We show by induction on N'E that all of the coefficients ¢,
appearing in this form vanish.

Fix a Northeast sequence o € NE, and assume that ¢cg = 0 for all Northeast
[ < a. Since K, involves only the basis vectors vg with 5 < «, we have ((K,) = c,,
hence ¢, = 0. This completes the inductive step of the proof.

The initial step of the induction is simply the inductive step applied to the unique

minimal Northeast sequence a = 24---(2m). O

It follows that every Pliicker coordinate p, indexed by a non-Northeast sequence
« can be written uniquely as a linear combination of Pliicker coordinates indexed
by Northeast sequences. We can be more precise about the form of these linear
combinations. Recall that each fiber of the map m,, contains a unique Northeast

sequence. For a sequence ag, let a be the Northeast sequence in the same fiber as «y.
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Lemma 3.11. For each non-Northeast sequence o, let £, be the linear relation
among the Pliicker coordinates expressing pa, as a linear combination of the pg with
B Northeast. Then po appears in £, with coefficient (=) where a = I - o, and

every other Northeast 3 with pg in the support of [, satisfies 3 > a.

Proof. Let M be the descending matching of a with o defined by M () := af. Let
K, be the kernel element obtained by the process described above. Any linear form
0=pog+ (=D pa+ > cops

a<peNE
vanishes on K,,.

We extend this relation to one which vanishes on all of L(w,,)o, proceeding in-
ductively on the poset of Northeast sequences greater than or equal to a. Suppose
that 8 > « is Northeast. By induction, suppose that for each Northeast sequence =
in the interval [o, 8] the coefficient ¢, of ¢ has been determined in such a way that
U(K,) =0.

Let S be the set of Northeast sequences « in the open interval («, 3) such that

v, appears in Kg. Then

U(Kjg) = (Z Cv) + s,

YES

so setting cg := — > ___g ¢, implies that £(Kg) = 0.
This completes the inductive part of the proof. We now have a linear form /¢
vanishing on L(w,, )o which expresses p,, as a linear combination of Pliicker coordinates

indexed by Northeast sequences. Since such a linear form is unique, ¢ = £, . O

By Lemmas 3.10 and 3.11 and the argument preceding them, we have the fol-

lowing theorem.

Theorem 3.12. The system of linear relations {{ = st @ QA pa | a =
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0,....d,a € (75@2)} has a reduced normal form consisting of linear forms express-

ing each Pliicker coordinate p(ﬁb) with 3 & NE C (<Z>) as a linear combination of

Pliicker coordinates indexed by Northeast elements of (<Z>).

Proof. We have seen that the linear relations preserve weight spaces, and Lemmas 3.10
and 3.11 provide the required normal form on each of these. The union of the relations
constitute a normal form for the linear relations generating the entire linear subspace

Ld,n- ]

Example 3.13. Consider the zero weight space (/\4 CS)O (so that m = 2). This
is spanned by the vectors v, = €n, A €ay A €ay A €4, (With dual basis the Pliicker
coordinates p, = v}), where o € {4334,4224,4114,3223,3113,2112}. The Northeast
sequences are 4334 and 4224. The kernel of Qe : (A" C®), — (A?C®), is spanned
by the vectors

Kiso4 = Vizp4 — Vit14 — U323 + V3113
and

K334 = V334 — ViT14 — V3323 + VaTio-

To see this concretely, we compute:

QuKi904 = w14 + V39 — Uiy — V1 — V33 — Vag + U3z + Upy

= 0,

and similarly 2.K3334 = 0. The fibers of the map 7y : (<i>) — D, are

7, 1(4312,2134) = {4334, 2112}

and

7,1 (4213,3124) = {4224, 4114, 3223,3113}.
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The expression for pzi;4 as a linear combination of Pliicker coordinates indexed by

Northeast sequences is
(3114 = Di114 + C1224P1224 + C1334P13345

for some c3304, c3334 € C. Since l3714(Kiag4) = 304 — 1, we take cza94 = 1. Similarly,
a114(K3334) = Ca334 — 1, 80 ca334 = 1. Hence {3114 = pat14 + Pazoa + passa, which agrees

with (2.41).

2. Proof and consequences of the straightening law

We wish to find generators of (I4,+Lan) N C[Dy,] which express the quotient as
an algebra with straightening law on D,,. Such a generating set is automatically
a Grobner basis with respect to the degree reverse lexicographic term order where
variables are ordered by a refinement of the doset order. We begin with a Grobner
basis Gy, +1,, for Ij,+Lg, with respect to a similar term order. For a(®) € (<Z>)d,
write &(¥) 1= a@ v (a")@ and 4@ := ol A (a?)@ so that 7,(a'¥) = (4@, &@).

Let < be a linear refinement of the partial order on Py, satisfying the following
conditions. First, the Northeast sequence is minimal among those in a given fiber
of m,. This is possible since every weight space is supported on a antichain (i.e., no
two elements are comparable). Second, o® < 3®) if (4@ (@) is lexicographically
smaller than (3®), 3®).

Consider the resulting degree reverse lexicographic term order. A reduced Grébner
basis Gg,, for 14,4+ Lg, with respect to this term order will have standard monomials
indexed by chains (in P,,,) of Northeast partitions. While every monomial supported
on a chain of Northeast partitions is standard modulo I,,, this is not always the
case modulo I, +Lg,. In other words, upon identifying each Northeast partition

appearing in a given monomial with an element of D,,,, we do not necessarily obtain
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a monomial supported on a chain in Dg,. It is thus necessary to identify precisely
which Northeast chains in (<Z>) correspond to chains in Dy, via the map 7.

A monomial p&a)pg]) with (@ < 8O (89)® and o(¥, 3®) both Northeast cannot
be reduced modulo Gy, or Gp,,. On the other hand, if a!® < 8® (say), but o(®
and (8")®) are incomparable (written a(® o (5")®) then there is a relation in G, ,
with leading term p&a)p(ﬁbt). It follows that the degree-two standard monomials are
indexed by Northeast partitions pga)p(ﬁb) with a(® < g® (51)®),

Conversely, any monomial pgf”)p(ﬁb) with a(® < g® (39)® cannot be the leading
term of any element of Gld,n+Ld,n- To see this, observe that Gld,n+Ld,n is obtained
by Buchberger’s algorithm applied to Gy,, U Gr,,, and we may consider only the
S-polynomials S(f,g) with f € G, and g € G, ,. By Proposition 2.10, any such
S-polynomial reduces to zero, unless in_g divides in. f.

Let g be the partition such that in_ f = pg? (that is, f is the unique expression of
pgi)) as a linear combination of Pliicker coordinates indexed by Northeast partitions),
and let a be the unique Northeast partition such that m,(ag) = m,(«). By the

reduced normal form given in Theorem 3.12, S(f, g) is the obtained by replacing p&?

with :i:pga) + ¢, where ¢ is a linear combination of Pliicker coordinates p,(ya) with
Northeast and «y < 7. This latter condition implies that & < 4 (also, & > %), and
therefore (&, &) is lexicographically smaller than (¥, 7).

Hence the standard monomials with respect to the reduced Grobner basis Gr, 41,
are precisely the p((f)pg?) with a(® < g® (51)®),

Recall that elements of the doset Dy, are pairs (o, 3) of admissible (Defini-

tion 2.34) elements of (<Z>) such that (regarded as sequences):

d

o < f

e o and [ have the same number of negative (or positive) elements
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Equivalently, regarding a and [ as partitions, the elements of Dy,, are pairs (o, 3) of

symmetric partitions such that
o aCf,
e o and [ have the same Durfee square,

where the Durfee square of a partition « is the largest square subpartition (p?) C «

(for some p < n).

Theorem 3.14. C[(<Z>)d]/(_fd’n+Ldm> is an algebra with straightening law on Dy, .

B
B o4
o
« ot
Q
Case 1 Case 2

Fig. 8. The two cases in the proof of fourth condition in Definition 2.45.
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Proof. Since standard monomials with respect to a Grobner basis are linearly inde-
pendent, the arguments above establish the first two conditions in Definition 2.45.
To establish the third condition, note that it suffices to consider the expression for
a degree-2 monomial as a sum of standard monomials. For simplicity, we absorb the
superscripts into our notation and write a € (<Z>) , and similarly for the corresponding

Plucker coordinate. Let

k
P@aaPpp = 21 CiP(a;.a;)P(3;,6:)
=
be a reduced expression in Gy an+Lan for Pla,a)P(g,5) 8 a sum of standard monomials.
That is, Pa.a)Ps g 1 non-standard and Play.a)P(3,.3,) is standard for j = 1,...,k,
where « (respectively, 3) be the unique Northeast partition such that m,(«) = (&, &)
(respectively, m,(3) = (B, /3)), and similarly for each a; and f;.

Fix j =1,...,k. The standard monomial P(ay.a)P(3,.5,) is obtained by the reduc-
tion of a standard monomial p,p; appearing in an element of the Grobner basis G, ,.
If v and 0 are both Northeast, then nothing happens, i.e., v = a; and § = 3;. If v
is not Northeast, then we rewrite p, as a linear combination of Pliicker coordinates
indexed by Northeast sequences. Lemma 3.11 ensures that the leading term of the
new expression is p(s,5), and the lower order terms p g satisfy ¢ < 4. The lexico-
graphic comparison in the third condition of Definition 2.45 terminates with the first
Pliicker coordinate. That is, if (&; < &; < ﬁj < BJ) is lexicographically smaller than
(a<a< B < B), then either &; < & or &; = & and &; < &. Therefore the reduction
process applied to ps does not affect the result, and the third condition is proven.

It remains to prove the fourth condition. Suppose that (&,) and (8, ) are
incomparable elements of Dy, (o and § Northeast). This means that « is incompa-
rable to either 3 or 3* (possibly both). Without loss of generality, we will deal only

with the more complicated case that « and 3! are incomparable. The hypothesis of
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the fourth condition is that the set {4, &, 3, 3} forms a chain in (<Z>) 4 Up to inter-
changing the roles of a and (3, there are two possible cases: either & < B <& < for
a < B < 3 < a&. We visualize each case in Figure 8.

Suppose & < B < & < f3. Recall that for any ~, € (<Z>) o With Northeast sequence
v in the same fiber of m,, the expression for the Pliicker coordinate p., as a linear
combination of Pliicker coordinates indexed by Northeast sequences is supported on
Pliicker coordinates ps such that 0, > v, with equality if and only if § = 7, and the
Pliicker coordinate p, appears with coefficient +1 (Lemma 3.11).

Upon replacing each Northeast (or Southwest) partition with its associated doset
element using the map m, from Chapter II, Section 1, the first two terms of straight-

ening relation for p,ps: are

PaPpt — PangtPavpt = PaPpgt — OP((an)N (arBH)V)P((avBh)N (avEt)Y) + lower order terms

= 08P@aa)Pi 5 ~ PapPas T lower order terms,

where 0 = +1. The second equation is justified by the following computation in the

distributive lattice (<Z>) i

(anB )N (@ AB) = (ana)A(BAB)

Il
(N
>
<X

Il
joN

(@A) V(@ AB) = (ava)A((aVB)A(B Va))A (B VB

= aA(@V(aABY VB AS

I
jox
>
<X
>
Q¢

I
@
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Similarly, (aV 8Y) A (ot V 3) = @ and (a V ) V (o V 3) = 3.
If a < B < B < ¢, then we have both a o¢ § and a ¢ 5. We use the relation for

the incomparable pair o ¢ [t

PaPpt — PanpgtPavgt = PaPpgt — OP((an)N (arB)V)P((avBh)N (avEt)Y) + lower order terms

= 08PG.a)PB,g) — PapPia) T lower order terms,

where the second equality holds by a similar computation in (<Z>) The proof is

i
complete. O

The next result shows that the algebra with straightening law just constructed

is indeed the coordinate ring of LQg4(n).
Theorem 3.15. C[(") ]/(Ign+Lan) = C[LQ4(n)].

Proof. Let I' :== I(LQg4(n)). Clearly, we have I;,+La, C I'. Since the degree and
codimension of these ideals are equal, I’ is nilpotent modulo I,+Lg,. On the other

hand I4,+Lq,y, is radical, so Iy, +Lg, = 1I'. O

Corollary 3.16. The coordinate ring of any Schubert subvariety of LQg(n) is an

algebra with straightening law on a doset, hence Cohen-Macaulay and Koszul.

Proof. For a(® ¢ Dy, the Schubert variety X ) is defined by the vanishing of the
Pliicker coordinates pgg)ﬁ) for v £ (. The four conditions in Definition 2.45 are
stable upon setting these variables to zero, so we obtain an algebra with straightening
law on the doset {(3,7)® € Dy, | v < a@}.

Let D C PxP be a doset on the poset P, A any algebra with straightening law on
D, and C{P} the unique discrete algebra with straightening law on P. That is C{P}

has algebra generators corresponding to the elements of P, and the straightening
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relations are a8 = 0 if « and (3 are incomparable elements of P. Then A is Cohen-
Macaulay if and only if C{P} is Cohen-Macaulay [9].

On the other hand, C{P} is the face ring of the order complex of P. The order
complex of a locally upper semimodular poset is shellable. The face ring of a shellable
simplicial complex is Cohen-Macaulay [4]. By Proposition 2.53, any interval in the
poset Py, is a distributive lattice, hence locally upper semimodular. This proves
that C[LQ4(n)] is Cohen-Macaulay. The Koszul property is a consequence of the

quadratic Grobner basis consisting of the straightening relations. [

3. Representation-theoretic interpretation

Let G be SL(V) (dimV = n+1) or Sp(V) (dimV = 2n) and L(w) the irreducible
representation with highest weight w, where w := wy, is the k** fundamental weight
(for G = Sp(V), we assume that & = n). The group SLy(C) x G acts diagonally
on S?(SUC? @ L(w)), the degree-2 component of the homogeneous coordinate ring
S*(S9C?®@ V). The Drinfel’d Grassmannian Q4(G/F) is invariant under SLy(C) x G,
and so S?(S9C%®V) decomposes as a sum of the degree-2 components Ay and I of the
coordinate ring and the defining ideal, respectively. Results in [41] and Theorem 3.14
imply that I, generates the full ideal I(Qq(G/PFy)).

We answer the following question:

Question 3.17. How do Ay and Iy decompose into irreducible modules for the action

of the semisimple group SLy(C) x G ¢

We use the properties of Schur modules [13, 43], which are the irreducible repre-

sentations of SL(V'). For a weight w = Y | a;w; we have

L(w) = L)\V
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where A = (n%,...,1%) and L,V denotes the Schur module associated to A. Our
arguments apply to the case G = Sp(V') by virtue of Lemma 3.18 below. Suppose
that the partition A = (Ay, A\y) has two rows. Recall from Chapter II that the Schur

module associated to a partition A is defined as the image of the map
br: MMV @AY - SNV @@ SNV
defined as the composition of the exterior diagonal
§: ANV @ APV — ®Vi,j

.3

followed by the multiplication map
m:®Vi,j — SNV @ @SNV
2
On ®,; Vi, we have homomorphisms 7., : V&N — VN2 where N := [},

given by contraction with the symplectic form 2:
Tk’g(U1®“'®UN) = Q(Uk,fue)fvl®...®f)k®...®rﬁe®...®f01\f

Lemma 3.18. Let Ly)V denote the irreducible representation of Sp(V') with highest

weight \.

1. LV is the image in SMV @ -+ ® SMV of the intersection of im(8) with the
kernels of all contraction maps VEN — VEWN-2),
2. Let K = (Vimy (M jep, K€ 7,i),(1,5)) be the intersection of the kernels of con-

tractions involving two boxes in the same row. Ifi € [\], j € [Xo], and i # j,

then K Nim(d) C ker 7142,y + 0(ker ¢5). Thus LV = im(K Nim(9)).

3. LV has a basis consisting of standard tableaux of shape A such that each row

15 filled with an admissible pair of sequences.
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Proof. Statement (1) is well-known; see [13, Section 17.3]. For Statement (2), let
T € KNim 6. In particular, T € ker7(1;,1,5). Let o : VOV — V& be the
map exchanging the (1,j)- and (2, j)-entries. Then m(7T) = m(o(T)), and o(T) €
ker(7(1,4),25)). Thus T'— o(T) € d(ker ¢), hence T' € ker 7(1 ) 1,5+ (ker ¢»). The
third statement is a consequence of the second and the combinatorics of bases of

fundamental representations of Sp(V). O

The next step is to determine how S%(SYC? ® L(w)) itself decomposes. Define
the partition 6, := (k+p, k—p) for p = 1,... ,min{k,n—k} and 6, := 0 for all other
integer values of p, with the convention that Vj = 0. Also, for Sp(V') we adopt the

convention that L4V = L)V

Proposition 3.19. The SLy(C) x G-module S?(SIC? ® L(w)) is isomorphic to

(@ @ SQd—4ch ® L02mv> D (@ @ SZd—4l—2<c2 ® L02m+1 V)

>0 m>0 1>0 m>0

Proof. We have
SHSIC* @ L(w)) = (S*(SC?) ® S’L(w)) & (A*(S'C?) @ A*L(w)) .
Each module on the right decomposes further:

SQ(SdC2> ~ @ S2d—4k(c2’
k>0

AQ(sd@Q) ~ @ SQd_4k_2C2,

@ L92m‘/7

m>0

I

S?L(w)
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and
NLw) = P Lo, V-
m>0
The first two isomorphisms are as SLy(C)-modules and the last two are as G-modules [13,
Exercise 15.32]. Since the action of SLy(C) x G is diagonal, the resulting direct sum

is an irreducible decomposition into SLy(C) x G-modules. O

These modules can be visualized as in Figure 9. The shaded boxes correspond to
the modules appearing in Proposition 3.19. We will see that the irreducible modules
belonging to A, are those corresponding to the shaded boxes above the diagonal line

(Theorem 3.22).

2d—12
2d—10
2d—8
2d—6
2d—4
2d—2
2d

00 01 92 63 ‘94 95 06

Fig. 9. The module S?(SC? ® L(w)) decomposes into factors corresponding to the

colored boxes.
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For a two rowed partition A and p < Aj—X\y, define A(p) = (M+p, A2). If

po=(p1, p2) C A= (A1, A2), define A/ u(p) := A(p)/pu(p). Set x(p) := (k+p,k)/(p,0).

Theorem 3.14 and the results of [41] imply that Ay is spanned by the monomials
p&a)p(ﬁb), where the tableau obtained by filling the shape x(b—a) with the entries in «

(in the first row) and § (in the second row) is standard.

Theorem 3.20. The G-module Ay is isomorphic to
; (d—p)
®(d—p
D (L)
p=0
where L,V denotes the Schur module corresponding to the skew Young diagram

k(p) == (k+p,k)/(p,0).

The connection between the representations appearing in Proposition 3.19 and

Theorem 3.20 is given by the following lemma [43, p. 78, Exercise 3].
Lemma 3.21. Let y C X\ be two-rowed partitions.

1. There exists a surjective G-morphism
U LV = L)V
2. keri/z = L()\l_m’)\Q_M)V

Proof. The module Ly,,V is spanned by fillings of A/p with vectors in V. The map
1 is defined in terms of this basis by shifting the first row of a tableau one unit to the
left. This map is surjective, and the kernel is the preimage of the submodule spanned
by sums of the form

S (D) TN AU Wy A A Wogump 1)

Ut —po
066A1—M2+1

® WO'(U*,LL1+2) VANRIERIVAY WU()\17#2+1) AN ‘/1 ANEERA ‘/U
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where u+v = A\g—p—1 and U;, V;, W, are elements of V fore =1,...,u, 7 =1,...,v,
k=1,...,\1—pus+1 and &’ denotes the set of permutations o on s letters such that
o(l) < -+ < o(r) and o(r+1) < --- < o(s). These sums over shuffles can be
thought of graphically in terms of a Young scheme, in which the vectors Uy, ..., U,
and Vp,...,V, are positioned in the appropriately labeled boxes, and the vectors
Wi, ..., Wx,—p,+1 are shuffled (with signs) among the boxes labeled with a . See
Figures 10 and 11.

Thus, ker consists of linear combinations of tableaux corresponding to the

Young schemes in which the shuffled entries in the two rows just fail to overlap.

U |eeeeee
00000 V
| | |

Fig. 10. A Young scheme on A\/u(—1)

U ee e e o0
o0 0000 V\

Fig. 11. A Young scheme on \/u
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Any such linear combination lies in the span of the ordinary (overlapping) Young
schemes and the non-overlapping Young scheme obtained by taking u = 0. The former
vanish on Ly,,—1)V, and the latter is equivalent to the condition that the resulting
linear combination is alternating in the vectors Uy, ..., U,, Wi, ..., Wx,_,,4+1. There-

fore we obtain a (G-linear) isomorphism
ker ) — Lix,—popo—pu)V

by sending the sum over shuffles of a tableau on A/ to the standard tableau on
(M1 —ft2, Aa— 1) given by putting the vectors Uy,...,U,, Wi, ..., Wy, _ 41 in order

on the first row. O

It follows that ,
LeyV = P Lo, V-
m=0
Using Proposition 3.19, we identify which modules appear in the irreducible decom-
position of As. This is a sum over m of some SLy(C) x G-modules M & Ly, V. These
come from the modules L,V for p = m,...,d. The SLy(C)-weights appearing in
these modules are of the form 2d—2p—4q for p = m,...,d, ¢ = 0,...,d—m. The
parameter g corresponds to the d—m-+1 copies of L,V spanned by p&a)p(ﬁb) (with
p = b—a > 0) such that the tableau obtained by filling the skew partition x(p) with
the entries of a in the first row and [ in the second row is standard. Thus, for
p—m =0 mod 2, the contributions from L, and L,+1) are exactly the weights of
§2d=2m=4pC2 50 the modules S24~2m=4C2? @ Ly, V are irreducible components of A,.

Summing over m = 0,...,d, we have:

Theorem 3.22. The irreducible decomposition of Ay as an SLy(C) x G-module is

d LdEmJ

4 = PP e e L,V

m=0 p=0
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The summands of Ay described in Theorem 3.22 are those corresponding to the
boxes above the diagonal line in Figure 9. It follows that the defining ideal is generated

by the direct sum of modules corresponding to the boxes below the line.
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CHAPTER IV

SUMMARY

The Grassmannian and Lagrangian Grassmannian are important test cases for un-
derstanding the flag varieties. Indeed, these were among the first spaces to which
standard monomial theory was successfully applied [38, 30, 28, 29, 31]. While flag
varieties provided the initial motivation, standard monomial theory has been applied
to the closely related Bott-Samelson varieties, which give a resolution of singularities
of Schubert varieties [26, 27, 25]. As the Drinfel’d flag varieties are singular, this sug-
gests that one might hope to find a resolution of its singularities which also admits a
straightening law.

The current situation with respect to the Drinfel’d flag varieties is similar to the
early stages of the development of classical standard monomial theory. Taken together
with the results of Sottile and Sturmfels [41], our results suggest that similar results
might be obtained for other Drinfel’d flag varieties. The work of Littelmann [33] pro-
vided the tools needed for a fully general standard monomial theory for flag varieties
(avoiding all considerations of special cases) [24]. It is interesting to ask if such an
approach can be applied to the Drinfel’d flag varieties. One motivation for this would
be a new geometric derivation of intersection numbers in quantum cohomology.

General results of algebras with straightening law can be found in [3, 7, 8, 5,
9]. The results presented in Chapter III, Section A represent some progress in this
direction, and more might yet be done. For example, any Schubert variety of the
Drinfel’d Grassmannian admits a deformation to a toric variety [41], which implies
that the Schubert variety is normal and has rational singularities. In some special
cases, similar results exist for Schubert varieties of a flag variety [8, 15, 34]. While it is

highly desirable to obtain a similar result for the Drinfel’d Lagrangian Grassmannian
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(or other Drinfel’d flag varieties), it is also interesting in general.

Question 4.1. Under what conditions does there exist a toric deformation of an

algebra with straightening law?

The algebras with straightening law are a interesting class of finitely generated
commutative algebras, and arise in vital areas of algebraic geometry. Answers to
questions such as Question 4.1 would have important consequences; for example,

that the associated varieties are normal with rational singularities.
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