Gale duality for complete intersections
FRANK SOTTILE
(joint work with Frédéric Bihan)

This talk is based upon the preprint [4]. A complete intersection in (C*)"+t™
defined by Laurent polynomials,

(1) f1($17'~~;xm+n) = = fn(xlwuvmern) =0,

where each polynomial f; contains the same monomials {1,2%,... z®+m+n} may
also be viewed as the intersection of a codimension n affine linear space L in
CH™+7 with the image of (C*)™*" under the map

© ((CX)m+n S T —s (mal, o ,SL‘O”*””r") c (CX)Z+7n+n C Cl+7n+7z )

When the exponent vectors {aq, ..., 1m4n} Span the integer lattice 7"t the
map ¢ is injective and the complete intersection (1) in (C*)™*" is scheme-theo-
retically isomorphic to the intersection ¢((C*)™*")N L.

Suppose that ¢: C'*™ — L parameterizes L. Then ¢~ (o((C*)™*t")N L) is
also isomorphic to the original complete intersection (1). In the coordinates for
ClHm+n 4 is given by degree 1 polynomials p;(y), ..., Pitmin(y), and the inverse
image of (C*)!*™+" is the complement My of the arrangement H of hyperplanes

in C*™ defined by [, pi(y) = 0. If 21, ..., Z4m1n are coordinates for CHm+n,
then ¢((C*)™*") is defined in (C*)"*™+" by all monomial equations 2° = 1,
where 3= (b1,...,bitmin) € ZH™FT is a vector such that

blal + b2a2 + -+ bl+m+nal+m+n = 0.

The monomial z” pulls back to a master function on My,

P = L))" - (p2)” - Premn ()

Letting 31, ..., 8 form a basis for the free abelian group of all such linear relations,
we see that the pullback ¥~1(¢((C*)™*") N L) is a complete intersection in My
defined by the system of master functions,

(2) p(y)ﬁl = p(y)ﬁz = ... = p(y)ﬁl - 1.

We say that the system of polynomials (1) in (C*)™*" is Gale dual to the system
of master functions (2) in My.

The isomorphism between schemes defined by Gale dual systems was a key idea
behind the new fewnomial bounds in [1, 2, 3]. The number of positive solutions of
a system of n polynomials in n variables with [ + n 4+ 1 monomials is at most

439() !

This dramatically improves Khovanskii’s bound [5], which is 2("%") (n+1)t+n,
We close with an example. Let n =1 =2 and m = 0 and consider the system

3,2 _ 4,1 4 1
Yy = Y " —TY— 3,
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in (C*)2. This is isomorphic to ¢((C*)?) N L, where L is defined by
21—(23—24—%) = 29— (234+24—1) = 0, and
p: (z,y) — (Y 2?2y aty) = (21,22,23,24) -
Let s,t be new variables and set
p1 = s—t—3 p3 = 8§
p2 = s+t—1 py =t
Then t,: (s,t) — (p1, P2, P3,pa) parametrizes L.

The primitive weights (—1, 3,2, —2) and (3, —1, 1, —3) annihilate the exponents:
(@y*) " Hay®)P 2ty ™) (@) 7 = (@) (ay?) Mty Tty P = 1
The polynomial system (3) in (C*)? is equivalent to the system of master functions

s (s+t—1)3 s(s—t—1)3

@ 2e-t-1)  Beii-1

in the complement of the hyperplane arrangement st(s 4+t —1)(s —t — ) = 0.
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The polynomial system (3) and the system of master functions (4).
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