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This talk is based upon the preprint [4]. A complete intersection in (C×)n+m

defined by Laurent polynomials,

(1) f1(x1, . . . , xm+n) = · · · = fn(x1, . . . , xm+n) = 0 ,

where each polynomial fi contains the same monomials {1, xα1 , . . . , xαl+m+n} may
also be viewed as the intersection of a codimension n affine linear space L in
C

l+m+n with the image of (C×)m+n under the map

ϕ : (C×)m+n ∋ x 7−→ (xα1 , . . . , xαl+m+n) ∈ (C×)l+m+n ⊂ C
l+m+n .

When the exponent vectors {α1, . . . , αl+m+n} span the integer lattice Z
m+n, the

map ϕ is injective and the complete intersection (1) in (C×)m+n is scheme-theo-
retically isomorphic to the intersection ϕ((C×)m+n) ∩ L.

Suppose that ψ : C
l+m → L parameterizes L. Then ψ−1(ϕ((C×)m+n) ∩ L) is

also isomorphic to the original complete intersection (1). In the coordinates for
C

l+m+n, ψ is given by degree 1 polynomials p1(y), . . . , pl+m+n(y), and the inverse
image of (C×)l+m+n is the complement MH of the arrangement H of hyperplanes
in C

l+m defined by
∏

i pi(y) = 0. If z1, . . . , zl+m+n are coordinates for C
l+m+n,

then ϕ((C×)m+n) is defined in (C×)l+m+n by all monomial equations zβ = 1,
where β = (b1, . . . , bl+m+n) ∈ Z

l+m+n is a vector such that

b1α1 + b2α2 + · · · + bl+m+nαl+m+n = 0 .

The monomial zβ pulls back to a master function on MH ,

p(y)β := (p1(y))b1 · (p2(y))b2 · · · (pl+m+n(y))bl+m+n .

Letting β1, . . . , βl form a basis for the free abelian group of all such linear relations,
we see that the pullback ψ−1(ϕ((C×)m+n) ∩ L) is a complete intersection in MH

defined by the system of master functions,

(2) p(y)β1 = p(y)β2 = · · · = p(y)βl = 1 .

We say that the system of polynomials (1) in (C×)m+n is Gale dual to the system
of master functions (2) in MH .

The isomorphism between schemes defined by Gale dual systems was a key idea
behind the new fewnomial bounds in [1, 2, 3]. The number of positive solutions of
a system of n polynomials in n variables with l + n + 1 monomials is at most

e2
+3

4
2(l

2)nl .

This dramatically improves Khovanskii’s bound [5], which is 2(
l+n

2 )(n+1)l+n.
We close with an example. Let n = l = 2 and m = 0 and consider the system

(3)
x3y2 = x4y−1 − x4y − 1

2
,

xy2 = x4y−1 + x4y − 1 .

1



in (C×)2. This is isomorphic to ϕ((C×)2) ∩ L, where L is defined by

z1 − (z3 − z4 −
1

2
) = z2 − (z3 + z4 − 1) = 0 , and

ϕ : (x, y) 7−→ (x3y2, xy2, x4y−1, x4y) = (z1, z2, z3, z4) .

Let s, t be new variables and set

p1 := s − t − 1

2
p3 := s

p2 := s + t − 1 p4 := t

Then ψp : (s, t) 7→ (p1, p2, p3, p4) parametrizes L.
The primitive weights (−1, 3, 2,−2) and (3,−1, 1,−3) annihilate the exponents:

(x3y2)−1(xy2)3(x4y−1)2(x4y)−2 = (x3y2)3(xy2)−1(x4y−1)(x4y)−3 = 1 .

The polynomial system (3) in (C×)2 is equivalent to the system of master functions

(4)
s2(s + t − 1)3

t2(s − t − 1

2
)

=
s(s − t − 1

2
)3

t3(s + t − 1)
= 1 .

in the complement of the hyperplane arrangement st(s + t − 1)(s − t − 1

2
) = 0.

x = 0

y = 0

s = 0

t = 0

s + t − 1 = 0

s − t − 1

2
= 0

The polynomial system (3) and the system of master functions (4).
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