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Mikael Passare 1.1.1959�15.9.2011
Mihael Passare was a professor of math-

ematis at Stokholm University sine 1992.

He worked in several omplex variables, turn-

ing in the past deade to the study of amoe-

boae and most reently to oamoebae.

Passare was the deputy diretor of the

Institut Mittag-Le�er, hairman of the Swedish Mathematial

Soiety, and former head (2005-2010) of the Department of

Mathematis at Stokholm University.

Passare's advisor was Kiselman. Passare supervised 9 Ph.D.

students, and had three urrent students. Aording to Math-

SiNet, Passare has 33 published papers with 14 o-authors.
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Mikael Passare 1.1.1959�15.9.2011
He was noted for his warmth and friend-

ship, and his ontats around the world. He

led many of us at the Institut Mittag-Le�er

to enjoy the Swedish out-of-doors.

Passare was a polyglot and linguist, suf-

fused with a love of language. In our last

meeting in August, he was thrilled that my desription of how I

was stuk led him to a new word, stymied.

He adopted his surname, Passare, whih means ompass in

Swedish, as an adult. This was presient, for his most reent

work onerns the angles in omplex varieties. This is the topi

of my talk, whih grew out of our last meeting 6 August 2011.
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Connetion to A-HypergeometriFuntions
??
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A-Disriminants
Let A ⊂ Z

n
have N + 1 := n+d+1 elements. The variety

in (C∗)n
of a polynomial with support A

f :=
∑

a∈A

caz
a

is smooth when the oe�ients do not lie in a hypersurfae

ΣA ⊂ R
A
, alled the A-disriminant.

The A-disriminant has many homogeneities. Quotienting

by these homogeneities gives the redued A-disriminant Σr
A,

whih is a hypersurfae in C
d
.

Our goal is to understand the phases in the redued A-

disriminant.
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Horn-Kapranov Parametrization
Let B = {b0, b1, . . . , bN} ⊂ Z

d
be a homogeneous Gale

transform of A. That is, if B is the matrix whose rows are the

vetors in B, the olumns of B are a basis for the Z-module of

homogeneous linear relations among A�those whose oe�ents

have sum 0.

Then the redued A-disriminant Σr
A ⊂ C

d
is the image of

the rational map Ψ: P
d−1 → C

d
de�ned by

Ψ([t1 : · · · : td]) =

(

N
∏

i=0

〈t, bi〉
bi,1, . . . ,

N
∏

i=0

〈t, bi〉
bi,d

)
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Some A-disriminants
Here are some redued A-diriminants in dimension d = 2,

together with a Gale dual vetor on�guration:
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Amoebae and oamoebae
The nonzero omplex numbers C

∗
deompose

R × T
∼
−→ C

∗ (r, θ) 7→ er+
√
−1θ ,

where T := R/2πZ is the unit omplex numbers.

The inverse map z 7→ (log |z|, arg(z)) indues maps

Log : (C∗)n → R
n

and Arg : (C∗)n → T
n .

Amoebae and oamoebae are the images of algebrai subvarieties

of the torus (C∗)n
under the maps Log and Arg, respetively.

This talk is onerned with oamoebae of redued A-

disriminants, when d = 2.
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Coamoeba of ℓ : x+ y + 1 = 0

Points of the oamoeba of ℓ are (arg(x), π + arg(x+ 1)).
Real points map to (π, 0), (0, π), and (π, π).

For other points, on-

sider the piture in the

omplex plane

x −y = x+ 1

R0

π + arg(y)�arg(x) XXXXXz

−π

0

π

−π 0 π
-

arg(x)

6

arg(y)

Thus π+arg(y) lies between 0
and arg(x), and the oamoeba

of ℓ onsists of the three real

points and the interiors of the

two triangles.
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More Coamoebae
Coamoebae are not neessarily omposed of polyhedra. We

show oamoebae of two hyperbolae

a − x − y + xy = 0 ,

for di�erent values of a = ρe
√
−1θ

.

−π 0 πθ

0

θ

−π 0 π

0
θ
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Nilsson-Passare desription of
A-disriminant oamoebae

Order the vetors of B by the lok-

wise order of the lines they span, start-

ing from just below the horizontal.

b5b4
b3

b2b1

b0

We desribe the A-disriminant oamoeba in R
2
, the universal

over of T
2
.

Starting at whih of (0, 0), (π, 0),
(0, π), (π, π) is the argument of

the Horn-Kapranov parametrization

at [1, t] for t ≫ 0, plae the vetors

πb0, . . . , πbN in order, head-to-tail.

−π π
−π

π
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A-disriminant oamoebae
This path is the boundary of a topo-

logial 2-hain, whih is the half of the

oamoeba orresponding to the upper

half plane. Starting again at (0, π)
plae the vetors −πb0, . . . ,−πbN in

order, and �ll in to get the rest of the

oamoeba hain AB.

This is an oriented topologial 2-

hain in T
2

whose oriented bound-

ary onsists of the edges oming from

πb0, . . . , πbN ,−πb0, . . . ,−πbn.
We display it in the fundamental domain.
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A zonotope
The boundary of this oamoeba hain,

but in reverse order, is shared by the

zonotope ZB generated by the vetors

πb0, πb1, . . . , πbN .

The union of ZB and the

oamoeba hain is therefore a

topologial 2-yle on T
2
.

In our example, AB ∪ZB ov-

ers 7 fundamental domains.
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Nilsson-Passare Theorem
The main results of Nilsson-Passare inluded this desription

of the oamoeba�perhaps surprisingly, it is an objet from

geometri ombinatoris.

From this they dedued a formula for the area of the

oamoeba hain AB.

The area of the zonotope ZB has a known formula.

Their last result is that the sum of the area of AB and of

ZB is equal to the (2π)2 times the normalized volume of the

onvex hull of the original point on�guration A.

The proof of the last result was unsatisfatory, for it did

not explain the result, and it absolutely does not generalize to

d > 2.
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Fatorization of the Horn-Kapranovparametrization
Mikael and I looked for a seond proof based on a fatoriza-

tion of the Horn-Kapranov parametrization, Ψ: P
1 → C

2
,

Ψ([s : t]) =

(

N
∏

i=0

〈t, bi〉
bi,1,

N
∏

i=0

〈t, bi〉
bi,2

)

.

P
1 −→ P

N −→ (C∗)2

t 7−→
(

〈t, b0〉, . . . , 〈t, bN〉
)

[x0, . . . , xN ] 7−→ (
∏

i x
bi,1

i ,
∏

i x
bi,2

i )

The �rst map is a parametrization of a line, and the seond is

a homomorphism of dense tori. We examine the e�et of eah

map on oamoebae.
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Coamoeba of a real line
For B ⊂ Z

2
, we desribe the oamoeba of the image of

ψ : P
1 ∋ t 7−→

(

〈t, b0〉, . . . , 〈t, bN〉
)

.

Assume that the zeroes ζi of the linear funtions 〈•, bi〉 are in

order with ζ0 = ∞ and ζ1 < ζ2 < · · · < ζN .

Consider Arg ◦ ψ on a ountour C in the upper half plane

ζ1 ζ2 ζN

R

C

This is onstant on intervals of R, on eah small ar it inrements

by −πei, and by πe1+ · · ·+πeN on the ar near ∞.
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Coamoeba of a real line
ζ1 ζ2 ζN

R

C

Arg ◦ ψ is onstant on intervals of R and on eah small ar

inrements by −πei and πe1 + · · · + πeN on the ar near ∞.

This desribes a pieewise linear losed path in T
N

starting

at Arg(ψ(t)) for t ≪ 0 and enlosing the oamoeba of the

image of the upper half plane. The oamoeba of the lower half

plane is obtained by multipliation by −1.

html
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Zonotope hain
The losure of the oamoeba of the lineAℓ := Arg◦ψ(P1) is

a hain in T
N
. There is a seond hain with the same boundary

as Aℓ but with opposite orientation.

The zonotope hain Zℓ is the union of triangles (or segments)

formed by the onvex hull of 0 ∈ T
N

and eah of the segments

bounding Aℓ.

The union Aℓ ∪ Zℓ is a topologial 2-yle in T
N
.

html
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A-disriminant oamoeba
Write ϕ for the homomorphism T

N → T
2
indued by

[x0, . . . , xN ] 7−→ (
∏

i

x
bi,1

i ,
∏

i

x
bi,2

i ) .

Note that ϕ maps the oordinate vetor πei to πbi.

Then the oamoeba hain AB of the redued A-disriminant

is simply the push-forward ϕ∗(Aℓ).

Similarly, the zonotope ZB in T
2
is the pushforward ϕ∗(Zℓ)

of the zonotope hain.

Then ϕ∗(Aℓ ∪ Zℓ) = k[T2], where k measures how often

this pushforward overs T
2
.
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Enter homology
We ompute ϕ∗(Aℓ ∪ Zℓ) = k[T2] by determining the

homology lass ofAℓ∪Zℓ. For this, we determine its pushforward

to eah 2-dimensional oordinate projetion.

This gives a formula [Aℓ ∪Zℓ] =
∑

ei ∧ ej, where the sum

is over ertain i < j.

Sine ϕ∗(ei) = bj on H1, we obtain a formula of the form

ϕ∗[Aℓ ∪ Zℓ] =
∑

(bi ∧ bj)[T
2] .

The preise form of this sum is an expression for the normalized

volume of the onvex hull of the point on�guration A Gale dual

to B, giving a new proof of the Nilsson-Passare Theorem.
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