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MEASURE CONTRACTION PROPERTIES OF
CONTACT SUB-RIEMANNIAN MANIFOLDS WITH
SYMMETRY

PAUL W. Y. LEE, CHENGBO LI, AND IGOR ZELENKO

ABSTRACT. Measure contraction properties are generalizations of
the notion of Ricci curvature lower bounds in Riemannian geom-
etry to more general metric measure spaces. In this paper, we
give sufficient conditions for a contact sub-Riemannian manifold
with a one-parameter family of symmetries to satisfy this prop-
erty. Moreover, in the special case where the quotient of the con-
tact sub-Riemannian manifold by the symmetries is Kéahler, the
sufficient conditions are defined by a combination of the holomor-
phic sectional curvature and the Ricci curvature. This generalizes
the earlier work in [I] for the three dimensional case and in [9] for
the Heisenberg group.

1. INTRODUCTION

In recent years, there are lots of efforts in generalizing the notion of
Ricci curvature lower bounds in Riemannian geometry and its conse-
quences to more general metric measure spaces. One of them is the
work of [15], 16, 211 22] where the notion of curvature-dimension condi-
tions was introduced. These conditions are generalizations of Ricci cur-
vature lower bounds to length spaces equipped with a measure (length
spaces are metric spaces on which the notion of geodesics is defined).
In [19], it was shown that the curvature-dimension conditions coincide
with the pre-existing notion of Ricci curvature lower bounds in the case
of Finsler manifolds.

On the contrary, it was shown in [9] that the curvature-dimension
conditions defined using the theory of optimal transportation are not
satisfied on the Heisenberg group, the simplest sub-Riemannian man-
ifold. (Note however that a type of curvature-dimension conditions
were defined in [3], 4] using a sub-Riemannian version of the Bochner
formula). It was also shown in [9] that the Heisenberg group satisfies
another generalization of Ricci curvature lower bounds to length spaces
called measure contraction properties [211, 22| [I§].
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Measure contraction properties MCP(k,n) are essentially defined
by the rate of contraction of volume along geodesics inspired by the
classical Bishop volume comparison theorem. In the Riemannian case,
MCP(k,n) is equivalent to the conditions that the Ricci curvature is
bounded below by k and the dimension is bounded above by n. In [9],
it was shown that the Heisenberg group of dimension 2n + 1 satisfies
the condition MCP(0,2n + 3).

In [1], the case of a general three dimensional contact sub-Riemannian
manifold was studied. In particular, it was shown in [I] that a three-
dimensional Sasakian manifold satisfies MCP(0,5) if and only if the
Tanaka-Webster curvature is bounded below by 0. Moreover, condi-
tions called generalized measure contraction properties MCP(k;2,3)
were also defined in [I]. It was shown that a three-dimensional Sasakian
manifold satisfies this condition if and only if the Tanaka-Webster cur-
vature is bounded below by k. Note also that there is a sub-Riemannian
version of Bishop theorem which was proved in [6], 2]. Unlike the Rie-
mannian case, this is very different from the generalized measure con-
traction properties MCP(k;2,3) (see [2]). This is essentially due to
the fact that any neighborhood contains points which are joined by
more than one minimizing sub-Riemannian geodesics.

In this paper, we generalize the results in [0, [I] to any contact sub-
Riemannian manifolds with symmetry. We introduce new general-
ized measure contraction properties MCP (ki ko; N — 1, N) and dis-
cuss when a contact sub-Riemannian manifold with symmetry satisfies
them.

Next, we state the condition MCP(ky, ko; N —1, N) and some simple
consequences of the main results. Let M be a sub-Riemannian manifold
(see Section [2for a discussion on some basic notions in sub-Riemannian
geometry). For simplicity, we assume that M satisfies the following
property: given any point xy in M, there is a set of Lebesgue measure
zero such that any point outside the set is connected to zy by a unique
length minimizing sub-Riemannian geodesic. By the result in [5], this
is satisfied by all contact sub-Riemannian manifolds.

Let t — 4(x) be the unique geodesic starting from z and ending
at xg. This defines a 1-parameter family of Borel maps. Let d be the
subriemannian distance and let u be a Borel measure. The following
is the original measure contraction property studied in |21} 22} [18]:

A metric measure space (M, d, i) satisties MCP(0, N) if

wee(U)) = (1 =) u(U)

for each point xy and each Borel set U.
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Note that the condition MCP(0, N) implies the volume doubling
property of p and a local Poincaré inequality (see [21], 22] [I§]). By
combining this with the work of [7], this proves the Harnack inequality
and hence the Liouville property for the subriemannian analogue of
harmonic functions.

Next, we introduce the new generalized measure contraction proper-
ties MCP(ky, ko; N — 1, N): A metric measure space (M, d, j1) satisfies
MCP(ky, ko; N — 1, N) if, for each point zy and each Borel set U,

(1 — t)N+2M1(/€2d2 ([L’, ZL’Q), t)MéV_g(k‘ld2 ([L’, ZL’Q), t)
HieeU)) Z/U M (kad?(z, 70), VMY 3 (krd?(z, 7o), 0)

dp(x),
where

D(k,t) = V/[K|(1 - 1),

( 2—2cos(D(k,t))—D(k,t)sin(D(k,t)) .
INE ifk>0
My(k,t) =4 35 if k=0
2—2cosh(D(k,t))+D(k,t)sinh(D(k,t)) -
\ DD it k<0,
( sin(D(k,t)) .
Do itk>0
Mok t) = 4 1 it k=0
sinh(D(k,t)) -
L W if £ <0.

Note, in particular, that MCP(0,0; N—1, N) is the same as MCP(0, N+
2). If k; > 0 and ke > 0, then MCP(ky, ko; N—1, N) implies MCP(0, N+
2). The reason for the notations in the conditions MCP(ky, ko; N —
1, N) is clarified by Theorem 1.1 below.

Next, we state a simple consequence of the main results. For this,
we let M be a contact sub-Riemannian manifold with symmetry and
of dimension 2n + 1. This means that the sub-Riemannian struc-
ture on M is defined by a contact distribution D and there is a sub-
Riemannian isometry Vj which is transversal to D. We can extend the
sub-Riemannian metric on M to a Riemannian one by the conditions
that the vector field Vj is of unit length and is orthogonal to D. The
corresponding Riemannian measure is denoted by .

Let (-, -) be the sub-Riemannian metric and let o be the contact form
of D which satisfies the condition «(Vy) = 1. Let J be the operator
on D defined by da(v,w) = (Jv,w), where v and w are vectors in D.

Assume that the quotient M of M by the flow of 1} is a manifold. Then

(-,-) and J descend to a Riemannian metric and a operator on M , still
denoted by (-,-) and J, respectively. Finally, assume that ((-,-),.J)

defines a Kahler structure on M.
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Theorem 1.1. Assume that the Riemann curvature tensor Rm of the
Kahler manifold M satisfies

(Rm(Jv,v)v, Jv) > ky|v|*

and

1
Re(v,v) — o2 (Rm(Jv,v)v, Jv) > (2n — 2)ks|v|?.

for all tangent vectors v. Then the metric measure space (M, d, i) sat-
isfies MCP (ky, ka; 2n,2n+ 1), where d is the sub-Riemannian distance
of M.

Remark that the first condition in Theorem [LI] says that the holo-
morphic sectional curvature of M is bounded below by k;. As a corol-
lary, we have the following result of [9] mentioned above as a special
case.

Theorem 1.2. [9] The Heisenberg group of dimension n equipped with
the standard sub-Riemannian distance d and the Lebesque measure p

satisfies MCP(0,0;2n,2n + 1) = MCP(0,2n + 3).

The complex Hopf fibration U(1) — M = §2"+!1 — M = CP" can

be equipped with a sub-Riemannian metric such that M becomes a
contact sub-Riemannian manifold with symmetry. In this case, Vj is
the infinitesimal generator of U(1)-action and the induced Riemannian

metric on M is the Fubini-Study metric (see [17]).

Theorem 1.3. The complex Hopf fibration equipped with the above
sub-Riemannian distance d and the measure p satisfies the condition
MCP(4,1;2n,2n + 1). In particular, it satisfies MCP(0,2n + 3).

We also remark that the estimates for the proof of Theorem and
are sharp (see Corollary 1] 221 and for more detail).

In the next section, some basic notions in sub-Riemannian geometry
will be recalled and the main results of the paper will be stated. The
rest of the sections will be devoted to the proof of the main results.

2. THE MAIN RESULTS

In this section, we recall various notions in sub-Riemannian geometry
which are needed and state the main results of this paper. A sub-
Riemannian manifold is a triple (M, D, (-, -)), where M is a manifold of
dimension n, D is a sub-bundle of the tangent bundle T M, and (-, -) is
a smoothly varying inner product defined on D. The sub-bundle D and
the inner product (-,-) are commonly known as a distribution and a
sub-Riemannian metric, respectively. A curve 7(-) is horizontal if ()
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is contained in D for all time ¢. The length /() of a horizontal curve
~ can be defined as in the Riemannian case:

I(y) = / ()l

Assume that the distribution D satisfies the following bracket gener-
ating or Hormander condition: the sections of D and their iterated Lie
brackets span each tangent space. Under this assumption and that the
manifold M is connected, Chow-Rashevskii Theorem (see [I7]) guar-
antees that any two given points on the manifold M can be connected
by a horizontal curve. Therefore, we can define the sub-Riemannian
distance d as

(2.1) d(wo, 21) = inf I(7),

where the infimum is taken over the set I' of all horizontal paths
7 :[0,1] = M which connect xy with z1: 7(0) = x¢ and (1) = z;. The
minimizers of (2II) are called length minimizing geodesics (or simply
geodesics). As in the Riemannian case, reparametrizations of a geo-
desic is also a geodesic. Therefore, we assume that all geodesics have
constant speed.

In this paper, we will focus on contact sub-Riemannian manifolds
meaning that the distribution D is given by the kernel of a 1-form «,
called a contact form, defined by the condition that the restriction of do
to D is non-degenerate. We also assume that there is sub-Riemannian
isometry Vg on M which is transversal to D. The sub-Riemannian
isometry Vj is a vector field for which the flow preserves the distribu-
tion D and the length of horizontal vectors. For simplicity, we will
also assume that the quotient of M by the flow of V5 is a manifold
denoted by M. Let u be the volume form on M defined by the condi-
tion pu(Vp,v1, ..., v,—1) = 1, where vy, ..., v,_; is any orthonormal family
of horizontal vectors. The measure corresponding to u will also be
denoted by the same symbol.

Since the distribution is contact, the sub-Riemannian distance x +
d(x,x0) is locally semi-concave on M — {xy} by the result of [5]. In
particular, the sub-Riemannian distance is differentiable almost every-
where. Therefore, outside a set of measure zero, the points can be
connected to xg by a unique length minimizing sub-Riemannian geo-
desic. This also defines a family of Borel maps ¢, : M — M such that
t — ¢i(x) is the unique length minimizing geodesic connecting z and
Zg.
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Let (-,-) and || be the sub-Riemannian metric and the corresponding
norm. Recall that the restriction of da to the distribution D is non-
degenerate. This defines an invertible endomorphism J : D — D by
da(v,w) = (Jv,w), where v and w are contained in D. Both the sub-
Riemannian metric and the operator J descend to the manifold M.
The corresponding Riemannian metric and operator are denoted by
the same symbols.

Theorem 2.1. Assume that the tensor J is parallel and the Riemann
curvature tensor Rm satisfies

(Rm(Jv,v)v, Jv) > ki|v|*|Jv|?
and

Rec(v,v) — (Rm(Jv,v)v, Jv) > (2n — 2)ks|v]*.

| Jol?
Then, for any Borel set U,

(2), HME" 2 (ka(x) 1
M(th(U)) - >\1>\2 / M SL’ ’ M2n 2( (SL’),O)d

(),

where

f(x) = d(z, o),

late) = 1107 (ke — S (20,

A1 and Xy are upper bounds of the
operator norms of J and J, respectively,

A3 is an upper bound of tr(J?).

Therefore, under the above assumption, the metric measure space
(M, d, p) satisfies MCP (ky, ko;2n,2n + 1). In particular, if ki and ko
are non-negative, then it satisfies MCP(0,2n + 3).

If, in addition to the assumptions of Theorem 2.1 we assume that
the operator J satisfies J?> = —TI (i.e. the manifold M is Kéhler), then
Theorem [2.1] specializes to

Corollary 2.1. Assume that (]\7, (,-),J) defines a Kdhler manifold
and that the Riemann curvature tensor Rm satisfies

(Rm(Jv,v)v, Jv) > kyfo]*
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and
Re(v, v) — ﬁ (Rm(Jv, v)o, 0) > (2 — 2)ks[v]?.
Then
(1 =) My (ke (), ) M52 (ko (), 1)
a0 2 [ AT, )

for any Borel set U, where
lali) = £@ P+ (6 @), i) = 0 (ke + Vo @)

In particular, the metric measure space (M, d, i) satisfies the condition
MCP(kl, k’g; 271, 2n + 1)

dp(z)

Corollary 2.1l is sharp in the sense that all the inequalities in Corol-
lary 2.1} including both assumptions and conclusions, are equality in
the case of the Heisenberg group and the complex Hopf fibration.
More precisely, the Heisenberg group is the sub-Riemannian manifold
where M is the 2n + 1-dimensional Euclidean space with coordinates
X1y ooy Ty Y1y -5 Yy 2. Lhe distribution D is given by the span of the
vector fields

1 1 ,
{8% - 5:%82,8% + 51’2&3 1 = 1, ,n}

and the sub-Riemannian metric is defined in such a way that this family
of vector fields is orthonormal. The symmetry Vj is given by 9, and

the measure p coincides with the 2n + 1-dimensional Lebesgue measure
£2n+1.

Corollary 2.2. The Heisenberg group satisfies
1 — )My (ky (), )M 2(ky(2), )
£2n+1 U)) = / ( 2
)= Mia (@), 0MF ka(a).0)
for any Borel set U, where
P (Vo (2))?

ki(z) = f(2)*(Vof (2))?,  ka(z) = 4

In particular, the metric measure space (H, d, L") satisfies the con-
dition MCP(0,0;2n,2n + 1) = MCP(0,2n + 3).

For the complex Hopf fibration, the manifold M is the 2n+ 1 dimen-
sional sphere M = {(z1, ..., zns1) € C"|21|> + ... + 2041 = 1}. The
symmetry Vj is the infinitesimal generator of the action z — e?™z and
the distribution D is the orthogonal complement of V with respect to
the round metric on M.

d£2n+1 (SL’)
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Corollary 2.3. The complex Hopf fibration satisfies
(1 = )M (ki (), M3 (ko (), 1)
U)) =
M) = | e 1A e 0

for any Borel set U, where

dp(z)

2
x
ki(z) = f(2)*(4+ (Vof(2))?), ka(z) = % (4+ (Vof(2))?) -
In particular, the metric measure space (M, d, i) satisfies the condition
MCP(4,1;2n,2n + 1) and hence MCP(0,2n + 3).

The rest of the sections will be devoted to the proof of the main
results.

3. SUB-RIEMANNIAN GEODESIC FLOWS AND MEASURE
CONTRACTION

In this section, we recall the definition of the sub-Riemannian ge-
odesic flow and its connections with the contraction of measures ap-
peared in |1} 2], [T1].

As in the Riemannian case, the (constant speed) minimizers of (2.])
can be found by minimizing the following kinetic energy functional

(3.2) inf /0 %|7(t)|2dt.

yel’

In the Riemannian case, the minimizers of (8.:2)) are given by the geo-
desic equation, the Euler-Lagrange equation of the functional (8.2]). In
the sub-Riemannian case, the minimization problem in (3.2]) becomes a
constrained minimization problem and it is more convenient to look at
the geodesic flow from the Hamiltonian point of view in this case. For
this, let H : T*M — R be the Hamiltonian defined by the Legendre
transform:

HOx,p) = sup (p() - JIVE).

veD

This Hamiltonian, in turn, defines a Hamiltonian vector field H on the
cotangent bundle 7% M which is a sub-Riemannian analogue of the geo-
desic equation. It is given, in the local coordinates (z1, ..., Zp, P1, ..., Pn),

by

ﬁ = Z (sza’vz - szapz) :
i=1
We assume, through out this paper, that the vector field H defines
a complete flow which is denoted by ™. In the Riemannian case,
the minimizers of (3.2]) are given by the projection of the trajectories
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of e to the manifold M. In the sub-Riemannian case, minimizers
obtained this way are called normal geodesics and they do not give all
the minimizers of ([B.2]) in general (see [17] for more detailed discussions
on this). On the other hand, all minimizers of ([3.2]) are normal if the
distribution D is contact (see [17]).

Next, we discuss an analogue of the Jacobi equation in the above
Hamiltonian setting. For this, let w be the canonical symplectic form
of the cotangent bundle T* M. In local coordinates (21, ..., Tp, P1, .-, Pn),
w is given by

w = Z dx; N dp;.
i=1
Let m : T*M — M be the canonical projection and let ver the
vertical sub-bundle of the cotangent bundle T*M defined by

Ver (x p) = {’U c T(x,p)T*M|7T* ('U) = O}

Recall that a n-dimensional subspace of a symplectic vector space is
Lagrangian if the symplectic form vanishes when restricted to the sub-
space. Each vertical space ver(p) is a Lagrangian subspace of the

symplectic vector space TixpT*M. Since the flow e™ preserves the
symplectic form w, it also sends a Lagrangian subspace to another
Lagrangian one. Therefore, the following also forms a one-parameter
family of Lagrangian subspaces contained in T{x 1™ M

(33) :j(xp)(t) = e;tH (Veretﬁ(x’p)).
This family defines a curve in the Lagrangian Grassmannian (the space
of Lagrangian subspaces) of T py7*M and it is called the Jacobi curve

at (x,p) of the flow e'H.
Assume that the distribution is contact. Then we have the following
particular case of the results in [I3], 14].

Theorem 3.2. Assume that the distribution D is contact. Then there
exists a one-parameter family of bases

E(t) = (Ba(t), Ep(t), Bey(t)s oves Bep,, ()7
F(t> = (Fa(t)v Fb(t)v Fcl (t)v X FCkal(t))T
of the symplectic vector space Tix p\T*M such that the followings hold
for any t:
(1) Jxp) (1) = span{ Eq(t), Ey(t), Ee, (1), ..., Eey,_, (8},
(2) span{ F,(t), Fy(t), F.,(t), ..., Fe,,_, (1)} is a family of Lagrangian
subspaces,

(3) w(Ea(t), Falt)) = w(Ep(t), Fo(t)) = 1,
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(4) W(Ecz t), I ( )) = ij,

(5) E(t) = CLE(t) + CoF (1),

(6) F(t) = —R(t)E(t) — CTF(t),

where R(t) is a symmetric matriz, Cy and Cy are (2n +1) x (2n+ 1)
matrices defined by

~ 01 . .
(1) C’l—<0 O) is a 2 X 2 matriz,

(2) Cy = 8 (1)) is a 2 X 2 matriz,

wa-(58)
(4)@:(% ([))

Moreover, a moving frame

Ea(t)a Eb(t)a E61 (t)a sy E02n71(t)> Fa(t)a Fb(t)a FC1 (t)a ) Fcznﬂ(t)
satisfies conditions (1)-(6) above if and only if
(34) (Ea(t)a Eb(t)> ﬁa(t% ﬁ’b(t)) = j:(Ea(t)a Eb(t)a Fa(t)> Fb(t))

and there exists a constant orthogonal matriz U of size (2n—1)x (2n—1)
such that for all t

2n—1 2n—1
(3.5) E.(t) =Y UyE(t) and F,( Z Ui Fe, (1)
j=1

We call any frame (E(t), F((t)) in Theorem B2 a canonical frame at
the point (x, p) and call the equations in (5) and (6) of Theorem B.2lthe
structural equation of the Jacobi curve (3.3]). Note that the conditions
(3) - (4) means that the canonical frame is a family of symplectic bases.

Let us fix a point xo in M and let f(x) = —1d*(x,x0). By the
result of [5], f is locally semi-concave in M — {xy}. In particular, it is
differentiable almost everywhere and we can define the family of Borel
maps @; : M — M by ¢;(x) = m(eH(df,)), where 0 < ¢ < 1. Note
that t — ¢;(x) is a minimizing geodesic between the points x and x,
(see for instance [1]).

Let M be a contact sub-Riemannian manifold with symmetry. This
means that the sub-Riemannian structure on M is defined by a con-
tact distribution D and there is a sub-Riemannian isometry V{ which
is transversal to D. We can extend the sub-Riemannian on M to a
Riemannian one by the conditions that the vector field V{ is of unit
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length and is orthogonal to D. The corresponding Riemannian mea-
sure is denoted by p. By the result in [8], the measures (¢;).u are
absolutely continuous with respect to p for all time ¢ in the interval
[0,1). If (¢1)spt = pyit, then the following equation holds on a set of
full measure where § is twice differentiable:

pi(pi(x)) det((dipi)x) = 1

and the determinant is computed with respect to frames of the above
mentioned Riemannian structure. Moreover, the map ¢; is invertible
for all £ in [0, 1) and so we have

(36)  ulp(U) = / ﬁdu(x) - / det((dpo))dp(x).

U Pt(%

Therefore, in order to prove the main results and the measure contrac-
tion properties, it remains to estimate det((dy;)x) which can be done
using the canonical frame mentioned above. The explanations on this
will occupy the rest of this section.

Let x be a point where the function § is twice differentiable and let
(E(t), F(t)) be a canonical frame at the point (x, dfy). Let

Sa = W*(Fa(o))a N 71-*(F’b(o))> Se; = W*(Fcl'(o))a

be the projection of the frame F'(0) onto the tangent bundle T'M. Let
ddf be the differential of the map x + dfx which pushes the above
frame on T5M to a frame on Tix 41" M. Therefore, we can let A(t)
and B(t) be the matrices defined by

(3.7) ddf(s) = A(t)E(t) + B(t)F(t),

where ¢ = (g, Sby Seys - - ,gcwH)T and ddf(s) is the column obtained by
applying ddf to each entries of .

Lemma 3.1. Let S(t) = B(t)""A(t). Then

1 / o= Ji tr(S()Ca)dr dpu(x),
U

A1 g
where \; and Ny are the operator norms of J and J~', respectively.
Moreover, S(t) satisfies the following matriz Riccati equation

S(t) — S()Ca8(t) + CTS(t) + S(H)C, — R(t) =0,  S(1) =0.

wlee(U)) =

By Lemma[3.]] it remains to investigate the Riccati equation satisfied
by S(t) and the curvature matrix R(t) which will be done in next two
sections.
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Proof of Lemmal3dl By ([B.1) and the definition of ¢;, we have
do(<) = B(b)(m.de M F (1)).

Note that 7 — de'F(t + 1) is a canonical frame at eH(x, df). There-
fore, by Lemma [6.4] we have

A1 [Viorf(x)|| det(dpr)| = [p(di(s))]

— |det(B(e)u(drde M F(E)] = 5| det(B(6)|[Vaorl (x)
where \; and A\, are the operator norms of .J and J~!, respectively. Here
Vhorf denotes the horizontal gradient of f defined by df(v) = (Viorf, v),

where v is any vector in the distribution D.
By combining this with (G.4]), we obtain
%
det(B(t))|du(x).
i et (B ldn()

On the other hand, by differentiating (B.7]) with respect to time ¢
and using the structural equation, we obtain

(3.9) A(t) + A(t)Cy — B(t)R, =0, B(t) + A(t)C, — B(t)CT = 0.

(3.8) pule(U)) =

Therefore,

d .

pr det(B(t)) = det(B(t))tr(B(t) ' B(t)) = — det(B(t))tr(S(t)Cy).
By setting t = 0 and apply 7, on each side of (3.1, we have B(0) = I.

Therefore, we obtain

det(B(t)) = e~ Jo tr(S@C2)ar,

By combining this with (3.8]), we obtain the first assertion.
Since ¢1(x) = x¢ for all x, we have dp; = 0 and so B(1) = 0. By
(B9) and the definition of S(t), we have

S(t) — S(t)CoS(t) + CLS(t) + S(t)Cy — R(t) =0, S(1)"'=0

as claimed. ]

4. ON THE MATRIX RICCATI EQUATION

According to Lemma Bl we need to estimate the term tr(S(¢)Cy).
In this section, we provide two such estimates which lead to the main
results.
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Throughout this section, we assume that the matrix R(t¢) is of the
form

0 0 Oap—2 0

0 Ruy(t)  Rep(t) 0
Ogn—Z Rcb(t)T RCC(t) Ogn—Z ’

0 0 Ogp—2 0
where Oy, is the zero matrix of size 1 x (2n — 2). We will see the

reasons for this choice in section 5.
The following is a consequence of the result in [20].

R(t) =

Lemma 4.2. Assume that the curvature R(t) satisfies
Ry(t)  Rap(t) \ o (& 0
Ra®)T R.(t) )=\ 0 &I )’
where I is of size (2n—2) x (2n—2), €, and £, are two constants. Then

2n+3 Ml(Elv t>M§n_2(Elv t)

=y tr(CaS(m)dr . (1 _ 4
‘ = = e )M 2(6,..0)

where

D(k,t) = V/IK|(1 — 1),

(2—2 Cos(D(k,tg(—kigf,t) sin(D(k,t)) Zf E>0
Mi(k,t) = 1 15 ifk=0
\ 2—2 Cosh(D(k,tgzngf,t) sinh(D(k,t)) Zf k< 07
( sin(D(k,t .
S if k>0
My(k,t) =1 if k=0
sinh(D(k,t .
| R ifk <o,

Moreover, equality holds if
Rup(t)  Rep(t) _ (& 0
Ra()T R..(t) 0 €1 )’
Proof. We only prove the case when both constants €, and £, are posi-

tive. The proofs for other cases are similar and are therefore omitted.
Recall that S(t) satisfies

S(t) = S(t)C2S(t) + CTS(t) + S(t)Cy — R(t) =0,  S(1)" =0.
Let I'(¢) be a solution of the following
I(t) =T ()OI (t) + CIT(t) + T(H)C, — K =0, T(1)"'=0,

e, 0
WhereK—<O EZI)'
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By the result of [20], S(t) < I'(¢). Therefore, tr(CeS(t)) < tr(CyI'(2)).
On the other hand, I'(t) can be computed using the result in [I1] and
it follows that

VE (sin(D(€y,t)) — D(by,t) cos(D(8y,1)))

CyS(t
(@50) = 5= 2 cos(D (&, 1)) — D&y, ) sin(D(ty, 1))
1
2n - \/7(30'6 EQ, + E
The assertion follows from integrating the above inequality. U

Next, we consider the case where the assumptions are weaker than
those in Lemma [4.2]

Lemma 4.3. Assume that the curvature R(t) satisfies Ry,(t) > € and
tr(R..(t)) > €2(2n — 2) for some constants €, and ¢,. Then

2n+3 Ml(Elv t>M§n_2(Elv t)
M (&, 0) M3 2(¢,,0)

Proof. Once again, we only prove the case when both constants £, and
¢, are positive. Let us write

Si(t) 5 (t)  Ss(t)
St)=| S)" Su(t) Ss(t) |,

Ss(t)" Ss(t)" Se(t)
where S (t) is a 2 x 2 matrix and S4(t) is 1 x 1. Then
Si(t) — Sy(t)CoSy(t) — Sa(t)Sy(t)T
— S5(t)* + CTSy(t) + S1(t)Cy — Ry(t) = 0,
Su(t) — Sa(t)* — Ss(t)S5(t)" — S(t)"CaSa(t) — Reelt) =0,
Se(t) — Ss(t)* = S5(t)"S5(t) — S5(t)"C2Ss(t) = 0,

. 01\ - 00 0 0
WhereC’1:<O O)702:<0 1)’andR1(t>:<O Rbb(t))

By the same argument as in Lemma [L.2], we have

VE (sin(D(&,t)) — D(€;,t) cos(D(,1)))
~ 2—2cos(D(t,t)) — D(€1,t)sin(D(€, 1))

For the term S,(t), we can take the trace and obtain

o~ Jo tr(C28(7))dr > (1—1)

(4.10)

(4.11)  tr(CyS (1) <

1
%tr(s4(t)) > L tr(Si(0) + (20— 2ty
Therefore, an argument as in Lemma 2] again gives
(4.12) trSy(t) < /|€2|(2n — 2) cot (D(8s, 1)) .
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Finally, for the term Sg(t), we also have
Se(t) > Se(t)%.
Therefore,

Se(t) < %
By combining this with ([@I1]) and (£I2), we obtain
tr(Cy5(t)) < /|82](2n — 2) cot (D (¢, 1)) + %_t
VE (sin(D(81, £)) — D(t1, 1) cos(D(E1, 1))
2 —2cos(D(t,t)) — D(€y,t) sin(D(8y, 1))

The rest follows as in Lemma [4.2] O

5. CURVATURE OF CONTACT SUB-RIEMANNIAN MANIFOLDS WITH
SYMMETRY

Let (E(t), F(t)) be a canonical frame at a point (x, p) of the cotan-
gent bundle T*M. Recall that the vertical bundle ver of TT*M is
given by

ver = {V e TT*"M|r,V = 0}.
The linear map R : ver — ver having the matrix R(0) with respect
to the canonical frame (E(0), F'(0)) is called the curvature map. More
precisely,
Rixp) (V) = AR(0)E(0),

where V' = AE(0) and A is any row vectors of suitable size. Moreover
it follows from Theorem that the above definition does not depend
on the choice of the canonical frame. In this section, we discuss R in
the case where the manifold M is a contact sub-Riemannian manifold
with symmetry.

Let a be a contact form of the given distribution D. Then the
restriction of da onto the distribution D is a non-degenerate 2-form.
This defines a skew-symmetric linear bundle map J : D — D by

do(X,Y) = (JX,Y)

for any pair of vectors X and Y contained in D. In addition assume
that the Reeb field 1} is an infinitesimal symmetry, i.e.

eiVOD =D ) (etVO)* <'7 > = <'7 > :
Assume also that 1/ is transversal to the distribution D.

We also assume that the quotient M of the manifold M by the sym-
metry Vj is also a manifold. The quotient map my : M — M defines
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an identification of D with T'M. Therefore, both the sub-Riemannian

metric (-,-) and the map J descend to T'M which are denoted by the
same symbol. We also let ug : T*M — R be the function defined by
uo(x, p) = p(Vo(x)).

Next, we introduce some notations for later use. We recall the iden-
tification of the cotangent space Ty M and the vertical space ver(y p)
by

ver d
qa—q —(p +tq) o

T dt
where p and q are covectors in Ty M. By using the above identification,
we can assign a unique covector q in T;M to each vector v in the
vertical bundle ver( ) such that q¥** = v. This, in turn, defines
a vector v in the distribution D by q(w) = (V,w), where w is any
vector in the distribution D. Finally, the vector v" in TM is defined
by v = (m).v. We will also denote this vector by q”.

The linear map q — I(q) = q" = v" is surjective with a 1-
dimensional kernel. Therefore, given any vector X in T’ )M, there is
a 1-dimensional affine subspace of the cotangent space T M such that
any covector q inside satisfies I(q) = v". Moreover, there is a unique
covector qq in this affine space which satisfies the condition qo(Vp) = 0.
Here 1} is the symmetry introduced earlier. Finally, we denote by X"
the vector qg" in the vertical space T{x p)T™ M.

The frame F(0) = (E,(0), E(0), E,,(0), ..., E.,,_,(0))" defines a split-
ting of the vertical space ver = ver, @ ver;, @ ver., which are charac-
terized as follows (see [14], Section 3] for a proof). Let d,, be the vector
field in V, satisfying the condition dug(0,,) = 1.

Proposition 5.1. The subspaces ver,, ver, and ver,. are given by the
followings:

(1) ver, := span{E,(0)} = span{&q := 7},

(2) very, := span{E,(0)} = span{&, = (‘{};h,?f +H <|J11>h\> 8uo},

(3) ver. := Span{Ecl( )5+ B, 1 (0)}

={X"+ A(X”) |X € span{Jp"}+},
where A is a linear functional on ver. defined by A(v) = — <V %h>
and U, € ver, such that
2
Y = ———-VouJ(p") +
P
uo| Jp"|
p"|?

lTp hl

Uop

J2ph
| Jp"|

2
+ p" + TP <Vp;LJ(ph), Jph> Jp".
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Let V' be a vector in ver,,, where z; = a, b, cy, ..., Co,—1. The ver,,-
component of R(V) is denoted by JR(z1, 22)(V). In other words,

R(V) =R(z1,a) (V) + R(21,0) (V) + R(z1, ¢)(V),
where R(z1,a)(V), R(z1,b0)(V), and R(z1, ¢)(V) are contained in ver,,
very, and ver,, respectively. The following theorems follows from [14]
(see Appendix I for details).
Theorem 5.3. The components R(c,c) and R(b, c) of the curvature
R satisfy the followings:
(1) {(R(e.0)(v))",v") = (Rm(v", p")p", v")
+ up(x,p) (V", VouJ(p")) + UO(XP |JvI 2 — 1 A(v)?,
(2) R(e.b)v = ,0(01 b)(v)&s,
(3) p(c,0)(v) = zm (Rm(Jp", p")p", Vh>—uf,h (v, V2 J(p", p", p"))
 fwbep) (yh g hJ(Jp )+ Vg (p")) + U252 (Jvh J2ph)

IJphI
+ |4JphP <Jp , phJ ><V VP;LJ( )>
b (Jp", VirJ (p")) (v, J2p").

Remark 5.1. In Theorem[52.3, we use the following definition of the
Riemann curvature tensor

Rm(X, Y)Z = VXVyZ — VYVXZ — V[XQ/}Z.
This is different from that of [I4] by a minus sign.
Theorem 5.4. The component R(b, b) of the curvature R satisfies the
followings:
(1) R(b,b)E = p(b b)Es,
(2) p(b,b) = |Jph|2 <Rm p", Jp )Jp ph> ‘Jph‘4 <V nJ(p 7Jph>
+ i Ver J(P")? + o (P, V2J (0", P", P))
— ZSE (Jp", Vg J (p h>> 3}“‘;15,’2]‘2’ (Jp", Vi (Jp"))

_ GTL})SI:II; <J2ph \V4 hJ >+ L\L?];{hg |J2 h‘2

2

Let KC* be the linear maps from T{x py (T M) to T x p)T*M , sending
E(0) to (etﬁ)*E(t) and F&P)(0) to (etﬁ)*F(t). The map K' is called
the parallel transport along the curve e’ (x, p) at time t. Note that K
sends the vertical space V(y p) to the vertical space V, .5 (x.p)

Let S :V — R be a function on the vertical bundle V. Then the
h derivative of S along a path t — K;(v) is denoted by S®(v). More
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precisely, we have

S0 = st

In the following theorem, we need this notation for the function v —
A(v). The explicit expressions of the derived maps AM, A® (in terms
of the tensor J and its covariant derivatives) are given by Proposition
in Appendix II.

Theorem 5.5. The curvature maps R(c,a) and R(a,a) are given by
(1) R(e,a)v = ple, a)(v) o4,
(2) ple;a)v = AD(v) + 21 /p" H (7% )A<1><v>
IR () AW) = (e, pv) ", )+ Tp! [ H (5L
(3) R(a, @), = pla, @)D,
(4) p(a,a) = H (ple, b)(T1)) + | Tp"H (175
+ ple,a) () — |IpHH (74 ) (e, b)(T)

+ 1P (7 ) o0.8) + B (1 ).

Here 0, and 0% are as in Proposition [51.
The curvature R is much simpler when J is parallel; i.e. V.J = 0.
Corollary 5.4. Assume that VJ = 0. Then
(1) {(R(e.0)(v))",v") = (Rm(v", p")p", v")
n uo( <|Jv 2 - \Jp’LP (v, J2ph) )

‘> plc,0)v,

H(p(b, b))

N——

(2) plc,b)v = ‘Jph‘ (Rm(Jp", p")p", v") + uszhIT (Jvh, J?p"),
(3) p(b,b) = Jp h|2 <Rm Jp", p) " Jph>+u‘3'xh‘p2|‘]2 | ;
(4) R(c,a) =0,

(5) R(a,a) =

If, in addition to the condition VJ = 0, we assume that J? = —T

(i.e. the manifold M equipped with ((-,-),J) is a Kéhler manifold),
then

Corollary 5.5. Assume that V.J =0 and J* = —1I. Then
(1) <(9{(C C)(V))h,Vh> = <Rm v, ph)pt, Vi) 4 HERLyh

(2 = <Rm Jp", p")p", Vh>

(3

(4

) ple,b
) p(b, = <Rm (Jp", p")p", Jph>+uo X,p),
) R(c,a) =
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(5) R(a,a) =0.

In general, the expression for p(a,a) is very complicated and it is
difficult to check whether it is nonnegative or not. Instead, we only
mention the following partial result (see Appendix II for the proof).

geRaa| Theorem 5.6. The invariant p(a,a) is a cubic polynomial on ugy. In
addition, if we assume that J* = —1I (i.e. ((-,-),J) is an almost Kihler
structure on M ), then the coefficient of the ud-term in p(a, a) vanishes
and the u2-term is

4ud(x, p)
Ip"|?

)|2 + 8“(2)()(’ p)

|vph‘](Jph |ph|2 |vah‘](ph)|2

12u2(x, p
% (Vo J(JD"), Vs T (D"))

Remark 5.2. Theorem[i.8 shows that one can use the method in this

paper to study measure contraction property for almost Kdahler mani-
folds.

Now let us investigate the component (¢, ¢) in order to apply Lemma
As a direct consequence of Theorem [5.3], we obtain

Theorem 5.7. Let Rc be the Ricci curvature tensor of (M, (-,-)).
Then

tr(R(c,c)) = Re(p", p") — (Rm(Jp", p")p", JD") + tr(Tixp)),

1
|Jp"[?
where Tixp) is a (1 1)-tensor on M defined by

Tixp) = — T h|2 (V" Vi J(p")) Vpr J (")
up (X,
+ uo(x, p) Vi (p") + |‘j, |p (V" Vi (p")) I
L, 200 uj(X, p) h g2ph\ 20k
— Zuo(x,p)J v Jpi < ,Jp >J

Corollary 5.6. In the almost Kahlerian case (J* = —1I),
1
tr(R(c,c)) = Re(p", p") - P (Rm(Jp", p")p", Jp")

n—1 VorJ(p")|?
u(2)(X7 p) - % + UO(Xv p) tr<vvh‘](ph>7 Vh> )

where tr is the trace taken with respect to the Riemannian metric on
the quotient M.
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Corollary 5.7. Assume that J s pamllel Then

= Re(p",p") — T h|2
2 2. h|2
_ uy(x,p) oy | ol P
1 (tr(J )+2 Tz )

—1 and VJ = 0 (i.e. the Kdihler

tr(R(c, c)) <Rm Jp", p")p h,Jph>

Corollary 5.8. Assume that J? =
case),

tr(R(c,c))

1
= Re(p”, p")— (Rm(Jp", p")p", Jph>+ up(x, p).

1
[Tp"[?

6. PROOF OF THE MAIN RESULTS

In this section, we finish the proof of the main results. Let E(t), F'(t)
be a canonical frame at a point (x,p) in the cotangent bundle 7*M.
Let £, and F, be two vector fields defined locally near (x, p) and satisfy
the following conditions

(6.13) E(eM(x,p)) = eMEL(t), F.(eM(x,p)) = eHE(D),
where z = a,b, cq, ..., Cop_1.
We also let

¢, = m(Fo(x,p)).

We start with the following lemma which was needed in the proof of
Lemma [3.11

Lemma 6.4. The above frame satisfies
(1) SbySers Segeers Sean_y 18 OTthonormal with respect to the sub-Riemannian
metric (-, ),

(2) M(gaagb’§01’ "'?§52n71) - |Jph|'

Proof. A computation shows that for any vector field V' contained in

the vertical bundle ver, there holds
(0 0 m). ([, V]) = =V,

where we recall that mo : M — M is the quotient map. On the other
hand, from Theorem 3.2l and (6.13), we have

Fixp) = e e p))| | = .80 p),
and
Fulp) = e e, (F(x,p)| = [FLE)0xp),
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where i = 1,...,n — 3.
It follows that

(m0)<(s5(x, P)) = —(& (%, p))"
and
(70)+ (e, (%, P)) = — (e, (%, )",
where i =1,...,2n — 1.

Since (m), : D — TM is a Riemannian isometry, it suffices to show

(&%, )", (£e, (x,P))", ovrs (e (%, D))"
is orthonormal. Indeed, it follows from Theorem that
(e (x, )" (E,(x,p)") = w(&(x,P), Fe,(x,D))
= w(£,(0), F,(0)) = dy;.
The orthonormal relations involving (& (x, p))" are proved in a similar
way. This finishes the proof of the first assertion.

For the second assertion, it suffices to show that ¢, = —|Jp"|V,.
From Theorem B.2] it follows

((E(x,P))", (M0)ssa) = —w(&(x, P), Falx, P)) = 0,
((€e(x,p))", (m0)ssa) = —w(E:,(x,P), Fu(x, D)) = 0.

Hence (m).s, = 0 and so we can assume ¢, is contained in the subspace
spanned by V.

Let g be the Hamiltonian vector field of the Hamiltonian ug. Since
(m0)«tp = Vi, we can assume

fa(X>P):fﬁo+Va

where f is a function in the cotangent bundle 7*M and V is a vector
in the vertical bundle.
By combining Theorem and Proposition B.1], we have

1 = w(E,(0),F,(0)) = w(&(x,p), Fu(x,P))

Ou ) /
= w  fip | = ———.
(|Jph| Tt ) = =175

Hence f = —|Jp"| as claimed. O

Next, we give the proof of Theorem [Z1l Note that Corollary2ZTlis an
immediate consequence of Theorem [2Z1] and Corollary (B8 Corollary
and are also consequences of the proof of Theorem 1] and
equality case of Lemma [£.2]
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Proof of Theorem[2]. If E(t), F(t) is a canonical frame at the point
(x, dfy) in the cotangent bundle T* M, then

t s (de™B(E(t + 7)), de™(F(t + 7))

is a canonical frame at the point etﬁ(x, dfx). Tt follows from this that
R(t) is the matrix representation of the operator R 5 () with respect

to the frame deTﬁ(E(T)).

Since Vy is a symmetry, ug is constant along the flow e (see for
instance [I7]). Therefore, by the assumptions and Lemma 57, Ry (t)
and tr(R..(t)) are bounded below by ky|Vierf|* + u‘%(%%’df) and k.(2n —
2)|Vhorf|2—@ (A3 + 2)2), respectively. Therefore, the assumptions
of Lemma are satisfied. By combining this with Lemma B.I] the
result follows. O

tﬁ(

Appl 7. APPENDIX I: PROOFS OF THEOREMS [5.3H5.5]

First, we introduce another version of Jacobi curves J(-) and the
curvature R, called reduced Jacobi curves and reduced curvature, re-
spectively. Then we show that the curvature R can be recovered from
the curvature R (see Theorem below), which make Theorems [5.3]

to be the consequences of the results on the curvature R in [14].

Recall that the Hamiltonian H is constant along the flow e, so we

can define another curve ﬁ(xp), called reduced Jacobi curve at (x,p),
by

(714)  t = Jpp (t) = (I () N Hlepy ) /RE .

Here H denotes the skew orthogonal complement of H with respect
to the symplectic form w.
The symplectic form w descends to a symplectic form on Hfx D) J/RHx p)

and the reduced Jacobi curve ,;j(x,p) is a curve in the Lagrange Grass-

mannian of FI(ZX D) / Rﬁ(x,p). Conversely, we can recover the non-reduced
Jacobi curve from the reduced one. Indeed, the vertical space ver x p)
splits into the following direct sum

Ver (xp) = <Ver(x,p) N H(éx7p)> D RG(XP)'

Here € is the Euler field defined in local coordinates by & = . p;0,,.
A computation shows that efH¢ = & — tH. Tt follows that

(115) S () = (Yoo () NGy ) @ R (€ - 1)
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From the right hand side of (Z.IH), it is clear that the curve J(xp) is
completely determined by the reduced Jacobi curve J(xp) as claimed.

In a similar way, we have the following descriptions of a normal
moving frames {E(t), F(t)} of the reduced Jacobi cuves J,p also as a
particular case of the results in [12], 13].

Theorem 7.8. Assume that the distribution D is contact. Then there
exists a one-parameter family of bases

E(t) = (Ea(t), Eb()El() 22 ()T
F(t) = (Fa(t), Fy(t), Fer (1), o Foy,, 2( )"
of the symplectic vector space
H(Zx,p) / Rﬁ(x,p)

such that the followings hold for cmy t:

(1) Jexp) (1) = span{ Eq(t), E, ( ) e1 (), By, o (1)},
(2) span{F,(t ) Fy(t), F. (1), ..., F., (1)} is a family of Lagrangian

(
(t) = —R()E(t) - CIF(#),

where R(t) is a symmetric matriz, C; and Cy are 2n X 2n matrices
defined by

) 18 a 2 X 2 matriz,

) 15 a 2 X 2 matriz,
@)
O

Moreover, a moving frame
Ea(t)v Eb(t>7 ECI (t)v R ECanl (t)v Fa(t>7 Fb(t>v FCl (t)v sy Fc2n71 (t>
satisfies conditions (1)-(5) above if and only if

(716) (Ea(t)a Eb(t)> F’a(t)> F’b(t)) = j:(Ea(t)> Eb(t)a a(t)a Fb(t))
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and there exists a constant orthogonal matriz U of size (2n—2)x (2n—2)
such that for all t
2n—2

(7.17) Z Ui Ee,(t) and F,(t) = nz_ UijFe, (0)-

Similar to the case of a non-reduced Jacobi curve, the linear map
R : (verpp) NHE ) /RH(x, p) = (veryp NHY, ) /RH(x, p)

having the matrix R(O) with respect to the canonical frame (£(0), F(0))
is called the reduced curvature map.

Next, we investigate how the non-reduced curvature can be recovered
from the reduced curvature. Since H is transversal to the vertical
spaces, we can identify Jxp)(0) with its representative in Jp)(0) N
H(Zx p)’

HL

(x,p)

Therefore, we can consider R as a linear map on ver p) N

Theorem 7.9. The curvature R can be recovered from the operator
R as follows:

(1) 9{|Ver(x,p) |F‘ﬁ(éx,p)
2) R(E) 0.

Proof. Let {E(t), F(t)} be a normal moving frame (in H /]RH(xp )

for the curve 3. Under thf aforer_nentloned 1dent1ﬁcat10n between the
spaces J(x,p) and Jx,p) N fo’p), E(t) corresponds to a basis of Jxp) N

ﬁfxvp), which will be denoted by the same symbol.

As before, write
E(t) = (Ea(t), Ey(t ) Ee,(t)s ey By s (1)),
Ee(t) = (Ee,(t), oy Bey, (1))

e 9{"

(7.18)

Then set

) = Eyt)
() = Ec(t)
W) = —E(t) — Ey(t)Re(b,b) — E.(t)Ry(b, c),
where R;(-,-) are as in Theorem [[.8

Further, let e(t) = (=), &(e™(x, p)), then, by a computation, we
have vy(t) := €(t) = H(x,p) and so Ug(t) = 0. Next, we let E.(t) :=
{E.(t),e0(t)}, Fu(t) = {F.(t),vo(t)}. We will show that the tuple

(719) {Ea(t)a Eb(t)> E\c(t)> Fa(t)> Fb(t)> F\c(t)}

’11 |

b(t

}11\ ’ﬁ|
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constitute a normal moving frame for non-reduced Jacobi curve J,p)-

Let us first show that the frame ([Z.19)) is a symplectic moving frame.
By construction, it is sufficient to check that €y(¢) is skew orthogonal to
the vectors F,(t), Fy(t), and the vectors from the tuple F.(t). Indeed,
since J(x,p) is Lagrangian, one has w(eo(t), Ey(t))= 0. By differentiating
this identity , we get

(7.20) w(eo(t). Bil))

Since éo(t) = H(x, p) and E,(t)
equal to zero, which gives

(7.21) w(eo(t), Fy(t))= 0.

+w(eo(t), F3(t))= 0.
€ ﬁ(x, p)“, the first term of (T20) is

The identity w(eo(t), Fo(t)) = 0 is proved in completely the same
way. For the proof of w(eo(t),Fa(t)) = 0, it is enough to prove that
w(eo(t), Fy(t)) = 0. The latter follows by the same scheme by differen-
tiating (C.21]).

Furthermore, the moving symplectic frame satisfies the following
structure equations

E.(t) = Ey(t)
Ey(t) = Fy(t)
D (

4

E.(t) = F.(t)
(122) B =w®) -
Fo(t) = —Eu(t) Rila, @) = Ee(t) Ri(a, )
Fb(t) = _Eb t Rt(ba b) - Ec(t)Rt(b’ C) - Fa(t)
((t)) = —E,(t)Ri(c,a) — Ey(t)Ri(c,b) — Eo(t)Ri(c, )
\Dot =

This yields that the moving frame ([ZI9) is normal for the curve Jx p)
(see Theorem B2)). This and the form of the structure equation (Z.22))
implies the statement of of the present theorem due to the uniqueness
part of Theorem [3.2] O

Now the results in Theorems [.3H5.0] are consequences of the calcu-
lations on the reduced curvature 2R in Section 5 of [I4].

8. APPENDIX II: PROOF OF THEOREM

Since the tensor J is defined using a closed 2-form da, we have

Proposition 8.2. For any vector fields X,Y,Z on ]\7,
(1) (X, V2J(Y)) + (Y, VxJ(Z)) +(Z,VyJ(X)) = 0,
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(2) (X, VzJ(Y)) + (Y, VzJ(X)) = 0.

The following two propositions are consequences of definition of A
(c.f. Theorem [£3]) and Proposition 4.2 in [14] .

A~1| Proposition 8.3. Let v be a vector in ver.. Then

m%wz—Awm(fiﬁ)+U;MWJWﬂwmmw»

1
+ —‘Jph‘ <Vh, —3U0VphJ(Jph) — QUOVJP}LJ(I) ) -+ u0J3 h>

A~2| Proposition 8.4. Let v be a vector in ver.. Then

A0 (6) = o (R ) e (V)

- 1
8 () (727000 p1)
1

~ Tprp VP VR pY) AW)

1
+ —| 7o V2V p" PY)

|Jph| <V 2v2J(Jp", p", p") + 2V J(p", Jp", p")

+2V2J(p , P 7']p ) _JV2J(p ’p P )>
— 1 X
+H <|Jph|) <Vh, _3UOVphJ(Jph) — 2UOVJphJ(ph) + §U3J3ph>

1
- 2(‘;22 <Jph, —3ugVpr J(Jp") = 2ugV sor J (") + 5ugf’»ph>

_l_

| Jph| (v"", =3uoV?J(Jp", p", p") — 3ugVpn J (Vi J (P")))

1
+ —|J A (V" =20V (B, Ip", ") = 200V, sy T (B") )

_l_

2\J i (V" gV o (J7P") + ud Vi (JP") + ug SV (p"))

+ Jph| (V" 3U2V jon I (JP") + 3uZV i (JPP") + 22V o J (P")

FRET 0 (T0) ~ 1)

! 1
‘l‘ 2|<]ph| <Vh, _3u(2)vahJ(Jph) — QUOJVJphJ(ph) + §ugj4ph>
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From now on, we assume J2 = —I. Then in addition to Proposition
R2 we also have

Proposition 8.5. For any vector fields X,Y on M,
(1) VyJ(JX)+ JVyJ(X) =0,
(2) (JX, VxJ(X)) = 0.

Proof. The first item is from taking covariant derivative of J2. For the
second item, as Riemannian metric is compatible, then

(JX,VxJ(X)) = (JX,VxJX — JVxX)
= (JX,VxJX)— (X, VyX)

1 1
= SX(IXP) - 5X(XP) = 0.
O

Next, we show that the uj—term in p(a, a) vanishes. From Proposi-

tion and Proposition it follows that
(J*p", Y on J(JP") + V jpu I (P") + TV I (p")) = 0.
and
(J2p" V o J (D)) + (J?P", Vi I (J*p"))
+{(J*'p", VprJ (") =0

With the above two identities, together again that J? = —I, the claim
follows.

Finally, we analyze the u2-term of p(a,a). Note that in the present
case, the vector U; contained in ver, satisfies

2
DI —vau(ph).

Since |Jp"| = |p"| = v2H,

(8.23) pla.a) = H (p(e, ) (T1)) + prea(T1).

From [I4], Proposition 4.2], Propositions B3] and 8H, one can get (after
some calculations) that the ug-term in p(c,a)v is

6ug (v", =V J(p") + VyprJ (JP")) .
Furthermore, the only ug-term of p(.p (Ve J(p")) is
dug (Vo J(P"), Vpr J(JP") + V o J (P")) -

By combining the above analysis with identity ([823), we get the con-
clusion on ugp-term in p(a,a) and thus complete the proof of Theorem
0.0l
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